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Abstract 

 
Economic growth models are essential for understanding the long-term 

dynamics of economies, yet traditional models often rely on classical 

differential and integral calculus, which may inadequately represent 

discrete, nonlinear, or growth-oriented phenomena. This study aims to 

introduce G-Calculus (Geometric Calculus), an extension of non-

Newtonian calculus, as an alternative analytical framework that is 

particularly effective for modeling multiplicative and exponential growth 

systems. We present the theoretical underpinnings of G-Calculus and 

apply it to established economic growth frameworks, such as the Solow 

model and endogenous growth theory. By utilizing a comparative analysis, 

we evaluate the performance of G-Calculus in capturing economic 

dynamics, revealing significant advantages in terms of both accuracy and 

applicability. The findings indicate that G-Calculus provides a more 

natural and effective representation of economic growth processes, 

thereby enhancing the analytical capabilities of economists. This study 

contributes to the existing literature by offering a novel perspective on 
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economic modeling, suggesting that G-Calculus can be a valuable tool for 

researchers and policymakers aiming to gain deeper insights into 

economic development.  

Keywords: G-Calculus; Economic Growth Models; Nonlinear Dynamics; 

Solow Model; Endogenous Growth Theory. 

 

 

Introduction 

A mathematical framework known as "G-calculus" expands geometric algebra to 

incorporate differentiation and integration, perhaps including additional mathematical 

theories such as differential geometry and vector calculus. This is a more general phrase 

that performs calculus operations using geometric algebra, which mixes vectors and other 

geometric objects. According to several research articles, this particular phrase appears to 

concentrate on a particular method of studying geometric calculus, maybe with a special 

emphasis on particular kinds of operations or functions.  

The mathematically thorough presentation of Geometric multiplicative calculus marked a 

resurgence in the subject of Non-Newtonian Calculus following a lengthy period of silence 

following its introduction by Grossmann and Katz [1] in 1972.  

Bashirov et al. [2], which served as the catalyst for a flurry of papers in this area. It has been 

demonstrated by Grossmann and Katz that an infinite number of calculi may be 

independently constructed [1]. They created a wide range of calculi, such as the bi-

geometric Calculus, the Geometric-multiplicative Calculus, the Newtonian or Leibnizian 

Calculus, and many more. They summarized all of the findings in their 1972 book Non-

Newtonian Calculus [1], which included the basic theory of non-Newtonian Calculus, nine 

specific non-Newtonian calculi, and heuristic guidance for applications.  

Over the past ten years, geometric multiplicative and bi-geometric calculus have grown in 

popularity. These two basic multiplicative calculi have been used in a variety of ways. 

Without claiming to be exhaustive, we would like to list a few examples of how these two 

multiplicative calculi are used.  

Based on the research of [1] and [2], Geometric Multiplicative Calculus was used in a 

variety of fields, including the modeling of finance, economics, and demography through 
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the use of differential equations [3], numerical approximation techniques [4, 5, 6, 7], 

biological image analysis [8, 9], and literary texts [10]. 

The Geometric multiplicative calculus was extended to complex multiplicative calculus in 

order to get beyond its limitation to positive valued functions of real variables. An 

extension of geometric multiplicative calculus to complex valued functions of com-

complex variables was presented by [10]. Bashirov and Riza provided a thorough 

mathematical explanation of the multiplicative complex analysis in [11, 11, 12]. The 

Rybaczuk group has identified applications of the Bi-geometric Calculus in the realm of 

nonlinear dynamics.  

 One of the non-Newton calculus families is bi-geometric calculus. It offers techniques for 

integration and differentiation that are based on multiplication rather than addition. 

Typically, in issues pertaining to price elasticity, growth, and numerical approximations. It 

is possible to promote bi-geometric calculus in place of conventional Newtonian calculus.  

Economic growth is a central concern in macroeconomics, where mathematical models are 

used to explore the dynamics of output, capital accumulation, and technological progress. 

While classical calculus has long been the tool of choice for such models, its additive 

structure may not fully capture the multiplicative nature of economic processes. 

G-Calculus, a form of non-Newtonian calculus based on geometric arithmetic, provides a 

promising alternative. Its operations are based on multiplicative rather than additive 

structures, aligning more naturally with percentage-based growth phenomena common in 

economics. 

This paper explores how G-Calculus can be applied to analyze economic growth models, 

providing a new lens through which economists can view dynamic systems.  

G-Limit 

The geometric limit of the positive valued function defined in a positive interval is same to 

the classical limit. The G-limit of a function can be defined in terms of geometric 

arithmetic in this way: 

A positive function f in a given positive interval is called limit t>0 as x→ a ∈ ℝ, and if it 

corresponds to any arbitrary chosen number 𝜖 > 1, then there exists a positive number 

𝛿 > 1 for 
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                            1<  ⌊𝑓(𝑥)  ⊝ 𝑙⌋𝐺 <𝜖 for all values of x that satisfies   1<  ⌊(𝑥)  ⊝ 𝑎⌋𝐺 < 

𝛿.  We write  

     G lim
𝑥→𝑎

𝑓(𝑥) = l or f(x) →
𝐺

 l. Now,  ⌊𝑓(𝑥)  ⊝ 𝑎⌋𝐺   < 𝛿 ⇒ 
𝑎

𝛿
 < x< a𝛿 and   ⌊𝑓(𝑥)  ⊝ 𝑙⌋𝐺   

< 𝜖 ⇒ 
𝑙

𝜖
 < f(x) < l𝜖 . 

  A function f is called to tend exists limit l as x tends to a from the left, if for each 𝜖 > 1, 

then there exists 𝛿 > 1 such that  ⌊𝑓(𝑥)  ⊝ 𝑙⌋𝐺 <𝜖  for 
𝑎

𝛿
<x<a. Symbolically, G lim

𝑥→𝑎
𝑓(𝑥) 

= l or f(a-1) = l. 

In the same way, a function f is called to tend limit l as x tend to a from the right, if for 

each 𝜖 > 1,  then there exists 𝛿 > 1 such that   ⌊𝑓(𝑥)  ⊝ 𝑙⌋𝐺 <𝜖  , when a<x<a𝛿. 

Symbolically,  

                                  G lim
𝑥→𝑎+

𝑓(𝑥) = l or f(a+1) = l. 

G- Continuity 

A function f is called G-continuous at x = a if  

f(x) = a is definite number then G-limit of function f(x) as x 
𝐺
→ a exists, that is equal to f(a). 

A function f is G-continuous at x = a if lim
𝑥→𝑎

𝑓(𝑥)

𝑓(𝑎)
 = 1. 

Elementary Properties of G-calculus 

(i) Interpretation of G- Derivative 

Boruah and Hazarika (2016) defined G-differentiation of f(x) as 

 

𝑑𝐺𝑓

𝑑𝑥𝐺  = 𝑓𝐺(𝑥) = G lim
ℎ→1

𝑓(𝑥⊕ℎ) ⊝𝑓(𝑥)

ℎ
 G =    lim

ℎ→1
[

𝑓(ℎ𝑥)

𝑓(𝑥)
]

1

𝑙𝑛ℎ
  for all h ∈ ℝ(𝔾). Then G- 

derivative of a positive valued function at a point c contain a positive interval can be 

defined as 

𝑓𝐺(𝑐) = G lim
ℎ→1

𝑓(𝑥) ⊝𝑓(𝑐)

𝑥⊖𝑐
 G =    lim

𝑥→𝑐
[

𝑓(𝑥)

𝑓(𝑐)
]

1

ln(
x
c)        (1) 

is the bi-geometric slope Grossmann, (1983). Grossman and Katz (1979) and various 

mathematician have developed the G-calculus from arithmetic increment to the 



Nand Kishor Kumar & Suresh Kumar Sahani 

 ALSYSTECH Journal of Education Technology 274 

independent variable. Boruah and Hazarika (2018) have developed their work with the help 

of geometric increments.  

Relation between Arithmetic increment and Geometric increment 

Equation (1) shows that G-derivative exists for existence of both f(x) and f(c) with same 

sign at same time x and c. The arithmetic increment is x+h, while x⊕ ℎ = xh is geometric 

increment with the independent variable x. Now, if x changes to xh, then the value of 

function changes from f(x) to f(x⊕ ℎ) = f(xh). The geometric changes to x and y are 

defined by ∆𝑥 = x ⊕ h ⊖ x = 
𝑥ℎ

𝑥
 = h and similarly, ∆𝑦 = x ⊕ h ⊖ f(x) = 

𝑓(𝑥ℎ)

𝑓(𝑥)
 .  

But in ordinary derivative, 
∆𝑦

∆𝑥
 =  

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 yields average additive changes in f(x) for per 

unit change in x over the interval [x, x+∆𝑥] = [x, x+h]. Here in bi-geometric calculus,  

                                          
∆𝑦

∆𝑥
 𝐺 = (∆𝑦)

1

𝑙𝑛(∆𝑥) = lim
ℎ→1

[
𝑓(ℎ𝑥)

𝑓(𝑥)
]

1

𝑙𝑛ℎ
  gives the average geometric 

changes in f(x)per unit geometric changes in x over the interval [x, x h]. Now, taking the 

limit as ∆𝑥 → 1,  

                                  
𝑑𝐺𝑦

𝑑𝐺𝑥
  = G lim

∆𝑥→1

∆𝑦

∆𝑥
𝐺 = G lim

∆𝑥→1
 (∆𝑦)

1

𝑙𝑛(∆𝑥)  = lim
ℎ→1

[
𝑓(ℎ𝑥)

𝑓(𝑥)
]

1

𝑙𝑛ℎ
 . 

G-derivative used to exist if f(x) ≠ 0 and f(x), f(hx) are both positive or both negative. The 

𝑛𝑡ℎ geometric derivative is defined by  

                               lim
𝑥→𝑐−

[
𝑓(𝑐.ℎ)

𝑓(𝑐)
]

1

ln(
x
c)     and  lim

𝑥→𝑐+
[

𝑓(𝑐.ℎ)

𝑓(𝑐)
]

1

ln(
x
c)  are the left hand and right-

hand G-derivative at x= c.  

G- Calculus in Economic Growth Model 

Solow Growth Model 

                                  
𝑑𝐾

𝑑𝑡
 = 𝑠𝑌 - 𝛿𝐾,   Y = F (K, L) 

Here K is capital, Y is output, s is saving rate,  𝛿  is depreciation, and L is labor 

Using G-Calculus then. capital accumulation equation is  

                                    𝐷𝐺  𝐾(𝑡) = ( 
𝑠𝑌(𝑇)

𝐾(𝑡)
 ). 𝑒−𝛿 
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This permits clear multiplicative interaction of how saving and depreciation affect capital 

growth rates. 

Endogenous Growth Models 

Let a simple AK Model 

                                      Y = AK,       
𝑑𝐾

𝑑𝑡
 = 𝑠𝑌 = Sak 

In G-calculus, it happens 

                                      𝐷𝐺  𝐾(𝑡) =  𝑒𝛿𝐴 is the expression of capital growth at a constant 

geometric rate.  

Strengths of G-Calculus in Economic Modeling 

Natural Representation of Growth: G-Calculus directly models proportional changes, 

aligning with economic variables like GDP, interest rates, and inflation. 

Simplified Equations: Many growth models become linear under G-Calculus, facilitating 

analytical solutions. 

Improved Numerical Stability: Especially in discrete simulations of growth, multiplicative 

calculus offers better stability for exponential trends. 

Challenges and Limitations 

Imperfect Awareness: G-Calculus is not widely taught or used, limiting its adoption. 

Compatibility: Integration with existing economic software and frameworks requires 

adaptation. 

Maturity: While promising, G-Calculus needs further development in terms of economic-

specific tools (e.g., optimal control, game theory). 

 

Conclusion 

G-Calculus grants a compelling alternative to classical calculus in the analysis of economic 

growth models. By aligning more naturally with the multiplicative structure of many 

economic processes, it enables more intuitive formulations and solutions. Future research 

can extend this framework to stochastic models, policy analysis, and computational 

economic 



Nand Kishor Kumar & Suresh Kumar Sahani 

 ALSYSTECH Journal of Education Technology 276 

 References 

 [1] Michael, G. & Robert K. (1972). Non-Newtonian calculus. Lee Press, Pigeon 
Cove, Mass. 

 [2] Bashirov, A.E., Kurpınar, E.M. & A. Özyapıcı (2008). Multiplicative calculus and 
its applications. Journal of Mathematical Analysis and Applications, 337(1):36–
48,  

 [3] Bashirov, A. E. Mısırlı, Y. Tandoğdu, & A. Özyapıcı. (2011). On modeling with 

multiplicative differential equations. Applied Mathematics-A Journal of Chinese 
Universities, 26(4):425–438. 

   [4] Riza, M.  Özyapici, A. & Misirli. E. (2009).   Multiplicative finite difference 
methods. Quarterly of Applied Mathematics, 67(4):745.  

   [5] Emine M. &Yusuf G. (2011).  Multiplicative adams bashforth–moulton 
methods. Numerical Algorithms, 57(4):425–439. 

   [6] Emine M.& Ozyapici. A.  (2009). Exponential approximations on multiplicative 
calculus. Proc. Jangjeon Math. Soc., 12(2):227–236, ISSN 1598-7264. 

   [7] Özyapıcı, A. Riza, M. Bilgehan, B. &Bashirov. A.E. (2011). On multiplicative 
and volterra minimization methods. Numerical Algorithms, pages 1–14, 201 

  [8] Florack, L. & Assen. H. V. (2012). Multiplicative calculus in biomedical image 
analysis. Journal of Mathematical Imaging and Vision, 42(1):64–75. 

  [9] Florack. L. (2012). Regularization of positive definite matrix fields based on 
multiplicative calculus. In Alfred M. Bruckstein, Bart M. Haar Romeny, 
Alexander M. Bronstein, and Michael M. Bronstein, editors, Scale Space and 
Variational Methods in Computer Vision, volume 6667 of Lecture Notes in 
Computer Science, 786–796. Springer Berlin Heidelberg. ISBN 978-3-642-
24784-2 

[10] Bashirov, A. & Riza. M. (2011). Complex multiplicative calculus. arXiv preprint 
arXiv:1103.1462. 

 [11] Bashirov, A.E. & Riza. M.  (2011). On complex multiplicative differentiation. 
TWMS Journal of Applied and Engineering Mathematics, 1(1):51–61. 

 [12] A.E. Bashirov, A.E.  & Riza. M. (2010). On complex multiplicative integration. 
Mediterranean Journal of Mathematics, (submitted), 2013 Computers &amp; 
Mathematics with Applications, 60(10):2725–2737. 

[13] Kumar, N.K. (2022). Derivative and it's Real Life Applications. A Mini-Research Report 
Submitted to the Research Directorate, Rector's Office Tribhuvan University, Nepal. 

[14] Kumar, N.K. & Singh, P. (2023). Symmetry in the context of the strongly ⋆- graph, 
Cube Difference Labeling graph, Triangular Snake graph, and Theta graph. Journal 
of Scientific Research, BHU, India,67(4),52-57. DOI: 
doi.org.10.37398/JSR.2023.67040 

[15] Kumar, N. k. Chudamani, P. & Sahani, S. K. (2024). Theorem of Cantor and 
Dedekind and its equivalence. Available at SSRN: DOI: 10.2139/ssrn.4729948   

https://doi.org/10.2139/ssrn.4729948


Nand Kishor Kumar & Suresh Kumar Sahani 

Volume 3, Issue 2, 2025 277 

[16] Kumar, N. K. & Sahani, S. K. (2024). M𝒖̈ntz’s Theorem in 2-inner product spaces and 
it’s Applications in Economics.  Journal of Multi-disciplinary Sciences, Mikailalsys, 
2(3), 543-552.  https://doi.org/10.58578/mikailalsys.v2i3.3991  

[17] Kumar, N. K. & Sahani, S. K. (2025). A Solution of Airy Differential Equation Via 
Elzaki Transform. Kwaghe International Journal of Engineering and Information 
Technology, 2(1). https://doi.org /10.58578/kijeit.v2i1.4534  
https://doi.org/10.58578/kijeit.v2i1.4534 

[18] Kumar, N.K. (2023). Poverty in Tharu Community of Rautahat District of Nepal. An 
Unpublished Ph.D. Dissertation Submitted to the Tribhuvan University, Nepal. 

[19] Kumar, N.K. (2023). Poverty in Tharu Community of Rautahat District of Nepal. An 
Unpublished Ph.D. Dissertation Submitted to the Tribhuvan University, Nepal. 

[20] Kumar, N. K. (2019). Poverty Profile and Poverty Measurement Technique of Nepal. 
PYC Nepal Journal of Management, 12(1), https://www.nepjol.info>article> 
download,e-ISSN (online): 2738-9847. 

[21] Kumar, N.K. (2007). Poverty in Tharu community: a case study of Rautahat District, 
Nepal Technical Report number: SIRF/AG/06/01.Affiliation: SNV Development 
Organization 

  

  

 

https://doi.org/10.58578/mikailalsys.v2i3.3991
https://doi.org/
https://doi.org/10.58578/kijeit.v2i1.4534

