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Abstract 

 
This paper explores fundamental applications of topological spaces and 

stereographic projection derived from the properties of the circle, employing 

key concepts such as continuous functions and homotopy theory. By 

examining the behavior of mappings and deformations within topological 

spaces, the study demonstrates how the circle serves as a foundational 

structure for understanding more complex topological constructs. Special 

attention is given to the use of stereographic projection in visualizing the 

relationship between the circle and the unit sphere, illustrating how these 

mathematical tools contribute to a deeper understanding of continuity and 

homotopy in topological analysis. The discussion offers a concise yet insightful 

introduction to the interplay between geometric intuition and topological 

formalism. 
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Introduction 

In a topology as a field of mathematics, we consider the two circles 𝑆1 and 𝑆2 where, we 

called 𝑆1 s unit circle and 𝑆2 as sphere. Now we have the varieties of circle as shown 

below; 

In the complex plane, the 𝑧 − 𝑠𝑝ℎ𝑒𝑟𝑒 is defined as 𝑆𝑛 = {(𝑥, 𝑦) ∈ ℝ𝑛+1: 𝑥2
𝑛 +

⋯ 𝑦2
𝑛

= 1} (Khatchatourian, 2018),  from this the set of points in the Euclidean plane can 

now be define as ; 𝑆𝑜 is two points, 𝑆1 is the circle called unit circle which is written as  

{𝑧 ∈ ℂ: |𝑧| = 1}, 𝑆2 is a sphere and 𝑆3 is the Torus. 

 In algebraic topology, we have a fundamental notion called homotopy, which is 

continuous deformation of one function to another function. Note that if we define 

topology on the space 𝐶(𝐴, 𝐵), we have that homotopy between two functions 𝑓, 𝑔 ∈

𝐶(𝐴, 𝐵) is a continuous path in the space 𝐶(𝐴, 𝐵) from function 𝑓 to 𝑔.  

Note that circle is the best topological space in determining the stimulus of human 

heartbeat, the time by which this stimulus occur and beat again is known as Latency and is 

designated as 𝐿. 

In this paper, we are going to study homotopy of circle and its application to stereographic 

projection of the circle. 

Some Important Definitions 

Definition 1 (Monsuru, et.al, 2020): A set 𝑋 is said to be open, if its neighborhood of each 

of its points. 

Definition 2 (Ahmadu and Monsuru, 2020): Given that (𝑋1, 𝜏1) and (𝑋2, 𝜏2) are 

topological spaces. The function 𝑓: 𝑋1 → 𝑋2 is said to be continuous, if for every 𝐴 ∈ 𝜏2, 

𝑓−1(𝐴) ∈ 𝜏1. 

Definition 3 (Micheal, 2016): Let 𝑋1 and 𝑋2 be two topological spaces and 𝑓, 𝑔 ∈

𝐶(𝑋1, 𝑋2). Homotopy from function 𝑓 to 𝑔 is designated as ℎ: 𝑓 → 𝑔, is continuous 

function ℎ: 𝑋1  × 𝐼 → 𝑋2, (𝑥, 𝑡) → ℎ(𝑥, 𝑡). Such that ℎ(𝑥, 0) = 𝑓(𝑥) and ℎ(𝑥, 1) =

𝑔(𝑥), ∀𝑥 ∈ 𝑋1.  

Definition 4 (Adhikari, 2016): Two functions 𝑓, 𝑔 ∈ 𝐶(𝑋1, 𝑋2) are homotopic, if there is 

homotopy between them. 
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Definition 5 (Micheal, 2016): A map 𝑓 ∈ 𝐶(𝑋1, 𝑋2) is known as a homotopy equivalence, 

if there is  map 𝑔 ∈ 𝐶(𝑋2, 𝑋1) such that the composition map 𝑔𝑜𝑓 ∈ 𝐶(𝑋1, 𝑋1) is 

homotopic to 𝑖𝑑𝑋 and 𝑓𝑜𝑔 ∈ 𝐶(𝑋2, 𝑋2). 

Definition 6 (Adams and Franzosa, 2000): Two topological spaces 𝑋1 and 𝑋2 are said to 

be topologically equivalent, which is designated as 𝑋1~𝑋2, if there is homotopy 

equivalence 𝑓: 𝑋1 → 𝑋2. 

Definition7 (Youness, Jamal, 2021): A topological space 𝑋 is contractible, if there is 

homotopy equivalent to one – point space. 

 

Methodology 

As defined earlier, homotopy is the continuous deformation of functions. Homotopy from 

function 𝑓 to 𝑔 is designated as ℎ: 𝑓 → 𝑔, is continuous function ℎ: 𝑋1 × 𝐼 → 𝑋2, (𝑥, 𝑡) →

ℎ(𝑥, 𝑡). Such that ℎ(𝑥, 0) = 𝑓(𝑥) and ℎ(𝑥, 1) = 𝑔(𝑥), ∀𝑥 ∈ 𝑋1.  

Lemma 1(Micheal, 2016): If  𝑓, 𝑔, ℎ ∈ 𝐶(𝑋1, 𝑋2) and 𝑚: 𝑓 → 𝑔 and 𝑚′: 𝑔 → ℎ are 

homotopies, then  

𝑚𝑡
′′(𝑥) = {

𝑚2𝑘(𝑥),   𝑖𝑓 𝑘 ∈ [0,
1

2
]

𝑚2𝑘−1
′ (𝑥), 𝑖𝑓 𝑘 ∈ [

1

2
, 1]  

, defines a homotopy 𝑚′′ = 𝑚′𝑜𝑚: 𝑓 → ℎ, and for 

every 𝑋1, 𝑋2, homotopy is an equivalent relation on 𝐶(𝑋1, 𝑋2). 

When we want to define topology on the set 𝐶(𝑋1, 𝑋2), we have that a homotopy between 

𝑓, 𝑔, ∈ 𝐶(𝑋1, 𝑋2) which is a continuous path in the set 𝐶(𝑋1, 𝑋2) from 𝑓 to 𝑔. 

For projection, the basic method we used is that we applied ordinary perspective to a 

sphere embedded in three Dimensions in a particular way. From the perspective projection 

on to the plane 𝑧 = −1 with the origin as viewing point; 𝑥′ =
𝑥

−𝑧
 , 𝑦′ =

𝑦

−𝑧
 , 𝑧′ = −1. 

These maps (𝑥, 𝑦, 𝑧) onto the point on the plane 𝑧 = −1 lying on the line through the 

point (𝑥, 𝑦, 𝑧) and (0,0,0). We now restrict this map to the sphere of radius 1, which 

centered at  (0,0, −1). The plane 𝑧 = −1 bisects this sphere into two equal hemispheres. 

The point (0,0,0) itself is a point of this particular sphere, but its image under this map is 

not defined. If we consider points on the sphere closed to the origin, then the plane 𝑧 is 
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close to zero and the image of the point (𝑥, 𝑦, 𝑧) will be far away. Hence the point (0,0,0) 

mapped to ∞ so that  
𝑧

∞
= 0, 𝑧 + ∞ = ∞,  

𝑧

0
= ∞, 𝑧 ∙ ∞ = ∞ (𝑧 ≠ 0). 

As 𝑧 represents the complex plane, we can set up a correspondence between the points of 

another complex plane 𝐾 and those of sphere of radius 
1

2
  centered at (0, 0,

1

2
) tangent to 

this plane. If we consider the sphere 𝑆 of radius 
1

2
 and centered at (0, 0,

1

2
), we have 𝑆 =

{ (𝑥, 𝑦, 𝑧) ∈, ℝ𝑛: 𝑥2 + 𝑦2 + (𝑧 −
1

2
)2 =

1

4
}. 

Suppose (0,0,1) and (0,0,0) designated the North and South pole of the sphere 𝑆 above, 

respectively. The point 𝑧 = 0 + 𝑖0 coincides with the point (0,0,0) of the complex plane 

𝐾 above. If (𝑥, 𝑦, 0) is an arbitrary point in the complex plane 𝐾. Then, corresponding to 

the point (𝑥, 𝑦, 0), there is a unique point on the sphere 𝑆. If we draw a straight line 

through the point (0,0,1) and (0,0,0) which intersect the sphere at (𝑥, 𝑦, 𝑧). Then, the 

point (𝑥, 𝑦, 𝑧) is known as stereographic projection of the sphere 𝑆. 

For example, let point (𝑥, 𝑦, 0) be a point the complex plane that has image on the sphere 

𝑆 as  (𝑥, 𝑦, 𝑧). 

Since the points (𝑥, 𝑦, 𝑧), (𝑥, 𝑦, 0) and (0,0,1) are collinear, then  

𝑋 −
0

𝑥
− 0 = 𝑌 −

0

𝑦
= 𝑍 −

0

𝑧
− 0 

⇒
𝑋

𝑥
=

𝑌

𝑦
= 1 − 𝑧…………………………………………………..……………..(1) 

⇒ 𝑋 =
𝑋

1−𝑍
 , and 𝑌 =

𝑦

1−𝑍
 ………………………………………………………..(2) 

⇒ 𝑥2 + 𝑦2 = 𝑋2 +
𝑌2

(1 − 𝑍)2
⇒

1

4
−

1 − 𝑧

(1 − 𝑍)2
 

Then, we have 𝑥2 + 𝑦2 =
𝑧(1−𝑧)

(1−𝑍)2…………………………………………………..(3) 

Sine any point on the sphere is different from point (0,0,1), then 𝑧 ≠ 1 ⇒ 1 − 𝑧 ≠ 0, so 

the equation (3) above becomes 𝑥2 + 𝑦2 =
𝑧

(1−𝑍)2.  

Hence, 1 − 𝑧 =
1−𝑥2+𝑦2

1+𝑥2+𝑦2 =
1

1+𝑥2+𝑦2…………………………...……………………(4) 
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Put equation (4) into (1), we have 
𝑋

𝑥
=

1

1+𝑥2+𝑦2, 
𝑌

𝑦
=

1

1+𝑥2+𝑦2. Thus, image of point 

(𝑥, 𝑦, 0) on the complex plane is the point (𝑥, 𝑦, 𝑧) on the sphere 𝑆. 

Therefore, 𝑋 =
𝑥

1+𝑥2+𝑦2, 𝑌 =
𝑦

1+𝑥2+𝑦2 , and 𝑍 =
𝑥2+𝑦2

1+𝑥2+𝑦2  

 

Results 

In this section, we are going to discuss extensively on homotopy and stereographic 

projection associated with sphere. Here, we are going to make use of Lemma 2 to provide a 

proof for Theorem 1 below; 

Lemma 2 (Micheal, 2016): Let 𝜑 ∈ 𝐶(𝐼𝑛, ℝ𝑛) satisfy 𝜑(𝐼𝑖
±) ⊆ 𝐼𝑖

±∀𝑖. Then, 𝜑 is a 

contraction map. 

Theorem 1: The 𝑛 − sphere  S𝑛 has no a contraction map. 

Proof: Let 𝑘 ∈ 𝐼𝑛, and put 𝑔(𝑥) = 𝜑(𝑥) − 𝑘. Now, 𝑥𝑖 = 0 ⇒ 𝑔𝑖(𝑥) = 0 − 𝑘 ≤ 0 and 

𝑥𝑖 = 1 ⇒ 𝑔𝑖(𝑥) = 1 − 𝑘 ≥ 0. Thus the function 𝑔 satisfy the assumption of Poincar𝑒́ – 

Miranda Theorem, which states that if 𝑔 = (𝑔1, 𝑔2, … , 𝑔𝑛) ∈ 𝐶(𝐼𝑛, ℝ𝑛) satisfy 𝑔𝑖(𝐼𝑖
−) ⊆

(−∞, 0], 𝑔𝑖(𝐼𝑖
+) ⊆ (0, ∞] for all 𝑖, then there is 𝑥 ∈ 𝐼𝑛 such that 𝑔(𝑥) = 0. By this, we 

conclude that, there is 𝑥 ∈ 𝐼𝑛 with 𝑔(𝑥) = 0. This implies that 𝜑(𝑥) = 𝑘, so the map 𝜑 is 

a bijective map. 

Now, from the fact that topological space is contractible if and only if  𝑖𝑑𝑋 is homotopic to 

a constant, then the contraction of boundary sphere, 𝑆𝑛−1 is equivalent to the existence of 

a homotopy ℎ𝑡: 𝑆𝑛−1 → 𝑆𝑛−1 satisfying ℎ𝑜(, ) =  𝑥𝑜 and ℎ𝑜 =  𝑖𝑑𝑆𝑛−1 . Therefore, the 

map 𝑟: 𝐷𝑛 → 𝜕𝐷𝑛, which is defined by 𝑟(𝑥) =

{
𝑥𝑜, ∥ 𝑥 ∥ ≤

1

2
 

ℎ2∥𝑥∥ − (
𝑥

∥𝑥∥
) , ∥ 𝑥 ∥≥

1

2
 𝑖𝑠 𝑎 𝑟𝑒𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛,

   

Which is contradicts Lemma 2 above. Therefore, n- sphere  Sn has no a contraction map. 

Next, we are going to use Poincar𝑒́ – Miranda Theorem to establish the next result as 

shown in Theorem 2 below; 

Theorem 2: Suppose 𝑛 ∈ ℕ and 𝑔 ∈ 𝐶(𝐷𝑛, , ℝ𝑛) such that 𝑥 ∙ 𝑓(𝑥) < 0, ∀ 𝑥 ∈ 𝑆𝑛−1 . 

Then, there is 𝑥 ∈ (𝐷𝑛)𝑜 such that 𝑔(𝑥) = 0. 
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Proof: In the proof of this Theorem, we have to cases to consider as follows; 

Case I: 𝑔(𝑥) ≠ 0 , ∀ 𝑥 ∈ 𝑆𝑛−1 so that 𝑓: 𝑥 →
𝑔(𝑥)

∥𝑔(𝑥)∥
 defines a continuous map 𝜑: 𝑆𝑛−1 →

𝑆𝑛−1. We claim that 𝑓 is homotopic to 𝑖𝑑𝑆𝑛−1 .To prove this, 𝑥 ∈ 𝑆𝑛−1 and 0 ≤ 𝑝 ≤ 1, we 

have [(1 − 𝑝)𝑔(𝑥) + 𝑝(𝑥)] ∙ 𝑥 = (1 − 𝑝)𝑔(𝑥) ∙ 𝑥 + 𝑝(𝑥) = (1 − 𝑝)𝑔(𝑥) ∙ 𝑥 + 𝑝 > 0, 

thus, (1 − 𝑝)𝑔(𝑥) + 𝑝(𝑥) ≠ 0. Thus, ℎ(𝑥, 𝑝) =
(1−𝑝)𝑔(𝑥)+𝑝(𝑥)

∥(1−𝑝)𝑔(𝑥)+𝑝(𝑥)∥
 defines a continuous 

map 𝜑: 𝑆𝑛−1 × [10] →  𝑆𝑛−1, clearly, ℎ(∙ ,0) = 𝑓 and ℎ(∙ ,1) = 𝑖𝑑𝑆𝑛−1 . Therefore, ℎ is 

homotopy from 𝑓 to 𝑖𝑑𝑆𝑛−1 . 

Case II: Suppose 𝑔(𝑥) ≠ 0 , ∀ 𝑥 ∈ 𝐷𝑛, we can define 𝑡: 𝑆𝑛−1 × [10] →  𝑆𝑛−1, so that 

𝑡(𝑥, 𝑝) →
𝑔(𝑝𝑥)

∥𝑔(𝑝𝑥)∥
. Then, 𝑡(𝑥, 0) =

𝑔(0)

∥𝑔(0)∥
= 𝑘 and 𝑡(𝑥, 1) =

𝑔(𝑥)

∥𝑔(𝑥)∥
= 𝑓(𝑥). Thus, there 

homotopy 𝑡 from the constant map 𝑥 → 𝑘 to 𝑓. 

Therefore, there is composite homotopy ℎ𝑜𝑡 from the constant map 𝑥 → 𝑘 to 𝑖𝑑𝑆𝑛−1, 

which contradicting Theorem 1 above. Thus, the function 𝑔 must have a zero which must 

also lie in the interior of 𝐷𝑛. 

In the next result, we are going to provide a proof for the even condition of map 𝜑 ∈

𝐶(S1, ℝ𝑛), as shown below; 

Theorem 3: If 𝜑 ∈ 𝐶(S1, ℝ𝑛), then, ∃ 𝑥 ∈ 𝑆1 for which the map 𝜑 is an even function. 

Proof: We begin the proof assume that the map 𝜑 is not even, that is for every 𝑥 ∈ 𝑆1, 

𝜑(−𝑥) ≠ 𝜑(𝑥). Then, there must be a map  𝑡: 𝑆1 →  𝑆𝑜 = {±1} and 𝑥 →
𝑡(𝑥)−𝑡(−𝑥)

|𝑡(𝑥)−𝑡(−𝑥)|
 is 

continuous. Since the map satisfies odd conditions, that is 𝜑(−𝑥) = −𝜑(𝑥), then, it 

assumes both values ±, which contradicts the connectedness property of circle. This 

proved the Theorem. 

Next, we shall extend Theorem 3 above to the case of the circle 𝑆2 as follow; 

Theorem 4: If 𝜑 ∈ 𝐶(S2, ℝ𝑛), then, ∃ 𝑥 ∈ 𝑆2 for which the map 𝜑 is an even function. 

Proof: Suppose the function 𝜑 is not even, ∀ 𝑥 ∈ 𝑆2. Then ∃ 𝑡: 𝑆2 →  𝑆1 and 𝑥 →

𝑡(𝑥)−𝑡(−𝑥)

|𝑡(𝑥)−𝑡(−𝑥)|
 is continuous and odd. Since the sphere 𝑆𝑡

2 ≅ 𝐷2, then the restriction 𝐾\𝑆𝑡
2  is 

homotopy between 𝐾\𝜕𝑆𝑡
2 , where  𝜕𝑆𝑡

2 = {𝑥 ∈ 𝑆2 ⊆ ℝ3: 𝑥3 = 0} ≅ 𝑆1, and the constant 

map of values 𝑡(ℕ), where ℕ = (0,0,1).  
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By the inclusion map 𝑖: 𝑆1 →  𝑆2, (𝑥1, 𝑥2) → (𝑥1, 𝑥2, 0), by the fact that, for a compact 

metrizable space 𝑋, (i) 𝑓 ∈ 𝐶(X, 𝑆1 ) is homotopic to the constant function 𝑒0 if and only 

if and only if there is ℎ ∈ 𝐶(X, ℝ) such that 𝑓(𝑥) = 𝑒𝑖𝑡(𝑥), for every 𝑥 ∈ 𝑋, and (ii) if 

𝑓, 𝑔 ∈ 𝐶(X, 𝑆2 ), there is homotopy equivalent from 𝑓 to 𝑔 if and only if 𝑓/𝑔~𝑒0, where 

(𝑓 /𝑔)(𝑥) = 𝑓(𝑥)/𝑔(𝑥), then, the inclusion map 𝑖: 𝑆1 →  𝑆1, 𝑥 → 𝑡(𝑖(𝑥)) is exponential 

map, that is 𝑖(𝑥) = 𝑒𝑖𝑡(𝑥) for some 𝑡 ∈ 𝐶(𝑆2 ℝ ). The map 𝑡 being odd translates to 

𝑒𝑖𝑡(−𝑥) = −𝑒𝑖𝑡(𝑥), which is equivalent to 𝑒𝑖(𝑡(𝑥)−𝑡(−𝑥)) = −1, ∀ 𝑥. Provided that the set 

{𝑝 ∈ ℝ: 𝑒𝑖𝑝 = −1} = 𝑖𝜋(1 + 2ℤ) is discrete, this implies that 𝑥 → 𝑡(𝑥) − 𝑡(−𝑥) is 

constant, this implies that 𝑡(𝑥) − 𝑡(−𝑥) = 𝑘, ∀ 𝑥, since 𝑡 is odd, that is 𝑡(−𝑥) = −𝑡(𝑥), 

this shows that 𝑘 = 0. Therefore, 𝑡(𝑥) − 𝑡(−𝑥) = 0, ∀ 𝑥, which contradict 

𝑒𝑖(𝑡(𝑥)−𝑡(−𝑥)) = −1, ∀ 𝑥. This end the proof. 

Theorem 5.0 : Given that U = (0, 0, 1) is a point on S1 that lies on a complex plane , then 

there is a point  𝑉 = (𝑥, 𝑦, 0)on such complex plane which relates V to a unique point 𝑉∗ 

on the S1 .  

Proof: We can see that this technique is moving from the plane to the unit sphere. 

Now, given that U = (0, 0, 1) is a point on the north pole of the complex plane and we let 

𝑉 = 𝑉∗ .Then, the equation of a straight line UV is constructed as  

𝑋−𝑥1

𝑥2−𝑥1
=

𝑌−𝑦1

𝑦2−𝑦1
=

𝑍−𝑧1

𝑧2−𝑧1
 …………………………………………………………….(A) 

From the statement of the Theorem, we see that 𝑥1 = 𝑦1 = 0, and 𝑧2 = 0 , 𝑧1 = 1. 

Substitute these values into the equation (A) above, we have, from the point 𝑈 = (0, 0, 1) 

𝑋−0

𝑥2−0
=

𝑌−0

𝑦2−0
=

𝑍−1

0−1
    ……………………………………………………………….(B) 

From the point 𝑉 = (𝑥, 𝑦, 0), equation (B) above above becomes  

𝑋 − 0

𝑥2 − 0
=

𝑌 − 0

𝑦2 − 0
=

𝑍 − 1

0 − 1
  (𝑥2 = 𝑥 , 𝑦2 = 𝑦 , 𝑍2 = 0)  ⟹  

𝑋

𝑥2
=

𝑌

𝑦2
=

𝑍 − 1

−1
 , 

Now, let 
𝑋

𝑥
=

𝑌

𝑦
=

𝑍−1

−1
 = 𝜏…………………………………………………………..(C) 

From (C) above, 

 
𝑋

𝑥
= 𝜏 ⟹ X = x𝜏 ,

𝑌

𝑦
= 𝜏 ⟹ 𝑌 = 𝑦𝜏 𝑎𝑛𝑑 

𝑍−1

−1
 = 𝜏 ⟹ 𝑍 − 1 = −𝜏 , 𝑍 = 1 − 𝜏  
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From these illustrations, we see that the coordinate of the straight line   

UV = (x𝜏 , 𝑦𝜏 , 1 − 𝜏) 

Next, we shall find the value of 𝜏 that satisfies the 𝑆1 

𝑋2  +  𝑌2  +  𝑍2  = 1…………………………………………………………..(D) 

Substitute for X = x𝜏 , 𝑌 = 𝑦𝜏 𝑎𝑛𝑑 𝑍 = 1 − 𝜏 in (D), we have  

(𝑥𝜏)2 + (𝑦𝜏)2 + (1 − 𝜏)2 = 1 ⟹ 𝑥2𝜏2 + 𝑦2𝜏2 + 1 − 2𝜏 + 𝜏2 = 1, 

𝜏2(𝑥2 + 𝑦2 + 1) − 2𝜏 = 1 ⟹ 𝜏2(𝑥2 + 𝑦2 + 1) − 2𝜏 = 0 

⟹ 𝜏{(𝑥2 + 𝑦2 + 1) − 2} = 0 ……………………………………………………(E) 

Since V is on the complex plane, then, we can write V = 𝑥 + 𝑖𝑦  so that the magnitude of  

V, is   |𝑉|2 = 𝑥2 +

𝑦2………………………………………………………………………(F) 

 Then from (E) above, either 𝜏 = 0 𝑜𝑟 {𝜏(𝑥2 + 𝑦2 + 1) − 2} = 0, ⟹

𝜏(𝑥2 + 𝑦2 + 1) = 2, by solving for 𝜏, we have 

 𝜏 =
2

𝑥2+𝑦2+1
…………………………………………………………………………(G)  

Put (F) into (G), we have 𝜏 =
2

|𝑣|2+1
………………………………………………..(H) 

Now, we can substitute 𝜏 back into 𝑋 = 𝑥𝜏 , 𝑌 = 𝑦𝜏 𝑎𝑛𝑑 𝑍 = 1 − 𝜏 as we have them 

above , we get the following;                     

   𝑋 = 𝑥𝜏 = 𝑥.
2

|𝑣|2+1
  =  

2𝑥

|𝑣|2+1
 ………………………………………………………(I) 

𝑌 = 𝑦𝜏 = 𝑦.
2

|𝑣|2+1
  =  

2𝑦

|𝑣|2+1
 ……………………………………………..……………(J) 

𝑍 = 1 − 𝜏 = 1 −
2

|𝑣|2+1
  =  

|𝑣|2+1−2

|𝑣|2+1
=  

|𝑣|2−1

|𝑣|2+1
 ……………………………………(K) 

These shows that V has corresponding point on the sphere. From (J) , (K) and (L) above , 

we have 𝑉∗(𝑋, 𝑌, 𝑍) , which is called the stereographic projection. 

 

Example 1: Suppose 𝑉 = 1 − 𝑖
2

3
 , where 1 is real part and −

2

3
 is imaginary part, from the 

fact that complex plane V can be written as 𝑥 ± 𝑖𝑦 , 𝑥 = 1, 𝑦 = −
2

3
,  
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    Then, |𝑣|2 = 12 +  (−
2

3
)

2
= 1 +

4

9
 =

9+4

9
 =

13

9
 

Now, we can find X, Y and Z as follows,  

 𝑋 =  
2𝑥

|𝑣|2+1
 =  

2(1)
13

9
+1

=
2

13

9
+1

=
2

22

9

=
2

1
×

9

22
=

9

11
  , 𝑋 =

9

11
, 

𝑌 =  
2𝑦

|𝑣|2 + 1
 =  

2 (−
2

3
)

13

9
+ 1

=
−

4

3
13

9
+ 1

=
−

4

3
22

9

= −
4

3
×

9

22
= −

6

11
  , 𝑌 = −

6

11
 

𝑍 =  
|𝑣|2 − 1

|𝑣|2 + 1
=  

13

9
− 1

13

9
+ 1

=

13−1

9
13+1

9

=

4

9
22

9

=
4

9
×

9

22
=

2

11
  , 𝑍 =

2

11
 

Therefore, the stereographic projection  𝑉∗(𝑋, 𝑌, 𝑍) =  𝑉∗ (
9

11
, −

6

11
,

2

11
)  

 

Example 2 : Given that 𝑉 = 7 + 𝑖√5,  𝑥 = 7 (real part )  and 𝑦 = √5 (imaginary part) , 

from the fact that V can be written in complex form as 𝑉 = 𝑥 + 𝑖𝑦 ⟹  x = 7 and y =

√5 as mentioned above,  

Next, we need to find the magnitude of V to be able to compute the corresponding 

stereographic projection 

|𝑉|2 = 72 + (√5)
2

 =  49 + 5 = 54 , 

Now, we can find X, Y and Z as follows,  

X =
2𝑥

|𝑉|2 + 1
 =

2(7)

54 + 1
 =  

14 

55
 , 

Y =
2𝑦

|𝑉|2 + 1
 =

2(√5)

54 + 1
 =  

2√5

55
 , 

    Z =
|𝑉|2−1

|𝑉|2+1
 =

54−1

54+1
 =  

53 

55
 .  

Therefore, the stereographic projection of 𝑉 = 7 + 𝑖√5 =  𝑉∗ (
14 

55
,

2√5

55
,

53 

55
) 

 

Example 3 : If 𝑉 = √2 − 𝑖√3 ,  and we want to find the stereographic projection of V 

,say 𝑉∗(𝑋, 𝑌, 𝑍) , we begin by finding the magnitude of V as |𝑉|2 =  2 + 3 = 5 , 
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So, as we have written above,  

X =
2𝑥

|𝑉|2+1
 , Y =

2𝑦

|𝑉|2+1
 , Z =

|𝑉|2−1

|𝑉|2+1
   

From V = √2 − 𝑖√3 , if we compare this with 𝑉 = 𝑥 + 𝑖𝑦   ⟹ 𝑥 = √2 and 𝑦 = −√3 

So, 

 X =
2𝑥

|𝑉|2+1
=

2√2

5+1
 =

2√2 

6
=

√2

3
 ,  

   Y =
2𝑦

|𝑉|2+1
=

2(−√3)

5+1
 =

−2√3 

6
=

−√3

3
 ,     

Z =
|𝑉|2 − 1

|𝑉|2 + 1
=

5 − 1

5 + 1
=

2

3
 

∴  The stereographic projection  𝑉∗(𝑋, 𝑌, 𝑍) =  𝑉∗ (
√2

3
,
−√3

3
,
2

3
) 

 

Conclusion 

This paper studied the homotopy of circles and its stereographic projection. 
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