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Abstract

This study employs a predictor—corrector approach to solve the time-fractional
vibration equation governing the transverse deflection of a cable of length L
fixed at both ends. The model incorporates the Riemann—Liouville time-
fractional derivative to accurately represent memory effects and damping
behavior characteristic of composite and viscoelastic materials. Spatial
discretization is performed using a finite difference method, while the temporal
fractional derivative is approximated through a carefully formulated predictor—
corrector scheme. This technique effectively addresses the initial conditions
and captures the nonlocal temporal dynamics introduced by the fractional
derivative. Numerical experiments demonstrate that the proposed method is
accurate, stable, and computationally efficient in simulating damped vibrations
in elastic and composite cables. By offering a reliable numerical framework, the
approach enables more precise analysis of vibrating systems with memory
effects and material heterogeneity, thereby contributing to improved modeling
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and design in engineering applications involving time-dependent mechanical
behavior.

Keywords:  Time-Fractional Vibration Equation; Riemann—Liouville
Derivative; Predictor—Corrector Method; Finite Difference Scheme;
Viscoelastic Materials

Introduction

Modeling dynamic systems with memory and hereditary effects has garnered a lot
of interest lately, particularly when it comes to viscoelastic and composite materials. Such
complicated dynamics are frequently not adequately captured by conventional vibration
models that rely on classical integer-order derivatives. Fractional calculus has become an
effective mathematical technique to overcome this constraint, enabling the extension of
derivatives to non-integer orders. Time-fractional partial differential equations (PDEs) have
shown remarkable success in simulating systems with anomalous dynamic responses,
damping, and long-term memory. Such models are widely used in the investigation of
transverse vibrations in flexible cables and beams that are exposed to bending stiffness and
axial strain. A more accurate depiction of the energy dissipation and damping mechanisms
found in composite or viscoelastic materials is offered by the governing equation, which
incorporates a Caputo time-fractional derivative. The time-fractional vibration equation of
interest because fractional derivatives are nonlocal, it is frequently impossible to solve them
analytically. Therefore, reliable and effective numerical techniques are crucial. The
predictor-corrector algorithm structure for the time-fractional vibration equation and the
approach combines the approximation for the time-fractional Caputo derivative with
spatial discretization techniques based on finite differences. The predictor-corrector
technique is appropriate for complicated structural analysis because it improves accuracy
and stability. Numerical experiments confirm the approach and show that it can predict

fractional dynamic behavior in engineering structures.

A cable of length L that is fixed at both ends has a transverse deflection ®(x,t), which is
determined by the time-fractional vibration equation discussed in this article. The Caputo
time-fractional derivative is used in the model to take memory effects and damping

behavior in composite and viscoelastic structures into consideration of the form:
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0%D(x,t) —_p ' Dd(x,t) LT 0°D(x,t)
ot ox* 0x?

+qxt), 0<a<T @)

The initial shape (deflection) and the rate of change (velocity) at t = 0 are given as:

D(x,0) = P(x),

0D(x,t) _ (&)
¢ | =9®.

t=0

Where T denotes the axial tension, R represents the flexural stiffness, and q(x, t) is
a distributed transverse load. The relationship between axial tensionT, flexural stiffness R,
and the distributed transverse load q(x, t)arises from the mechanical behavior of a cable or

beam undergoing transverse vibration.

In recent years, several authors have worked on time-fractional vibration model
such as [1] applied an efficient analytical technique for fractional model of vibration
equation, [2] presented approximate solution of fractional vibration equation using Jacobi
polynomials, [3] used Jacobi polynomials method to solve fractional vibration equation, [4]
presented residual power series method for solving time-fractional model of vibration
equation of large membranes, [5] fractional treatment of vibration equation through
modern analogy of fractional differentiations using integral transforms, [6] presented a
novel analytical iterative approach to time-fractional vibration equation, [7] presented
solution of the vibration equation of large membranes in uncertain environment, [8]
proposed the operational matrix approach for solving fractional vibration equation of large
membranes with error estimation, [9] proposed a numerical approach for solving optimal
control problem of fractional order vibration equation of large membranes,[10] presented
numerical solutions of the time-delay fractional vibration resonance boosted weak fault
detection of machinery, [11] numerical simulations and approximation using a classical
Fractional Kelvin—Voigt model for beam vibrations, and [12] used cardinal-based
approximate method for time fractional forced vibration analysis of Euler—Bernoulli

viscoelastic beam.

Fractional Calculus [13]

Definition 1.Let « > 0 we define the Riemann-Liouville fractional integral by
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DO(x,t) =

L t — a—1
F(oc)fo(t )" D(x,1) dr, o> 0 €))

Suppose o = 1, then equation (2) reduces to the integral of the form
R t
OD:1®(X, t) = f D(x,1) dr o=1 (€))

0

Definition 2. The fractional derivative in Caputo’s sense is defined as
R 1 t (€))
—a _ n—oa—1 n
D “@(x,t) = e j(; (t—1) D (x,1)dt (5)

n—1<a<n neN,t>0 provided the right-hand side exists.
Description of the predictor-corrector algorithm.

This algorithm discretizes the temporal domain using uniform time steps and the
spatial domain using finite difference approximations. The system, which incorporates
contributions from all prior time levels and reflects the memory effect, approximates the
Caputo derivative. In the predictor step, an explicit estimate ®;' at each spatial point is
calculated using known values from previous steps. In the corrector step, this predicted
value is refined using a trapezoidal rule, yielding a more accurate solution ®f. Spatial

02D(x,t) d 0*D(x,t)
0x> an ox*

derivatives are approximated using central difference formulas.At each

time step, the initial and boundary conditions are applied to guarantee the cable's physical
restrictions, such as fixed ends. Stepwise in time, the algorithm captures the system's
dynamic response as it is affected by fractional damping, external loading, bending
stiffness, tension, and the approach is reliable for modeling realistic vibration behavior in

engineering structures.
Step 1: Discretization
Suppose the space domain is divided [0, L]is divided into M segments, with spacing

b

h =% the grid points are defined as x; = ih, for i = 0,1, ..., M. The time domain is
divided [0, L] into M steps, with the spacing t.The time level t, = nr, forn = 0,1, ...,N.
Let @} = O(x;,t,) (6)

Step 2: Caputo Fractional Derivative Approximation (Scheme)

The Caputo detivative of order o € (0,1] at the t, is approximated as
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n—1
0“@(%) 1 ) n—1-k
= oo — (6)) , 7
Jat* T2 — a) ( ! ; S Q)

Where clga) =(k+ 1) —k!™

Step 3: Spatial Derivative (Finite Difference Approximation)
Obtain the second derivative:

0%D
0x?

i1 — 207 + DL,
2

®)

Xj
Fourth derivative:

0*®
ox*

iy — 4D + 6D} — 4D + D,

~ " )

Step 4: Predictor-Corrector Algorithm
Set the initial conditions:

0D

q)? = ('P(Xi)J 5,

3 =9(x) (10)

t=0

Using the Taylor expansion to estimate @], we obtain ®! = @Y + t9(x)

The explicit estimate is given as @} using the unknown values from previous time steps:

n—1
— ™
q>f1=c1>°+—zt—t -l gk 11
i F(O( + 1) ( n k) ( )
k=0
Where:
. 0'® 0°®
Fr=- x4 +T 0x2 + q(Xi' tk)

Xj Xj

The correct predicted value using the trapezoidal rule is given as

n—1
F™ + Z bn—k—lFik] (12)
k=0

,C(X

= + ———
' YT (e +2)

Where the coefficients are:

bk — (k + 1)cx+l _ Z(k)oc+1 + (k _ 1)oc+1
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For a fixed beam or cable with clamped ends, obtained

D =Dy =0, O0,0)=0D(,1)=0

(13)

The slope condition can be enforced using ghost points or symmetric approximations:

QL = Df, Dy = — Dy

(14)

Repeat the procedures and advance to the time step n = 1,...,N and update @}

using the predictor steps.

Step 5: Display the output of the simulations in visualized 2D, 3D surfaces, and

appendices.
Table 1. The outline of the predictor-corrector algorithm
Step Description Mathematical Expression
1. Discretization Divide spatial domain [0, L] into M segmentsof sizeh = L/M. &} ~ ®(z;,1,)
Time domain [0, T into steps of size 7. Grid points: 2; = ih,
t, = nrt.
2. Caputo Fractional Approximate the Caputo derivative of order a € (0, 1] at time ¢;,. 0;:[” ~ T‘,Fé_ﬂ) (le - :]1, cg:'[}i);‘
Derivative Approximation where CE:I) = (k+ l)l—u _ Lo
3, Spatial Derivative Use finite difference to approximate second and fourth spatial (\left. \frac{\partial 2 \Phi){\partial x*2} \righ
Approximation derivatives.
4. Predictor-Corrector Initial Conditions: _{t=0} = \wartheta(x_i} )
Algorithm ( \Phi_i~0 = \psi(i), \left. \frac{\partial \Phi}{\partial t} \right
First step using Taylor expansion:
B = B0 4 ()
Predictor (explicit):
Estimate @;‘ using previous time steps:
7 = @ + iy g (te — ta) T FY
Corrector (implicit):
Refine prediction using trapezoidal rule:
@7 = @ + iy (F7 + 000 baoknr F
5. Boundary Conditions Fixed (clamped) ends:
of = 0}, =0,
.(0,t) =@, (L,t) =0
Symmetric/Ghost points:
o, = @,
Qiﬂ‘vl = -9,
6. Time Marching Repeat Steps 2-5 forn = 1 —+ N to update 7 —
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Error, Stability Analysis, and Convergence
Error

Error analysis in the fractional vibration equation using the predictor-corrector
algorithm highlights the combined effects of the distributed transverse loadq(x, t), the axial
tension T, the flexural stiffness T, fractional order memory effects, spatial approximation,
and fractional derivative discretization. Error analysis of the described predictor-corrector
technique requires an understanding of the truncation and approximation errors introduced
at each discretization stage. Equation (7) exhibits global truncation error of order of the

following type for the Caputo derivative approximation:

0(1% %) (75)
The coefficients c,(ca) capture the memory effect of fractional derivatives, but still introduce
approximation errors, especially for small .

The spatial error of the second derivative of equation (8) has a truncation error of the

order.

0(h?) (76)
The fourth derivative of the equation (9) has a truncation error of order

0(h*) (77)
Hence, the spatial accuracy depends on the smoothness of ®@(x, t).
Finally, the predictor equation (11) introduces an error of order

0(z%) (78)

And the corrector equation (12) improves the accuracy using the trapezoidal rule, which
reduces the local error to

0%t (79)

Stability Analysis

The stability analysis determines if numerical errors improve over time. For the
proposed predictor-corrector technique applied to a time-fractional vibration equation, we
focus on the spatial derivative equation (8—9) and the Caputo derivative approximation (7).

Every new value @} is dependent on all previous times through the weighted coefficient
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a . . .
c,(c )due to the memory introduced by the Caputa term. These coefficients contribute to

algorithm stability by declining for0 < a@ < 7. A trial solution of the following type is

assumed using von Neumann stability analysis:
GMe'fxi (20)
Where the amplification factor is denoted by G. It is evident that stability requires
[G] < 7 when substituting into the scheme. For the predictor equation (11) and cotrector
equation (12) steps, stability is enhanced with small step sizes T, h, coefficients by, and a

smooth source term q(x, t). The algorithm method is therefore conditionally stable, relying

on the physical parameters R and T as well as7, h,and a.

Convergence

The algorithm's convergence depends on stable fractional derivative approximation
and consistent discretization of time and space. We approximate ®f = ®(x;, t,)by
discretizing the spatial domain x; = ih, i = 0,7,.,M and the time domaint,, = nt, n =
0,1, ..., N. An approximation of the Caputo derivative is

aaCD(tn) 7 (Dn nz_7 (a,)q)n—i—k 27
ate T rar@2-—a)\ k—oCk i ’ )

With c,(ca) = (k+ 7)""% — k’"%.The predictor-corrector scheme utilizes the
previous solution to predict ®}'equation (11), then corrects using a trapezoidal rule in
equation (12). The convergence is guaranteed when the time step 7—0 and the space h—0,
and the stability condition are satisfied. The global error decays asO (7% + h?), ensuring

accurate solutions over time.
Numerical Computation

In this section, we apply the proposed predictor-corrector algorithm for the simulation
solutions of the variation of @, the axial tension T, the flexural stiffness R, and q(x, t)the

distributed transverse load.
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Table 2. Suitable values for the experimental parameters

Symbol Physical Meaning | Typical Numerical Value Units Interpretation |
a Fractional order of [0.2,0.4,0.6,0.8, ] Controls memory effect
the time derivative in vibration
T Axial tension 1000 N Could be computed from
R Flexural stiffness 1.0X1072 NM? Uniform beam
g(x,t) Distributed 10 sin(mx) sin (wt) N/m Harmonic forcing
transverse load
D(x,t) Initial deflection sin X m First mode shape
shape w
D (x,t) Initial transverse 0 m/s Cable start from rest
T ot o velocity

We consider the initial deflection ®(x,t), which describes the starting shape of the cable

or beam before vibration begins, and initial transverse velocity aq)a—(:t) describes the
t=0
initial rate of change of the deflection of the form:
Initial displacement:
®(x, 0) = sin (E) (22)

S w

Initial velocity:
0D(x,t)
7 =0 23
5% (23)
t=0

The computational assessment of the w forcing angular frequency, which describes
how that mode oscillates in time and controls how rapidly the external load changes in
time, was considered for simulation. The numerical results are presented in 2D and 3D

plots. The higher the value of w, the more vibration frequencies are recorded.
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4.x10%

2.x10%

1.x 10% 2% 10%

T 7 oy 3 ‘ﬁT!ll_‘l’
. The variation of a B, 1.0] and w =10
-1.x 1044
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Fig. 1a.1b, 1c, 1d. Depict the trend of the deflection ®(t) obtained for the various
fractional derivatives and the assessment of w = [10,20, 30, 40] forcing angular
frequency, which describes how that mode oscillates in time and controls how rapidly
the external load changes in time.
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Fig. 2a.2b, 2c, 2d. Depict the trend of the deflection ®(t) and amplitude frequency
obtained for the decrease in various fractional derivatives and the assessment of @ =
50 forcing angular frequency, which describes how that mode oscillates in time and
controls how rapidly the external load changes in time at X = 0.2
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Fig. 3a.3b, 3c, 3d, 3e. depict the trend of the deflection ®(t) obtained for the various of
the axial tension T = [2,4,6,8,10] when w = [10,20, 30,40, 50] forcing angular

frequency.
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Figure 4e
P(x,t)
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a= 0.8 Red ;
a=0.6 Yellow > *!*"
a = 0.4 Green -3 % 10%
a = 0.2 Purple -4.x 10%

1% 10%

Fig. 4a.4b, 4c, 4d, 4e. Demonstrated the comparison of the deflection ®(X, t)obtained for the
integer and fractional derivatives & = [1.0,0.8,0.6, 0.4, 0. 2] of the vibration equation (1) with
various w = [10,20, 30,40, 50] forcing angular frequency.

Results and Discussion

Figure 1a: Depict the lower fractional order a yields higher vibration amplitudes and
delayed damping, while higher o ensures quicker attenuation, Figure 1b: Demostrated the
increasing o reduces oscillation amplitudes and accelerates damping, while smaller «a
sustains energy and oscillations, Figure 1c: Indicated the fractional damping governs
energy dissipation; smaller & prolongs decay, whereas higher o suppresses vibrations
efficiently and Figure 1d: Larger o values enhance damping and energy loss, while smaller

a produce stronger, persistent oscillations.

. Figure 2a: Higher o values (0.8-1.0) stabilize oscillations, while lower a (0.2-0.4) cause
unstable fluctuations. Figure 2b: Decreasing o intensifies negative response depth and
instability; higher « yields smoother, shallower oscillatory behavior. Figure 2c: As o
increases from 0.002 to 0.01, oscillation amplitudes decrease, and system stability improves.
Figure 2d: Increasing o from 0.0002 to 0.001 reduces initial oscillations and promotes

faster, smoother stability.

iii. Figure 3a: Increasing axial tension enhances stiffness, raises natural frequency, and
reduces deformation amplitude for stable vibrations. Figure 3b: Higher tension accelerates
decay, amplifies oscillations, and decreases system stability under constant forcing
frequency. Figure 3c: Combined higher tension and frequency intensify oscillations,

accelerate fluctuations, and magnify dynamic instability effects. Figure 3d: Increased
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tension and forcing frequency amplify wave effects, producing stronger oscillations and
higher instability.

iv. Figure 4a: Maximum deflection occurs at w=10 for a=1.0; lower a values cause
stronger damping. Figure 4b: At w =20, higher « yields sharper oscillations, while smaller
o shows greater damping effects. Figure 4c: Deflection decreases with smaller a; at w =30,
higher o maintains stronger vibration amplitudes. Figure 4d: Peak deflection at w =40 for
o o =1.0; smaller a values indicate enhanced damping effects and figure 4e: At w = 50, «

=1.0 shows highest amplitude; lower « reveals strong damping and memory effects.

Conclusion

This paper presents computational framework for solving the time-fractional
vibration equation incorporating axial tension (T), flexural stiffness (R), and distributed
load q(x,t) using a predictor-corrector algorithm. The results revealed that fractional-order
derivatives effectively capture memory-dependent responses and nonlocal viscoelastic
properties, improving the classical vibration theory for beams and cables under dynamic
loading. Figures la-1d demonstrated that the fractional order o strongly influences
damping and energy dissipation: lower a values prolong oscillations with larger amplitudes,
while higher o ensures faster decay and enhanced stability. Figures 2a-2d confirmed that
increasing o stabilizes the system, reduces oscillatory depth, and improves smoothness,
whereas smaller « induces instability and deeper vibration troughs. Figures 3a—3d illustrated
that axial tension T enhances stiffness and natural frequencies, reducing deformation
amplitude and stabilizing vibration responses, though excessive tension can increase
dynamic instability at higher forcing frequencies. Figures 4a—4e showed that higher
fractional orders yield stronger but rapidly damped oscillations, while lower orders exhibit
increased damping and memory effects, emphasizing the nonlocal nature of fractional

systems.

Overall, the study confirmed that fractional-order modeling provides a more
accurate and flexible approach for simulating vibration behavior in structural systems. The
proposed predictor-corrector algorithm efficiently captures the complex interplay between
fractional damping, tension, stiffness, and external excitation, making it a valuable
computational tool for understanding and controlling vibration in mechanical and

structural engineering applications.
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