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Abstract

This article explores the concepts of bilinear transformation, Jacobian
transformation, and conformal mapping, focusing on their essential properties
and presenting key results. The discussion revolves around isogonal
transformation, conformal transformation, Jacobian transformation, and
bilinear transformation, as well as critical points and fixed points.
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Introduction
If f(x) is a real-valued function of the real variable x,

f:x—>y M
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A mapping or transformation of points in the z-plane is the relationship specified by
equation (1) between two points in the z-plane and w plane. Images of each other refer to

the correspondence set of points in the two planes. The equations

u=ux,y),v=vy) 2
are referred to as transformations [2]. This article deals with conformal mapping,

Jacobians, bilinear transformations, fixed points, and normal [1,2,3].

Bilinear Transformation

It is also called linear fractional transformation. The transformation T defined as

az+b
cz+d

w="T(z) = (3

a,b,c, and d are complex constants , ad - bc# 0 is known as bilinear transformation. The
constant ad-bc is determinant of bilinear transformation. Now , if ad-bc= 1 then it is

normalized. This transformation of (i) can be written as

cwz+dw-az-b=0 “4)
The equation (i) is linear both in z and w, so it is bilinear transformation. It is also called
Mobius transformation, who first studied the same. Complex numbers a, b, ¢, and d are

a Z| is called the

called co-efficient of Mobius Transformation of S(z). The determinant |C

determinant of Mobius Transformation S(z). The constants a, b, ¢, d do not uniquely

determine since, A# 0 for any,

_ (Aa)z+(Ab)
57 = Gozra
of _ dw-b

= 35, " Tewia does not vanish, the M6bius transformation f(z) is conformal at every

point except its pole z = —% . The inverse function z = f~(w), (fo f~1 =1, where I is

dw-b
—cw+a

the identity, can be computed as: f~1(w) =

[4].
Product of two bilinear transformations

Suppose two transformations T; and T, defined are

a12+b1
c1z+dq >

Ti(z) = (a;dy — bycy # 0) o)
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T,Q) =252%  (a,d, — byc, # 0) ©)

C2Z+d2 >

In equation (5), there is one- one correspondence between the z-plane and ¢ -plane. The
transformation (ii) also maps a one to one correspondence between the z-plane and { -

plane. Now defining a transformation from z-plane to w-plane from the relation

w = T,(T1(2)) )

T,(T,(2)) =T, {w} from equation (5)

C12+d1

aq1z+bq
_ 2(01z+d1) b2 _ (aza3+by¢y) z+(azby+bady) [ From 6]
cz(alz+b1)+d2 (czag+dzcq) z+(c2by+dady)
c1z+dq

az+p
Yz+§6

w= Ty (T1(2))

)
This equation (8) denotes a bilinear transformation and is called resultant or the

product of the two transformations.

Bilinear transformation with simple geometric properties [2]

Suppose the bilinear transformation

az+b

w = —— , where ad- bc # 0, and ¢ # 0. This can be
cz+d

It may be written as

d
_ a(z+;)+b—7 a n bc—ad 1 _a n bc—ad 1

c(z% c c  cz+d ¢ 2 z+4d
This transformation can be considered as the combination of following three

transformations

bc—ad
c2

d 1
21=2+;,22=Z—andz3= Z,  so that
1
a . . .. .
W= + z3.This transformation of the form z;. Three auxiliary transformation

1 - .
are of the form W=z + a,w = > W= Bz. So, the bilinear transformation
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is the resultant of bilinear transformation of the form w=z+ a,w = %, w =
bz

Theorem1.The set of all bilinear transformation builds a non-abelian group
under the product of transformations.

Proof. The set of bilinear transformations satisfy the properties of group.
Associativity. (TyT2)T3 = Ty (T,T3)

Existence of identity. The identity mapping, I defined by w=I(z) = z is a
bilinear transformation so that I serves as an identity element.

Existence of inverse. The inverse of the transformation

az+b

is z=T"Y(w)= 2
cz+d —-cw+a

W=T()=

az+b
T_lT(Z) _7-1 (az+b) _ d(cz+d)_b _ adz+db-bcz-bd _ (ad-bc)z __

cz+d)  _¢ (az+b)+a " —caz-cb+caz+ad  ad-bc
cz+d

= TT~'(w) = w. The set of all bilinear transformations builds a group

under
the product of transformations. It is remarkable that Ty T, (Z) # T,T;(Z)
Fixed points of bilinear transformation [2]

The points that coincide with their transformations under a bilinear
transformation are said to be fixed points.

Let the bilinear transformation defined by

Z
w = ZZ:Z (ad- bc # 0)
©)
Now substituting w=z to get the fixed points of this transformation
— az+b
cz+d
ot,cz?+(d—a)z—b =0

(10)
Case I. Let ¢ # 0, the roots of equation (ii) are

, = (a—d)+\[(d—a)?+4bc]
2c

gives one or two finite fixed points according to
(d—a)*+4bc=0 or#0
Case II. Letc =0 thatd # 0

4 Mikailalsys Journal of Advanced Engineering International
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. a b . .
The transformation becomes w = 27 + r The other fixed point is

z= %Z + S of, (a-d)z+b=0.Henceifa—d 0, then two fixed points o

anddea but a-d =0 gives only fixed point co.
Normal form of bilinear transformation [2]

Theorem2. Every bilinear transformation with @, 8 as fixed points &, f can be

put in the form
w—«a Z—Qa
w—p z—f

Proof. Let any bilinear transformation with @, f as fixed point and suppose it

transforms a point ¥ into the point ., then the points @, 8,¥, Z are mapped

into the points a, 8,8, w respectively. Since cross ratio is conserved under a

bilinear transformation, we have

_ w-a)(6-B) _ z=a)(y=$)
(w,a,6,B) = (z,a,v,P) Or, @ w) — @ ’ Conformal

Mappings

w-a _ (a-8)(f-y) z—-a C 1
Or B By 1 which is the from
w-a _ z-a . — (a=8)(B-v)
wop =4 2o Which A= ey

Theorem 2. Every bilinear transformation has only one fixed point a can be put in the

form

w—z Z—a

. . az+b
Proof. Consider the transformation w = .

v and let a is the only one finite fixed point.

az+b
cz+d

Then the equation w = or, cz24+(d—a)z—b=0 =c (z— a)? has only one

root &, so that

Now, d —a = - 2ac and -b = ca?

_(d-2ac) z—ca?

ie. a=d+ 2ac and b = - ca? , we can wtite w =
cz+d

cwz+dw= dz-2acz — ca?

Volume 1, Issue 1, March 2024 5



Nand Kishor Kumar & Dipendra Prasad Yadav

c(w-Q) (z- @)+ caw + caz — ca?+ dw = dz+2acz — ca?, on solving we get

. c . c _2c
" dtca a=d\ " g4ad”
a+e(5)

Different transformations [5]

There are different types of transformations i.e. elliptic, hyperbolic and parabolic

transformations.

@A) Elliptic transformations

The transformation

az+b
W= T(Z) - cz+d

1)

has to finite and distinct fixed points a, f if ¢ # 0 and

A= (a—d)*>+4bc#0
(12)

In this case the transformation T can be put in the from

_w-a_ . Zza
w = - k py
(13)
Where k = cptb # 0 is a finite constant.
ca+d

If |k| = 1, the transformation is said to be elliptic. In this case
w—-o
w—p

Every citcle of the first kind in the Steiner system with limiting points a, f is left

Z—C(|
Z —

invariant. Under this mapping, then, the point's z "flow"

along these invariant
circles in such a way that circles of the second kind pass over into one another.
If c=0. and A # 0, the second fixed point is at infinity and the transformation
takes the form
w—a =k(za)
(14)

where k = % =1.Thatis, |a| = |d|. Here the transformation (i) represents a

rotation (through the angle arg k) about the fixed point a.

6 Mikailalsys Journal of Advanced Engineering International
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(ii) Hyperbolic transformations

Let A# 0, ¢ # 0 kbe real and positive so that arg k =0.

Then (13) gives arg (K—:;) = argk + argg =arg z:_a.

Thus, in this case the circles of the second kind in the Steiner system belonging
to the limit to the limit points @, f§ are left invariant while the circles of the first
kind go over into one another. The transformation therefore represents "flow"

along the circles of the second kind. A transformation of this type is called
hyperbolic. If ¢ = 0, A# 0, one of the points say f is of at infinity and the
transformation is of the form (3) it is hyperbolic when arg k = arg% =
argd = 0.
(iii)  Parabolic transformations.
If A= (a — b)? + 4bc = D, then he transformation (11) is called
Parabolic.

First,let c = 0. Thena =d # 0 and the linear transformation

@) get the form

W:Z‘i‘z, 2;EOO
ar’ d
(15

b . . . .
If i 0, that is, b =0 then (v) reduces to an identity transformation.

. . . b .
Then every point is a fixed point. In case— F 0, Represents a simple
translation. In this case the only fixed point is at 0. The straight linesL, in
. . b . . . .
the direction - are stream lines, their perpendiculars the lines Lypass over

into one another under the flow. Now let A= 0,c # 0.

a—d . . . .
a = e This has the only fixed point of the parabolic transformation,
. ) ) ) a )
since the point z = 0 is transformed into w = e that oo is not a fixed

point. In this case the transformation can be represented in the form

1 2c
—=—+4 where A=——
w—a Z—a a+d

Volume 1, Issue 1, March 2024 7
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Jacobians [1,4,5]
The transformation

w = f(z), L.e. u = u(x, y), v = v(x, y) maps a closed region D of the z- plane into a

closed region D' of the w-plane. Suppose A, and A, denote the area of these regions. Also

Aw a(u,v .
= |g then the determinant

let u and v are continuously differentiable, then — lim — =
Az—0 Az a(x,y)

ou oJu
a(uv) dx 0Oy du dv Odu OJv. . . . .
=——= = —.,— — —.,—is said to be jacobians of the transformation.
o(x,y) v ov ox 9y 9y ox J
dx Jy

If £(z) is an analytic function, then using Cauchy- Riemann equations, then

o(wy) _ du du OJu . du
a(xy) dx 9x dy dy

ou .6u2

2 2
d(uv) _ (ou Ju\“ _ _ ’ 2
=)+ E)=Erig= Iror.

o(xy) ox dx ax dy

If uq,up,ugz - U, are functions of n wvariables of Xxqi,x,, X3 " X, then the
determinant

Our  dur . Ou1

axl axz axn

aLZ @...... % i Hd b n f U, Uy, Ug *o* o u ith r t t
9o Oy oo s called Jacobean of uq,uy, us nW espect to
Oun  Oun . .. Oun

axl axz axn

. a(ul,uzlu3 ...... un)

X1, Xp, X3 0r e Xn and is represented by —————= or ] (Uq, Uy, Ug *** *** Up)-

Necessary and sufficient condition for a Jacobian to vanish [1,6,7]
Theorem 3.

Let uq, Uy, ..., U, be function of n independent variables X1, X5, ....., Xp. In order that

there may exist between these n function a relation,
F (uy,uz, ..., up) =0,
It is necessary and sufficient that the Jacobian

0 (uq, uy, ..., Uy)

0 (X1, X2, ceaey Xp)

should vanish identically.

8 Mikailalsys Journal of Advanced Engineering International
|



Nand Kishor Kumar & Dipendra Prasad Yadav

Proof. The condition is necessary i.c. if there exists between Uy, Uy, ..., U, a relation

F(ul’ uZ’ ------ un) - 5
0]
. . .o . OF 0Ju, OF 0du, OF OJdup
there ean is zero. Differentiating (i), we get —.—+ — .—+ ...+ — .— =
Jacobea © ating (i), we g ’0uq  9xq ou, 3x1+ ou, 0x;
OF w | OF dup L OF duy _
ouy 0x, ou, 0x, U u, Tdx,

JdF oJu, OF 6u2+ +(')_F E)ﬂ

ou, 0dx, Odu, 0x,  Jdu, 0x,
du; Oduy aunl
0x; Ox; = 0xq
. . . oF oF oF aul auz aun a(ul’uzl ...... uz)
Eliminating — ,—, ...,—,we get|— —.. —|= —22——=2=0
g Juq ’ du, ’ ! aun ’ g 6x2 axz ax2 a(xl, Xg,ee ‘xn)
duq Ou, dun
Oxn, Oxp Oxn
Condition is sufficient i.c., if the Jacobean J(uy, Uy, - Uy,) is zero, the there must

exist a relation between Uq, Uy, ..., Uy,. The equations connection the functions (
U, Uy ooe e Uy) and the variables x4, X5, ..., X, are always able of being of being
transformed into the following forms: ¢ (X1, X3, ..., Xp, Uy ) =0, P (X2, X3, ..., X,

ul’uZ) = O) “

¢r( Xpy Xpg1s vy X, U, U,y oen, Uy ) = O,

Uy Uz, Un) _ (1) 2 oxy oxy oxn
: 991

Gn( X, Uy Uy ., Uy, ) = 0. Then, we have ] = 30y, Xptm) 965  9bn

7] a 0 7] . 7]
ﬂﬂ %r ... ﬂ=0, €. ﬂ=0,f01fsomevalueof1r
0x, 0x; 0xy 0xn

Now, if ] =0, we have o,

between 1 and n. Hence, for that particular value of r the function ¢, , must not contain,

X, ; and accordingly the corresponding equation is of the form ¢, (%41 ,

e Xp, U, Up .., Uy) = 0.
Consequently, between this and the remaining equations @11 = 0,042, =0, ..., ¢, =
0,
The variables Xr+1 = 0,X542, oo, Xpcan be eliminated so as to give a find equation
between X1, Up,...., Uy, .
Volume 1, Issue 1, March 2024 9
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Conformal Mapping

A geometrical categorization of complex analytic functions is that they retain angles at non-
critical locations. Conformal mapping is the mathematical word for this characteristic. Co
formality makes sense for any inner product space, however in practice it is commonly
applied to Euclidean space with the conventional dot product. A function f: R™ — R" is
called conformal if it preserves angles. But what exactly does "preserve angles" mean? The
angle between two vectors in the Euclidean norm is defined by their dot product.
However, because most analytic maps are nonlinear, they will not map vectors to vectors
and will instead map straight lines to curves. However, if we define "angle" as the angle
formed by two curves. As a result, complicated functions must be realized as conformal
maps. Isogonal mappings retain the magnitude of angles but not necessarily the meaning. A
mapping which preserves the magnitude of angles but not necessarily the sense is called

isogonal.
Sufficient conditions for w = f(z) represent a conformal mapping

Theorem4. Suppose f(z) be an analytic function of z in a region D of the z-plane and let

f'(z) # 0 inside D. Then the mapping w = f(z) is conformal at the points of D.

Proof: Let zy be an intetior point of the region D and let C; and C, be two continuous
curves passing through Z, making angles a;and a, respectively with the real axis. Taking
the point Z; and Z, on the curves C; and C, at the same distance r from the point
Zywhere r is small. Then we can write [1,6,7]

Zl - ZOZ Teieland Zy — Zy :Teiez.

Astr— 0, 61 — aland 02 — az.

Now as a point moves fromZy and Z;along Cy, the image point moves along [} in the w-

Z-plane W-plane

Fig. 5.1 Z-plane and W-plane

10 Mikailalsys Journal of Advanced Engineering International
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plane wy to wy. Similarly, as a point moves fromZy and Zjalong C,, the image point

moves along [ from Wy toW,. Consider that
wy — Wy =pie'®y,and w, — wy = pe'?,.
Since f(z) is analytic, we have
wy —

) W,
lim —=2=f(z
Zy - Zy Z1— 2o ( )

As ' (zo) # 0, we may writef'(z,) = Rye'?,,.
Necessary conditions for w = f(z) to represent a conformal mapping [2]

Theorem5. If w = f(z) represent a conformal transformation of a domain D in the z-

plane into a domain D of the w —plane then f(z) is an analytic function of z in D.
Proof. Now, ut iv = u(x, y) + iv(x, y) then u = u(x, y) and v= v(x, y)
Let ds and da denote elementary arc lengths in the z-plane and w-plane
respectively. Then d s2=d x? + d y? and d @®= d u? +d v2.
_oug g
du = axdx + aydy and dv = axdx + aydy
2 _ (u u )y (2 LS
Now, da“ = (axdx + aydy) + (axdx + aydy)
Or, da?= E dx? + 2F dxdy+ Gdy?
_6u2 ov\? __ Ou Ou , 0v 9v
Whete E = (a) +(a) , F= aa + aa
_ (ou 2 rov\?
6=(5) +(7)

Now, :d sis independent of direction if

E F G

A (h)2 (suppose) ,

10 1
where h depends on x and y only and is not zero. So, the conditions for an
2 2 2 2
isogonal transformation are (Z—Z) +(Z_z) = (h)?= (Z—;‘) +(Z—z)
(16)

ou ou v av_
ox dy 0x 0dy
17)

The equation (106) are satisfied if we arranged

Volume 1, Issue 1, March 2024 11
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ou dv . ou _ . v _ .
a—hcosa, a—hsma,ay—hsmﬁand ay—hsmﬂ
Then substituting these values in (17),

(h)?(cosacos B + sinasin B) =0

cos(a — B) = 0, where h # 0. Now taking a —ﬁzg,i.e. a=p +%
d . d .

ﬁz hcos(g+ﬁ) =-hsinf, iz hsm(§+ﬁ) = - h cosf.

ou__ v _ .

Fo hcosf3, 3y h sinf.

du_ Ov Ov _ du

0 ox oy ox oy

(18)

Similatly taking @ — f = — g, ie.a=p— g

ou_ Odv Ov _ Ou
ax 8y ax 3y
19)

The equations (19) are the well-known Cauchy-Riemann equations, which demonstrate
that f(z) is an analysis function of z. If we substitute -v for v, that is, if we take the image
figure formed by the reflection in the real axis of the w-plane, the equations (18) simplify to
(19). Thus, if equation (18) corresponds to an isogonal but not a conformal transformation

w = f(z), then f(z) must be an analytic function of z.

Conclusion

A transformation is said to isogonal if two curves in the z — plane intersecting at the point
Z, at an angle 6 are transformed into two corresponding curves in the w — plane
intersecting at the point W, which corresponds to the point zg at the same angle . If the
sense of the rotation as well as magnitude of the angle is preserved, then the
transformation is called conformal. In this case, the magnitude of the angles of a
transformation is conserved but their sign is changed. In this case, the magnitude of the
angles of a transformation is conserved but their sign is changed. For example, consider the
transformation w = x — iy and z = x + iy Therefore, w = x — iy is the reflection of z in the

real axis where angles are conserved but their signs are changed.
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