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Abstract

This paper addresses the need for rigorous stability criteria in fractional
integro-differential systems by investigating generalized Ulam—Hyers stability
for equations involving a fractional-order derivative. The research objective is
to establish sufficient conditions that guarantee generalized Ulam—Hyers
stability for Caputo fractional differential equations. Methodologically, the
study employs concise mathematical arguments together with an application of
the Gronwall inequality to derive the required conditions. The key findings
demonstrate that these conditions ensure stability in the generalized Ulam—
Hyers sense for the considered class of equations. The paper concludes that
the obtained results extend and improve upon existing findings in the
literature. The contribution lies in refining the stability theory for fractional-
order models by providing tractable criteria grounded in Gronwall-type
estimates and Caputo derivatives.
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Introduction

Ulam-Hyers stability is an aspect of stability theory that deals with the stability of
functional equations. Unarguably, this aspect of stability theory of differential equations
have attracted a lot of attention in recent times since the existence of analytical solutions of
the given problems involving Ulam stabilities are guaranteed through the appropriate
assumptions on the approximate solutions|[35]. Ulam’s concept of stability actually began
with S. M. Ulam, whom in the year 1940 during an inaugural speech at the University of
Wisconson, defined the stability of a functional equation. The idea was however extended
by Hyers in [16] via the additive function specified on the Banach space. This discovery
further prompted Rassias to generalize and broaden the stability notion, producing the
Ulam-Hyers—Rassias stability (see [35]). Since then, research interest have sparked off in the
area giving way to massive research inputs by mathematicians on the generalization of the
Hyers’ result in terms of control conditions used to defined the concept of an approximate
solution (see [23] and the references therein). It was again observed that the Ulam stability
theory plays an important role in realistic problems in Biology, economics, and especially
numerical analysis where the explicit solution is difficult to find [34]. Qualitative results on
the existence, uniqueness and Ulam stability have been investigated in [1,2,8,14,24]. Also,
fundamental results on the Ulam stability, Ulam-Hyers stability as well as Ulam-Hyers-
Rassias stability for fractional order derivatives have been examined in the literature (see

[6,9,13,14,15,16, 29,30,31,32,33,34] and the references therein).

The theory of fractional calculus - which is a generalization of the classical calculus,
is as old as the corresponding theory of the derivative of integer order and spans over 300
centuries [22]. As observed in [34], the theory of fractional calculus arise naturally in
physics and engineering such as electrical circuits, chemical sciences, biology, control
theory, fitting of experimental data, biophysics, etc. thereby providing viable instrument in

the modeling of many physical phenomena [9].
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Recently, its relevance have also cut across several other fields like the mathematical
physics, engineering, control theory, etc. The systematic studies of the concept started

about the 19" century by Liouville, Riemann, Leibnitz, Caputo, etc. [26].

However, in the qualitative theory of fractional differential equations (FrDEs), one
of the main properties of interest is that of stability of solutions, although the study of the
stability property of (FrDEs) is relatively new. Fundamental results on the existence and
uniqueness of solutions of FrDE using scalar Lyapunov function was examined in [18], and
a definition for the Caputo fractional Dini derivative of the Lyapunov function was
proposed. Due to some difficulties encountered in the application of this definitions
pointed out in [11], a new definition was proposed in [3] and some sufficient conditions for
the stability properties of nonlinear system using a scalar Lyapunov-like functions were
obtained. In [7], qualitative results for scalar FrDEs were obtained using the Lyapunov
functional and the matrix inequality. Moreover, as observed in [10], other methods for
examining stability of fractional order systems using Lyapunov-like functions abound,

though marked by several difficulties and restrictions.

The novelty of this paper, as motivated by [23,33] is in the establishment of the
sufficient conditions for the generalized Ulam-Hyers stability for a given Caputo FrDEs.
By the mathematical application of the Gronwall inequality, the generalized stability results

in the sense of Ulam-Hyers is obtained.

Basic Notations and Definitions

Let R"be the n-dimensional Euclidean space with norm || . || Let Q be a domainin R"
containing the origin; R, =[0,0), R=(-w,©), t,€R,,t>0 andlet JCR,.

Now, fractional calculus is seen as a natural generalization of the classical calculus
of integer order and thereby allows for the extension of the traditional concepts of
derivative and integral to functions with fractional orders. By this extension, functions with
noninteger orders are much more flexible in describing real world systems (see [14, 25,

26,34,37)).

There are several definitions of fractional derivatives and fractional integrals.
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General case. Let the number n—1<f<n,>0 be given, where 7 is a natural

number, and I'(.) denotes the Gamma function.
Definition 2.1.
The Riemann Liouville fractional derivative of order f of y(¢) is given by (see [35])

1 d”

RL B —
WDl v() = T — ) d’

13
j(r — )" y(s)ds, t = ¢,
to

Definition 2.2.

The Caputo fractional derivative of order S of ¥(¢) is given by (see [35])

. 1 f
C A _ _ n—p—1_(n)
WLy = 5 j (t—s) y " (s)ds,t = t,.

(

The Caputo derivative has many properties that are similar to those of the standard
derivatives which make them easier to understand and apply. Also, the initial conditions of

the Caputo fractional order derivative are also easier to interpret in physical context.

Definition 2.3.
The Grunwald-Letnikov fractional derivative of order S of y(¢) is given by (See [1])

[52]

CDL @) = lim L S (1) IC =), 1 = 1.
o

“—
and

Definition 2.4. The Grunwald-Letnikov fractional Dini derivative of order [ of

y(t)is given by (See [1])

—to

. 1 & .
Dy (1) = lim sup - % Z;,(—l) PCy(t—rh), t 2 t,,

where ”C, are the binomial coefficients and [r — 1, ] denotes the integer part of £~ Zo-
h h

Particular case (when n=1). In most applications, the order of [ is often less
than 7, so that 8 € (0,1). For simplicity of notation, we will use “D” instead of thﬂ and

the Caputo fractional detivative of order S of the function y(¢) is
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CDﬁJ/(t)=#j'(t—s)"’y'ds, t=t,. 2.1)

IN0Z))

Main Results
(Ulam-Hyers Stability Results)

Let &be positive real number, f:[a,b)xE —>E be a continuous operator and

o :la,b)x E — R, be a continuous function.

We consider the following differential equations

“Dy(t)=f(t,y(t), PBO])or (1,2), t€[a,b) (3.1)

And the following inequalities

“DPaxt) = f(t,0(t)| < &, t €[a,b) (3.2)
°Da(t) = f(t, ()| < a(2), t €[a,b) (3.3)
“D"axt) = f (1, 0(t))| < ca(2), t € [a,b) (3.4)
Definition 3.1.

The equation (3.1) is Ulam- Hyers stable if there exists a real number g, > 0 such that for
cach £ >0 and for each solution @ € C'([a,b),E) of the inequality (3.2) there exists a
solution y € C'([a,b), E) of the equation (3.1) with

(1) = y()| < poe, t €[a,b).

Definition 3.2.

The equation (3.1) is generalized Ulam- Hyers stable if there exists a real number

%, €C(R,,R,),%,(0)=0 such that for each solution @ € C'([a,b),E) of the inequality

(3.2) there exists a solution y € C'([a,b), E) of the equation (3.1) with

|a)(t) — 7/(t)| <K&, tela,b).
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Definition 3.3.

The equation (3.1) is Ulam-Hyers-Rassias stable with respect to « if there exists ¢, >0
such that for each £ >0 and for each solution @ e C'([a,b),E) of the inequality (3.4)
there exists a solution y € C'([a,b), E) of the equation (3.1) with

(1) = 7 (1) < 9, ,6(1), 1 €[a,b).

Definition 3.4.

The equation (3.1) is generalized Ulam-Hyers-Rassias stable with respect to & if there

exists a 2, , > Osuch that for each solution w € C '([a,b), E) of the inequality (3.3) there
exists a solution y € C'([a,b), E) of the equation (3.1) with

|a)(t) - }/(t)| < Po.a(), t €la,b).

Remark 3.1.

A function @ € C'([a,b), E) is a solution of the inequality (3.2) if and only if there

exists a function x, € C'([a,b), E) (which depends on @) such that
(i) |x,|<e, tela,b)
(i) “D’w(t)= f(t,0(t) +K,, te[a,b)

Remark 3.2.

A function @ € C'([a,b),E) is a solution of the inequality (3.3) if and only if for
each a(t)there exists a function x, € C'([a,b),E) (which depends on @) such

that

(@)

K

[a]

<a(t), tela,b)

(i) CD'Ba)(t) = f(t,o(t)+a(t), tela,b)
Remark 3.3.

A function @ € C'([a,b),E) is a solution of the inequality (3.4) if and only if for

cach £ >0 and a(t) there exists a function x, € C'([a,b), E) (which depends on

) such that
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(@) |Kw| <ea(t), tela,b)

(if) CDﬂa)(t) = f(t,o(t))+ea(t), tela,b)
Lemma 3.2.

Let 0< B<0,if we C'([a,b),E) is a solution of the inequality (3.3), then @ is a solution

of the following integral equation

ﬁj}( — )" £ (s, @(0))ds <““)(r( - )ﬂ) €Lty 0)

a(t) — a(t,) -
Proof.
By the statement of Remark 3.2 we have that,
‘Dlo(t) = f(t,0(t) + 1), tela,b)

Integrating both sides in the Caputo sense,

I77(DPot)) =17 (f(t,0()+ 1 a(t), tela,b)

o(t)—o(t,) + %ﬂ) j: (r— s)ﬂ " (s, 0(t))ds + (—ﬂ) I (r— s)[JLI K, (s)ds, t €[t,,©)

fo

(1) = o, )+m j (t — )" f (s, 0(t))ds + ——

t— S)ﬂ_l x,(s)ds, t €[t,,©)

r(,B) I(

Taking the norm of both sides,

o(t) — o(t,) — Tﬂ) j (t—5)"" £(s, 0(t))ds| =

Tml (=) ke, ()| 1 € [1y,0)

F(,B) j (t — )|k, ()|ds

LION P
SF(ﬂ);[ (t—s)""ds

<& (t_to)ﬁ
IRAVIN:

< Of(f). PRV a(t) PRV
T T e
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Theorem 3.1.

Let 0 < <0 and consider (3.1) in relation to (3.3).
Assume that:

) feC([t,,©)xE,E);

(@) 'The function f is locally Lipschitz with respect to the second argument v, that is,

there exists ¢ > 0 such that

[f(t,0) = f(t,0,)|< o, — vy,

0> v, € E;

(@ii) Let a e C([t),©),R,) be an increasing function. Suppose there exists a

positive function &, € C(R,,R,),k,(0) =0 for each & >0 such that

(t =) a(s))ds < ek, telt,,o).

r(ﬂ) I

Then (3.1) is generalized Ulam-Hyers stable.

Proof.

Let @ € C'([a,b), E) is a solution of the inequality (3.3), and let ¥ be the unique solution

of the initial value problem (IVP),

“D’y(t)= f(t,7(1), telty,0)
y(ty) = a(t,) )

Integrating both sides in the Caputo sense,

IP(ED Py =17"(f(t,r (1) tela,b)

y(0) = 7(t, ”% j (t=)"" [ (s, 7(D))ds, t €[1y,0)

7(1) = “’“”Tﬂ) (=5 £(s. 00, 1 €10 (.6)

Using the inequality (3.3), we have

(1) - w(r)+(—ﬂ) =57 f(s.os)ds << (lﬁ)ia—s)ﬂla(s))ds
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<e (3.7)

Combining equations (3.6) and (3.7) we have that

1 _
() = y(0)] <] (1) — (t,) — O j (=) f(s,y(0)ds |
<l () —eolzy) — ( ) j (t=)"" F(s,0(s))ds +— (1@ I(r—sﬁ‘f(s,w(s))ds
R ﬂ)j( t=5)"" f(s,7(s))ds|
<| (1) — a(t,) — %ﬁ) =9 rs.otsns |+

1"(,6’)-'.( =) f(s,0()) = f(s,7(s)) | ds

Substituting (3.7) into (3.8) gives,

<g+m.|‘(t—s)ﬁ1|a)(s) (s)| ds

Then thete exists a constant £~ > 0 independent of @, ,c(f) such that
|o(s)—y(s)|< e =R,&, where ¢, and t €[t,,©) O

Hence, the equation (3.1) is generalized Ulam-Hyers stable.

Conclusion

(3.8)

Ulam-Hyers stability is a concept in mathematics that deals with the stability of

functional equations. The uniqueness of this concept is premised on the idea as to whether

a small perturbation in the equation can lead to a small change in the solution.

In this paper, an attempt is made at investigating the stability of nonlinear Caputo

fractional order derivative in the sense of generalized Ulam-Hyers. By adopting the simple

mathematical proofs, and using the Gronwall inequality, the generalized Ulam-Hyers

stability result is established.
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