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Abstract

This paper presents a concise yet effective technique for simplifying
complex nonlinear equations by converting them into a log-linear form,
with particular application to Dynamic Stochastic General Equilibrium
(DSGE) models. The method, known as log-linearization, leverages
Taylor series approximation to express nonlinear functions as linear
relationships in logarithmic deviations around a steady-state equilibrium.
By doing so, the approach enhances analytical tractability and facilitates
the interpretation and solution of DSGE models. The paper provides
illustrative examples, including applications to Real Business Cycle (RBC)
models, to demonstrate the practical implementation and benefits of the

technique in macroeconomic modeling.
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Introduction

Economic modeling is a crucial tool that economists and policymakers use to analyze,
understand, and predict the behavior of complex economic systems. It plays a significant
role in answering critical questions related to fiscal policy, monetary policy, and the overall
performance of economies. Since these models aim to capture the complex behaviors of
economic agents and the relationships between economic variables, they often become

highly intricate and challenging.

Complexity economics models use mathematical tools, such as nonlinear equations and
stochastic processes. However, often, the intricate nature of monitoring the decision-

making processes of several agents necessitates the use of computers. (Arthur, 2021)

A Dynamic Stochastic General Equilibrium (DSGE) is one of these models that offers a
more realistic representation of the economy (Smets & Wouters, 2007). They consider the
interactions between agents and incorporate stochastic elements to account for uncertainty.
However, these features also contribute to their complexity. DSGE models often involve
systems of nonlinear equations with expectations and intertemporal dynamics, making
them more complex. Conversely, another class of models uses a social accounting matrix
(SAM) called CGE models. A SAM provides a comprehensive snapshot of an economy at
a point in time, detailing transactions between different economic agents (such as
households, firms, and the government) and sectors. This matrix captures the production,
income, and expenditure flows, allowing for a detailed representation of the economic

interactions and dependencies among various actors and sectors.

DSGE models incorporate time dynamics, stochastic elements, optimization, micro
foundations, market-equilibrium conditions, parameter estimation, nonlinear equations,
calibration, and computational intensity. These models are based on microeconomic
principles and involve modeling the decision-making processes of individual economic
agents. Achieving market clearing, where supply equals demand in various markets,
requires complex modeling of how prices adjust. Parameter estimation and calibration
involve setting initial conditions and matching parameters to real-world data. The
computational complexity arises from solving many equations and simulating economic
dynamics. While DSGE models aim to capture economic intricacies, their simplifying

assumptions can add to their complexity.
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However, one technique stands out as essential for simplifying the DSGE models and
making them more manageable is log-linearization. It come after the First-order condition

(FOC) in the model.

The log-linearization method offers a solution to the issue of lowering computing
complexity for systems of numerically defined equations that need simultaneous solving.
Log-linearization is a technique used to transform a non-linear equation into a linear
equation by expressing the variables as logarithmic deviations from their steady state
values. Moreover, it provides a means to evaluate the responses of various economic
variables, making it an invaluable tool for central banks and policymakers when

formulating and assessing monetary and fiscal policies.

The paper is structured as follows: After the introduction, Section 2 outlines the main
problem this technique tries to solve; Section 3 presents the Taylor approximation
technique; Section 4 discusses log-linearization in DSGE modeling; Section 5 gives some

real examples from different DSGE models; and Section 6 wraps up the paper.
The problem

In this section, we introduce the log linearization technique into DSGE modeling through
two simple examples. The first example comes from a New Classical Model (NCM), and
the second comes from a New Keynesian Model (NKM). (StataCorp, 2023)

1) New Classical model:

The new classical economics emerged in the 1970s as a reaction to the dominance of
Keynesian economics, which dominated economic theory in the post-World War II period.
Keynesian economics emphasized the role of government intervention in managing

aggregate demand and stabilizing the economy.

By the 1970s, however, many economists and policymakers were disappointed with the
effectiveness of Keynesian policies, especially in addressing problems such as stagflation,
which is characterized by a combination of high inflation and high unemployment. The
new classical economics emerged in response to these perceived limitations of the existing
Keynesian framework and reflected a desire for a theoretically more rigorous and grounded

approach to macroeconomics.
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Production, consumption, and other variables are determined by state variables related to
production and demand. This model is similar to that of (King & Rebelo, 1999) and is

commonly referred to as the real business cycle (RBC) model.

The standard form of the model can be writing as:

1

Ct+1

Cit=ﬁEt{ (14 Reys - 0} )

Equation (1) defines consumption at time t (the present) C; as a function of the expected
future consumption E;(Cyy1) and the interest rate E;(R¢41) and E is the expected future

value for t+1 in time t.

Wi
H'=— 2
LG @
This equation specifies the labor supply, relating it to wage Wy and consumption C;.

Yf:Ct-I_XC-I_Gt (3)

In the closed economy, the national income accounting identity equals the sum of

consumption Cy, investment X;, and government spending Gy.
Y, = KF(ZH) (4)

A Cobb-Douglas production expresses the quantity ¥; of output as a function of capital K,

labor Hy, and productivity Z;.
W,=(01-a)— (5)

Equation (5) is for labor demand.

Y

Equation (6) is for capital demand.
Since this model is dynamic, it is necessary to define a capital accumulation equation:
Kivr = (1 = 6K, + X, (7)

In general, nonlinear systems like this cannot be solved analytically. However, a

corresponding set of linear equations can approximate their solution very well.
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By introducing log-linearization around a steady-state (SS) path where all real variables

grow at the same rate, the model can be written as follows:

¢t = Ec(cey1) — (1 — B+ BE) E¢(1e41) (1"
nhy =w, — ¢, 2"
G1Xe = Y — G20 — P39: (39
ye = (1 —a)(x; + hy) + ak, (4")
we =y — hy (59
e =Y — ke (6"
kiyw =6x: + (1 —6)k, (7"
Zey1 = P22t + S (8"
gt+1 = PgIt T Et41 9"

€41 and &4 are shocks to the state variables.

Equations (8') and (9") are modeled as autoregressive AR(1), with the variables €44 and

&¢41 being shocks to the state variables.

It is evident that all the equations in this model follow a linear form, which is

straightforward to manipulate and easy to control.

2) New Keynesian model:

In this example, we presented a nonlinear model similar to that of (Woodford, 2003). The
equations of this model describe the behaviors of agents (households, businesses and the
central bank), and their interactions generate a model of inflation, interest rates and
economic growth. This type of model is widely used in academic and policy research to

characterize monetary policy.

The optimization of household produces an equation that links present output with the
expected value of a function based on output Y; 4, inflation Il; ¢, and the current nominal
interest rate Ry,

A @

o Yerr Miyq

where [ is the representative household’s rate of time preference.
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Firms' optimization generates an equation that specifies a link between the present
deviation of inflation from its steady state II; — II, the anticipated deviation of inflation in

t+1 E;(Il¢14 — II), and the ratio of real output ¥} to the natural output level Z;.

Hnl—Yt E,(M,,, —1I B
(=) + 2= ¢ () + BEMeys 1D ®)

Where ¢ is a coefficient that links the pricing decisions of firms, however, they are

impacted only by the deviation of inflation (Ty41 — ).

Finally, the central bank adjusts interest rates in response to inflation and other factors
influencing the central bank's policy are not considered in this model. Therefore, the
equation can be expressed as follows:

1

Where R, 1 are the SS-values of the interest rate and inflation respectively. Uy is a state

variable that captures all interest rate movements that are not caused by inflation.

Before proceeding with parameter estimation, the model equations undergo several

adjustments. As outlined by Woodford (2003), the model initially presented in sections

(A) — (C) is modified by introducing X; = ? to represent the output gap. This revision is
t

adopted in our analysis as well. By incorporating into the framework, we transition to a

revised three-equation system.

X, 1 R,
Xev1 Gellpyq

1= ﬁEt( ) (A’)

1
(Ht - H) + 5 = ¢X; + ﬁEt(ntﬂ - H) (B,)
R (s ,
7= (@) v ©

Z, . . .
where G = % is a state variable that captures changes in Z;.
t

The model is finalized by including equations that depict the progression of the state

variables G; and U;. We express them as autoregressive models in logarithmic form.

10g(Ge41) = (1= py) log(G) +pg 10g(G,) +ep4q (D"
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log(Ug41) = (1 — py) 1og(U) +py log(Up) +&141 (E")
The variables €;41 and ;41 are shocks to the state variables.

The model in (A") — (E’) is nonlinear. By apply the log lineatization technique, we can
write the model in its corresponding linearized form. The linearized versions of (4") —

(E") are:

X = Etxppq — (e — E¢Tteiq — Gt) (a"”)
Ty = BEemeys + KXe (")
1 "
e = E”t + U (")
gt+1 = PgIt T Et41 d"”)
U1 = Pule + §ean (e

Equations (@) — (e'") specify a canonical New Keynesian model of inflation m;, the

output gap X, and the interest rate 7y.

As we can observe from these two examples, the linear form follows the log-linearization.
The coefficients in this version are easy to interpret, allowing us to calculate the Impulse

Response Functions (IRF) response easily.

Now, the question is, how can we apply the log-linearization in the non-linear model? The

response is by employing a Taylor approximation around the steady state.

Taylor approximation:

1) The Taylor Series:

The Scottish mathematician James Gregory discovered the concept of a Taylor series,
which was formally introduced by the English mathematician Brook Taylor in 1715. The
study of numerical methods and the implementation of numerical algorithms are
significantly influenced by Taylor's series. A Taylor series is a mathematical representation
of a function as an infinite sum of terms that are calculated from the values of the

function's derivatives at a single point. The series is predicated on Taylot's Theorem, which
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posits that the polynomial can be used to approximate any smooth function, f(x), in the

vicinity of an expansion point a:

f(x)—f(a)+( )f“)()+

(x ) (x —a)m
nl

fA@) + - f®(a)

In terms of sigma notation, the Taylor series can be written as

o f£n)
=y Oa-ay

where f® (@) is the k™ derivative, evaluated at x = a, and k! is the factorial of k.

If f (x) equals the sum of its Taylor seties (about a) at x, then we have:

o (n)
im > Doy =

n—oo n=0 n!

The series is also referred to as a Maclaurin series (or power series) if it is centered at zero
(i.e., the expansion point @ is set to zero). The term "Maclaurin series" is derived from the
Scottish mathematician Colin Maclaurin, who extensively employed this distinctive form of

the Taylor series in the 18th century. Subsequently, the power series is as follows

f)=f0)+4 f(l)(0)+ f(z)(0)+ +z—1,[f(")(0)+'"

a) Some examples:
Let’s calculate the Taylor series at x = 0 for f(x) = exp(x)

First, we will find the derivatives of the given function.
f(x) = exp(x) = f(0) = exp(0) = 1

fx) =exp(x)= f(0)=1

frx) = exp(x) = f"(0) =

f(x) = exp(x) = f7(0) =

Therefore, the required series is:

o (n)
e =y L D i~ 10+ 2 00 + 2 £O0) + 5 FO0) +
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0+ +x2+x3+x4+x5+x6+ x + x + x + 7
~ X+ —+—+—
2 6 24 120 720 5040 40320 362880 3628800
=g(x)
Figure 1: expo function presentation
100
g0}
60
i 40 -
20
_1o = o] s 10
Py o e %x2+ %x3+ 2%x4+ 1;0 x>
1 6 1 7 1 8
— 720 * V S040 * VY 20320 *
73 1 x9 1 i0
362880 3628800

source: the authors

The figure above illustrates estimates of the function f(x) = exp(x) within the interval
from -4 to 4. These estimates are obtained using both the fourth and tenth-degree Taylor

polynomials. Increasing the polynomial degree leads to more accurate approximations.

Let’s calculate the Taylor series at x = 0 for f(x) = In(x+ 1)

First, we will find the derivatives of the given function.
f(x) = Inx+1)= f(0)=In(1) =0
W=+ =——= fO) = 1
= = — =
S i x+1 U

)= —-(x+1D72 = f(0) = ~1
) =2x+1)72 = f(0) = 2

Therefore, the required series is:

1) (n) 3
In(x+1) = anof nf )(x —a)”
_ —0)2 — M3
~ f(0) + u f(l) (0) + u f(Z)(O) + u f(3) (0)
1! 2! 3!
+en+1)
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2 3
z0+x—%+%+ en+1)=gkx)

* Let’s calculate the Taylor series at x = 3 for f(x) = x3+x%2+ 1

First, we will find the derivatives of the given function.
f(x) = x3 — 10x2 + 6 = f(3) = =57
f(x)=3x2 — 20x > f’/(3) = —

f’(x) = 6x — 20 = f’(3) = —

f"x) =6 = f"3) =

f(x) =

Therefore, the required series is:

(3
3 - 10x%2 + 6 = z ! () —a)"
n=0

~f(3)+( )f“)(3)+

+0
~-57-33(x—3)— (x—2)%+ (x — 3)3

L33LﬂW®+( D po3)

2) The Taylor Series for multivariable functions:
For a function of two variables f(x,y) whose partials all exist to the nth partials at the

point (a, b) , the nth -degree Taylor polynomial of f(x,y) near the point (a,b) is:

fmw=fmm+( )fm(m+( 2 19 q, 1)
Lk “)ﬂW b+ )ﬂWmm+u—@@
—b) fry (@b) + - + (x ) fP(a ,b)+-(y — D 0 q, by
+ eee
We can write this formulation above as:
n n-i a+h f( b)
f(x,)’) = Pn(x,y) = ; & aXlay:']' (X - a)i (y — b)]
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a) Some examples:

* Let's consider the function: f(x,y) = x3y? + y et(a,b) = (1,1)

FL+h1+k=f(11) +h% (1,1) + k%(l,l) + h? + k2e(h k)

A — 22,2 ar _
We have: = (x,y) = 3x“y* and ™ 1,1)=3
ar — 943 as —
& (x,y) =2x°y+1and % (1,1) =3
So, the first Taylor approximation of f(x,y) can be write as:

fA+h1+k)=2+3h+3k++ h? + k?e(h k)

(h,kl)lirzo,o) ethk)=0

With:
* Let's consider the function: f(x,y) = x3y* + y et(a,b) = (1,1)

ar — 24242 as _

— (x,y) = 3x°y* and — (1,1)) =3

2 2
Z—xj:(x, y) = 6xy? and d—f(l,l) =6

dx?

af — 943 ar _
& (x,y) =2x°y+ 1and 2 1,1)) =3

af — 7,3 af _
e (x,y) = 2x° and & 11 =2

as
dydx

(x,y) = 6x%y and %(1,1) =6
So, the second Taylor approximation of f(x,Yy) can be write as:

6 2
f(A+h1+k)= 2+3h+3k+§h2+§k2+6h.k+(h2+k2)s(h,k)

With:  lim &e(h,k) =0
(h,k)—(0,0)

Log-Linearization technique in DSGE models:

1- Solving DSGE Models:
Solving a Dynamic Stochastic General Equilibrium (DSGE) model involves a systematic
process (Figure 2). First, we derive the first-order necessary conditions (FONC),

representing the equations governing agent behavior. These conditions represent the

288 ALSYSTECH Journal of Education Technology




El Baouchari Nabil & El Baroudi Youness

equations governing the behavior of economic agents (e.g., households, firms,
government). The agents maximize their objectives (e.g., utility for households, profit for
firms) subject to constraints (e.g., budget constraints, production functions). This process
typically involves setting up a Lagrangian (Fernandez-Villaverde et al., 2016) and taking
partial derivatives with respect to each choice variable and the Lagrange multipliers. The
resulting equations form a system of nonlinear equations that describe the optimal behavior

of agents in the economy.

Then, we calculate the steady state, a reference point for analyzing dynamics. The steady
state of the model is a situation where all variables grow at constant rates and the economy
is in long-term equilibrium. To find the steady state, we set the time derivatives (or
differences in the case of discrete time) of the variables to zero and solve the resulting
system of equations. The steady state serves as a reference point for analyzing the dynamics
of the model. It provides a baseline from which deviations can be studied when the

economy is subject to shocks.

Next, log-linearizing around the steady state approximates the nonlinear equations,
simplifying the problem. This involves taking the natural logarithm of the variables and
then linearizing the equations by taking first-order Taylor expansions around the steady,
which we will explain in the next section. The resulting system of linear equations is much
easier to solve and analyze than the original nonlinear system. Log-linearization transforms
the model into a form where the variables represent percentage deviations from their

steady-state values. (Valdivia, 2015)

After that, we solve for the recursive law of motion, which describes how the state
variables evolve over time in response to shocks. This involves finding a solution to the
system of linearized equations. Techniques such as the method of undetermined
coefficients or the Blanchard-Kahn method are commonly used to solve this system. The
solution typically takes the form of a state-space representation, where the current state of

the economy depends on its past state and the realization of shocks.

Finally, we compute impulse responses and moments, analyzing the effects of shocks and
providing statistical summaries. With the recursive law of motion in hand, we can compute
impulse response functions (IRFs) and moments. IRFs show how the endogenous
variables respond over time to a one-time shock to an exogenous variable. This helps in

understanding the dynamic properties of the model and the propagation of shocks through
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the economy. Additionally, we compute moments such as means, variances, and

autocorrelations of the variables to provide statistical summaries of the model’s behavior.

Figure 2: Algorithm for solving DSGE Models

Calculate the steady Solve for the recursive
state law of motion

3

Find the first order Log-Linearization around Calculate impulse
necessary conditions the steady state responses and moments

Source: the authors.

2- How Log-Linearization Works in DSGE Models:
DSGE models, widely used in macroeconomics, rely on log-linearization to simplify their
analysis and enable tractable solutions. This method involves taking the logarithms of
variables and then linearizing these logs around a steady-state path where all real variables
grow at the same rate (King et al., 1988). The steady-state path is critical because the
economy's stochastic fluctuations tend to center around these values, making the
approximation valid (Cooley & Prescott, 1995)—Iog-linearization results in a set of linear

equations representing the deviations of log variables from their steady-state values.

This approach offers several advantages. First, it significantly simplifies the model's
equations, avoiding the need for extensive derivative calculations and making the analysis
more manageable (DeJong & Dave, 2011). Second, it allows for using standard linear
techniques to solve the model, such as the Kalman filter and the spectral decomposition
method (Hamilton, 1994). Third, log-linearization has been shown to provide a reasonable
approximation of the true solution, particularly in the neighborhood of the steady-state

(Schmitt-Grohé & Uribe, 2004).

However, it is essential to note that log-linearization is an approximation technique, and its
accuracy can be affected by the model's structure and the size of the shocks. Sometimes,
the approximation may need to be sufficiently accurate, particularly in large shocks or

highly nonlinear relationships between variables (Sims, 2002).
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Despite its limitations, log-linearization remains a powerful tool for analyzing DSGE
models and has been instrumental in advancing our understanding of macroeconomic

dynamics.

Log-linearization in DSGE models is employed as follows. Let X; be a strictly positive
variable, X its steady state and x; = log(X;) — log(X) the logarithmic deviation. First
notice that, for x near zero, log(1 + x) = x

X+X, —X

e )= log(1 + % change)

X
x; = log(X;) — log(X) = log (Yt) = log(
= % change

The basic idea of the log-linearization approach lies in the fact that any variable can be

expressed as:

Note that:

The key concept is that the first-order Taylor approximation of the exponential function

X

e” may be expressed as:

eft=1 + x;

So, we can write variables as

Xe = X.(1 + xp)

Log-linearization: useful trick 1 (Sun, 2009)

. .. a a a
Log-linearizing the term X; ! X,/7 ++ X, [', we have:
a1 vy QA2 an ~ a1 v QA2 an
Xie X5l Xpf = X' X5%2 - X" (1 + aqXqe + apXxpe + - + apXpe)
Example:

Production function:

AKELY ~ AKCLP(1 + ak,+ B 1)
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Real wage:

w, LW
?t: W, P; z?(l + W — pe)

Log-linearization: useful trick 2: Product of two variables

The second trick is applicable when dealing with variables that are being multiplied

together, as in the following example:
XYy =XY(1 + x)(1 + y) = XY(1 + x + y¢)

In other words, terms such as x;y; = 0 are set because we are examining little deviations
from the steady-state condition, and when these small deviations are multiplied together,

the resulting term is near to zero.

Log-linearization: useful trick 3: Adding two variables

Xe+Y: = XA + x)+Y(A + yp)

Some examples:

In this section, we demonstrate how the log-linearization technique simplifies functions in
DSGE modeling, specifically focusing on production and utility functions. We will dive
into the practical applications of this technique with popular functions like CES, Cobb-
Douglas, and LES, as well as the economic identity, revealing how they behave within the
context of the DSGE model. Each example will demonstrate the process of log-
linearization and its advantages for analysis and computation, particularly for non-linear

economic relationships.

Log-Linearization Example 1: The national accounting identity of a closed

economy without government

Start with
Y, =C+ I,
Re-write it as
YeVt = C'et + I"elt

Using the first-order approximation, this becomes
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YA +y)=CA+c)+I'(1 + iy
Note, though, that the steady-state terms must obey identities so
Y'=C+1TI
Canceling these terms on both sides, we get
Yy = C'ce + TI'ig
which we will write as

c* I
A :Fct+Flt

Log-Linearization Example 2: The production function

Now consider
Y = Ath‘_1Nt1_°‘
This can be re-written in terms of steady-states and log-deviations as
v eld = (4°elad) (k)@ eltkie-n}(N+)1-al (-]
Again, use the fact the steady-state values obey identities so that
Y= A*(K)Y(NH)I-@
So canceling gives
et = eladelakp-n}el1-ang
Using first-order Taylor approximations, this becomes
Q+y)=(@1+ at)(l + ak{t—l})(l + (1 — wny)
Ignoring cross-products of the log-deviations, this simplifies to
Ve = act+ oKy + (1 — a)n,

This is the log-linearized version of the production function. It expresses the percentage
deviation of output (Yy) from its steady state (Y*) as a function of the percentage deviations
of capital (K{_;), technology (Ay), and labor (N;) from their respective steady states. This

linear approximation is much easier to handle in analytical or numerical analysis, especially

within a DSGE model framework. (Madeira, 2013)
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Log-Linearization Example 3: The production function (CES)

Let's start with the CES (Constant Elasticity of Substitution) functional form
Y, = Afakf+(1 -

a)N,_f’]%, (1V.3.1)

where &g = —1/(1 + p), is the elasticity of substitution and 0 < a < 1.

Subsequently, we use the fact that steady-state values obey identities, so that
Y* = A'[a(K*)P+(1 —

a)(N*)p]%, (1v.3.2)

( ye =logY; —logV* = log%

. A
a; =logA; —logA® = logE

Ki

ki =logK; —logK* = logK*
. N

(e = log N, —logN™* = logN*

The next step is to find y; as a function of a;, k; and n;.

We have
1
logY; = log [At[aKtp+(1 - a)th]P]
1 p p
= logA; + /—)log[aKt +(1 - a)N| ] (IV.3.4)

The first-order Taylor expansion of this function around the point ¥, = Y™, is

(IV.3.3)

log¥, ~ logV* + 18Yel 004 —1og Ay + 218Vl ok 10a k)
BT 8T T GlogA,l,. OB T OB T Glog . ot T8
dlogY;
* dlog Nl . (log N,
—logN™), (Iv.3.5)
By (IV.3.3), we can re-written (IV. 3.5), as
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dlogY; dlogY;
Ye ® Qe oy — t AT
dlog A, A KN dlog K, A KN
dlog,
+n, B (IV.3.6)
dlog N, A KN
It's easy to find that
dlogY;
dlog A; A KN
=1, (IV.3.7)
dlogY: dlogY:

We then calculate the other two partial derivatives, n
0logK; dlog N¢

dlogY; oY K,
01ogKel o oy OKe Y (A*’K*’N*)'
Y, 1 1 1
K.~ At; [ak?+(1 — a)NE]P - ap(KET),
Y, K 1 _ K
T B~ (adart+a - Nl —
Lot AcJaKf+(1 — a)N/]?
B akf
~aKP+(1 - a)N!’
Hence,
dlogY; _ oY, K,
dlogK; (A K N") dK; Y; (A4 K" N")

a(K*)P

= IV.3.8
a(K)P + (1 — ) (NP (V-38)
Similarly, we find that
dlogV; _ oY, N,
a ].Og Nt (A*,K*,N*) aNt Yt (A*,K*,N*)
_ (1-a)(N")? (1V.3.9)
Ca(K)P+ (1 —a)(N*)P o
Substituting (IV. 3.7), (IV.3.8) and (IV.3.9) in (IV. 3.6), we obtain
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~a+ a(K*)P "
Ye = AT K + (1= a)(N )P
(1—-a)(N*)P
IV.3.1
a(K)P + (1 —a)(N )Pt (IV.3.10)
Let's rewrite our formula as follows
ye = ap + Ok
+ 0.1 (IV.3.11)
Where:
o _ a(K*)P
K7 a(KP + (1 — a)(N*)P’
1—a)(NHP
0, ( )NV (1V.3.12)

“a(KD)P + (1= a)(N)P

The coefficients O and 8} represent the relative shares of capital and labor contributions

(respectively) to production in the CES function.

We call them shares because O + 6, = 1, and the adjective relative is used because these
parameters are the coefficients of the variables k; and n;, which represent the relative

variations of the two factors.

Log-Linearization Example 4: The New Classical model

Let's take the first model described in the first section

1 1
= ,BEt{ (L+Reyq — 5)} (Iv.4.1)
Ce Cr+1
W,
H! =t (V. 4.2)
Ce
Yt = Ct + Xt + Gt (IV 4‘3)
Y, = K&(Z,H)'® (IV. 4.4)
Y
W,=01-a)— (IV.4.5)
H
Y
Re=az (IV. 4.6)
Kiop = (1— 8K, + X, (IV. 4.7)
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The log-linearization of this model, also described in the same section

¢t = Ee(cy1) — (A= B+ B6) Ec(1e41) (1v.4.1")
nhy = we — ¢ (1V.4.2")
G1xe = Ve — G20 — P39: (IV.4.3")
e = (1 —a)(z; + hy) + ak; (IV.4.4")
Wy =Yy — hy (IV.4.5")
=Y — ki (IV.4.6")
kepq = 6xc + (1= 8k, (IV.4.7")
Zepr = P2Ze + §ean (V. 4.8")
gt+1 = Pggt T €41 (Iv.4.9")

The aim is to demonstrate this log-linearization, ie. the transition from the

model ((IV. 4.1) — (IV. 4.7)) to its log-linearized version ((IV. 41" — (1V. 4.9')).

Let (C*,R*,H*,W*,X*,Y*,G*,K*,Z") be the values of the vatiables in the stationary state
(SS).

We start with the log-linearization of (1)

1 1
~ —BE, {—(1 +Rpws — 5)} (IV. 4.1)
Ct Ct+1

In the steady state, it is

1 1

F=ﬂ F(l‘l‘R*—(S)] thatirnp]jes 1=ﬁ[(1+R*—6)]
Then:

R* = ! 1+6

B
1-p+p6
= # (1v.4.8)

We can rewrite (IV. 4.1) as
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(€)™ =B EA(Cry1) ™ (A + Reyq

—6)}
= BEA(Crs1) " 'Res1
+ (Ce) ™' (1 = 8)} (Iv.4.9)

The Taylor development of the three variables (Ct, Cyyq, Re41), therefore, allows us to find

their values as a function of their logarithmic deviations (¢¢, Cry1, Te41),

1—c¢

C*

1—-ctsq
C*

((Ces1) " Reyy = - (1 = cra1 +Te41)

() =

(V. 4.10)

A

(Cey)™t =

Thus, (IV.4.1) becames

R*
= BE; {F (1 = ceyq1 + Te41)

(1= ces1)
+ T(l — 8)}

Which implies

1—c; =BEAR™ (1 — cry1 + Te41)

+ (1= cey)(A = 6)}
= PE{—cty1(1+ R —6) + R"(1 + 1144)
+(1-96)}

—¢e = =B+ R = 8)E(cry1) + R°BE(re41) + B+ R —6) -1
From (IV.4.8), wehave 1 = (1 4+ R* —8) and R*"f =1 — [ + BJ, hence

Ce
= E¢(ct41)
— (1 =B+ BOE(rt41) Q.E.D

For equation (IV. 4.2)

=t (IV.4.2)
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In the steady state

(H*)"
W*
= (IV. 4.11)
Hence
Wi
(Ht>" B (c_t)
H*) (v
(=)
t
log (E)n = log (C_t)
H* W
(=)
which implies
H
log (775) = log(W,) — log(C,) — (log(W") — log(€"))

= log(W,) —log(C;) — log(W™) + log(C™)
= [log(W,) — log(W™)]
— [log(C,) — log(CM)]. (IV.4.12)

Let

H
(e = 10g (3) = log(Ho) — log(H")

i) = log(W,) — log(W™) (IV. 4.13)

S
~
Il
—_—
o
oQ
/N

 Ce = log (C—i> = log(C,) —log(C™)
Substituting (IV. 4.13) in (IV.4.12) gives (IV.4.2").

We'll now log-linearize equation (IV. 4.3).
Yo =Ce+ X,
+ G (1v.4.3)
In the steady state
Y*'=C"+X"
+G* (Iv.4.14)

We take the logarithmic deviations of these variables

Volume 3, Issue 3, 2025 299
- — " |



El Baouchari Nabil & El Baroudi Youness

\

<

o~

Il
=)

(0]
—
Sl
~—

which implies

%)
~
Il
=)
012}
9]
o~
N—

SielEsN]
SN—

o
o)}
/-~
L
N—

th =

Y, = Y*eVt
C, =C"e“
X, =X"e*t
G, = G"e9t

(IV. 4.15)

Using the first-order Taylor expansion of the exponential function (e* = 1+ x), we

Gt
Y*

v)

C*'(1+c X'(1+x G*(1+
zlog( ( t)+ ( t)+ ( ge)

obtain
Ye=Y"(1+y)
Co=C"(1+c¢)
Xe = X"(1+ xp)
G =G (1+g,)
We have
=1 (Yt)—l (Ct+Xt+
Ve = 108 ve) = 0g y* T yr
Y*
I [(C*+X*+G*)
c* X* G*
+ (Fct +Fxt +th

From (IV.4.14), we have

Cc* N X N G*
y* ' yr v
=1
Thus
yr = log [1
+ (F Ct + Wxt
G*
+ 57

Introducing the linear approximation of the function log(1 + x) = x, we obtain
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X c*
Ve = Fxt +FCt
G*
+Wgt

It can also be written as

Ve = P1x¢ + Py

+ $39: (IV.4.16)

With d)l = X*/Y*,(l)z = C*/Y*,¢3 = G*/Y*, and therefore ¢1 + ¢2 + ¢3 =1

a simple rearrangement of (IV. 4.16) yields (IV. 4.3").

The coefficients (¢1, 2, P3) represent the respective shares of investment, consumption

and government spending in aggregate output in the steady state.

We'll move on to the log-linearization of the following model equation

T (IV.4.5)

In the steady state

W*

*

=(1-a) (IV. 4.17)

let's go back to the formulas for logarithmic deviations already described above

( Y
e
W
Jw; = log (W*)
H;
Lht = log (H*)
we've also
Y,
W, 1-a)--
Wy = log( i) = log I;i
w (1-a)
Ye
= log| +=
H*
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We use the same trick as in (IV. 4.12) to obtain (IV. 4.5").

For (IV.4.6) use the same procedure as for (IV.4.5) to obtain (IV.4.6") as a log-
linearization of (IV. 4.6).

We now turn to equation (IV.4.7), we have
Kirp = (1= 0K,
+ X, (IV.4.7)
In the steady state, we have
K*=(1-68)K"+X* which implies X"
= 6K* (Iv.4.18)

The logarithmic deviations of the variables are

kiv1 =10g(Kiy1) — log(K™) Kevq = Kreftv1 = K*(1+ keyq)
k., = log(K,) — log(K*) which implies {4 K, = K*e*t ~ K*(1 + k)
X = log(X;) —log(X™) X, =Xe* =~ X*(1+x;)

Hence

K*(1+ keyq)
=(1-8K*(1+k)+X(1+x)

= (1= 8K*(1+k,) + 6K*(1 + x,)

The elimination of K*, and a simple rearrangement of this last equation leads us

to (IV. 4.7").

For the last two equations of our log-linearized model, they are derived from

{logzt+1 =1 —p)logZ" + p,logZ + &1 where {€t+1~i- i.d.NV(0,07)
logGiyq = (1 — pg) logG* + pglog Gy + €441 Eppr~Ial. d.N(O, agz)

Log-Linearization Example 5: New Keynesian model

We now detail the log-linearization of the second model described in section 1.
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1
Y,
_ 1 R,
— BE, {m Hm} (IV.5.1)
(my —m) + l
‘ ¢
(Y
=¢ <Z_t) + BE:(Tgyq — D) (IV.5.2)
R
R
M\
= <ﬁ) Ut (IV.5.3)

Based on these two formulas X; = (Y;/Z;), Gy = (Z441/Z;), we can reproduce our

model in the following form

1 = g, ((%)(é) (Hf;)) av.5.1)

(I, = 1) + % = ¢X; + FE (Tlp41 — 1) (1v.5.2")
1
% _ (%)’3 U, (v.5.3)
In the steady state, the variables

((th Xt+1), (Gt, Gey1), Ry, (T, My 1), (U, Ut+1)) represent (X, G, R, T, U)

The model is completed by adding equations describing the evolution of the state variables

Gt and Ut‘

log(Gey1) = (1 - Pg) log(G) +py log(Ge) +&r1q (Iv.5.4")

l0g(Ue41) = (1 = py) log(U) +py log(Up) +8¢4q (IV.5.5)
The log-linearized model is given by the following series of equations

x¢ = Ee(x¢41) — (e — E¢Tter — Gt) (Iv.5.1")

T[t = ﬁEt(nt+1) + th (IV. 5.2”)
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1
T = Ent +logU + u; (IV.5.3"")
gt+1 = PgIt T €t+1 (IV.5.4")
Upp1 = Pule + $paq (Iv.5.5")

Our work then consists of showing that the log-linearization of equations ((IV. 51" —

(IV. 5.5')) are ((IV. 5.1") — (1IV. 5.5")). We start with the first equation

e () (268
A\ e/ \ G ey ) -
In the steady state, we have
h (D) e
_'BX o\a W1c1rnpesﬁ
()
—\en/)
On the other hand, (IV.5.1") can be written as

= ) (D@0

hence

1=5 (GR;H> Ee(1+2x¢ — Xp41 — G + 7e — Tp41)
And by the fact 1/8 = (R/GII), we obtain

1=1+x; +E(Xc41) — ge + 10 — E¢(441)
this latter equation implies (IV.5.1").

Let's turn to the second equation

1
(I, — 1) + a = ¢X; + BE g4y — D) (Iv.5.2)

In the steady state

(n—n)+%=¢x+(n—n) = ¢X—é=o

The variables according to their logarithmic deviations are given by:
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Xy = Xe*t = X(1+ x;)
[, = Me™ ~ (1 + m;)
Mgpq = Me™*t = TI(1 + 7py4)

Equation (IV.5.2") becames

ML+ 7)) + % = $X(L+x0) + BEI(L + epy) — D)

That implies

1 bX
M, = X + dpXx¢ + PIE(Tpyq) — a = @ = PE(mp4q) + Fxt

This equation is the same as (IV. 5.2""), whose k = ¢X /I1.
Let's take equation (IV.5.3")

1
R, (M7 ,
E‘(ﬁ) U, (IV.5.3"

The logarithmic deviations of the variables are

(10g
logﬁ =1
I,
logﬁ = T;

logU; =logU — u;

Thus, using (IV. 5.3") and these logarithmic deviations, we obtain

1

R; [\ 1
rt=logﬁ=log<ﬁ) Ut=Ent+logU+ut Q.E.D.

For these two equations
10g(Gev1) = (1 — py) 10g(G) +pg 10g(G,) +er44 (Iv.5.4")
log(Ue+1) = (1 = py) log(U) +py log(Up) +8¢44 (IV.5.5")

We can obtain (IV.5.4") and (IV.5.5"), by using the logarithmic deviations

of Z¢, Zt 41, Ge, Gegr-

{gt = log(G;) —log(G) {ut = log(Uy) —log(U)
Ji+1 = 10g(Geyq) —log(G) Upyq = log(Ups1) —log(U)

(IV.5.4") and (IV. 5.5 )can be rewritten as
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{IOg(Gm) =10g(G) — pg 10g(G) +pg log(Gr) +&r4q
log(Ut+1) = log(U) —py log(U) +py log(Ur) +&r41

Which implies
log(Gey1) —log(G) = py (log(Ge) —1og(G)) + €r41 N ,
It+1 gt where {€t+1~l.l.d.N(O, O'g)
log(Uyy1) —log(U) = py, (log(U,) —log(U)) + $p4q Eoyr~ii.d. NV (0,02)
Uty Ut

So, these last equations are(IV.5.4")and (IV.5.5")

Log-Linearization Example 6: Marginal cost function

In this example, we'll study the log-linearization of the marginal cost function, which takes

the following form:

MC,
 ZH,

(IV.6.1)

Marginal cost MC; is the cost of producing an additional unit, a function of wages W; and
productivity ZH,.
First, we define the logarithmic deviations of the variables,

mc; = log(MC;) —log(MC™)

we = log(W;) — log(W™)

z, = log(Z,) — log(Z*)
h; = log(H;) — log(H")

MCy = MC*(1 4+ mc,)

therefore § W; wr (Iv.6.2)
~ 1 —zr—h
Z, = 7 LT We 2= he)

In steady state, we have

MC*
W*
= IV.6.3
Z*H* ( )
A substitution of (IV. 6.2) into (IV. 6.1) gives us
MC*(1 + mc;)
(1 + Wt - Zt - hl‘,’) (IV. 6.4‘)

~ 7'H*

and by (IV. 6.3), we rewrite (IV. 6.4) to obtain the log-linearized form of (IV.6.1)

306 ALSYSTECH Journal of Education Technology



El Baouchari Nabil & El Baroudi Youness

mc;
=W — Z¢
- h’t (IV. 6.5)

Log-linearization is useful for understanding price and wage dynamics.

Log-Linearization Example 7: Monetary demand function

Consider the following monetary demand function:

M,
€

= P,C, <—) (IV.7.1)

This function describes the demand for money M; as a function of the price level P,
consumption Cy, and the nominal interest rate IR;.
Given that, in the steady state, we have

M*

€

1
= pP*C” . IV.7.2
(i) (v.72)

The logarithmic deviations of the variables are given by,

M, = M*e™t
Pt - P*ept
C, = C*et (1V.7.3)
IR, = IR*e™
which implies
M, ~ M*(1 +m;)
1\ 1\ , (IV.7.4)

then, (IV.7.1) becames,

M*(1+m,;)
1 €
— €iry) (IV.7.5)
and from (IV. 7.2), we have
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my =pe+ ¢t
— €iry. (IV.7.6)

The interest of log-linearization is often used on this function, in order to study the

relationship between monetary policy and the real economy.

Log-Linearization Example 8: The investment demand function

We assume that investment is given by the following function
I

_ <Kt+1 ~(1- 6)Kt>
- n

(1V.8.1)

This function describes the link between investment Iy, capital stock in time t is K¢,and
capital stock in time t + 1is K;4q, and capital depreciation §, and parameter 1 represents

the investment cost adjustment.

We define the steady state by,

K*—(1-58)K" .
I = that implies  [”
n
_ o (1v.8.2)
" .8.

The logarithmic deviations are given by

I, =TI"elt = (1 +i,)
K, = K*e*t ~ K*(1 + k,) (1v.8.3)
Kivr = K et = K*(1+ keyq)

Using (IV.8.3), we can rewrite (IV.8.1) like
r'aa+i,)
K*
= 7 [(1+ keeq)
—(1-6)1A+ k] (Iv.8.4)

According to (IV.8.2) we know that I*/§ = K™ /n, therefore
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(1+ip)
= %[1 +kepr — (1= 8k,
—(1-9)]. (1v.8.5)

Then

1
Iy = g [kt+1
— (1= 8)k,]. (V. 8.6)

Log-linearization allows us to explore the dynamics of investment in the face of economic

shocks.

Conclusion

This paper has demonstrated the power and practicality of log-linearization as a technique
for simplifying complex nonlinear equations within DSGE modeling. By leveraging Taylor
approximation centered around the steady state, log-linearization offers a powerful tool for
transforming nonlinear functions into more manageable, log-linear representations. This
transformation allows for easier analysis, computation, and solution finding within the

context of dynamic macroeconomic models.

While log-lineatization provides a significant advantage in simplifying DSGE models, it's
important to acknowledge its limitations. The accuracy of the log-linear approximation is
dependent on the proximity of the model's variables to the steady state. Furthermore, the
technique relies on the assumption of a stable steady state, which might not always be

present in real-world scenarios.

Future research could explore the application of log-linearization in more complex DSGE
models, including those with heterogeneous agents or richer dynamics. Investigating the
potential impact of non-linearity on model outcomes, particularly when considering larger

deviations from the steady state, would also be a valuable area for further exploration.
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