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Abstract

This study investigates the sensitivity of insurance portfolios to interest
rate fluctuations in Nigerian insurance companies, with particular focus
on the implications for asset and liability valuation. The objective is to
assess how interest rate variability affects the relative sensitivities of
assets and liabilities, and the resulting solvency risks. A quantitative
approach was adopted, using a sample of ten insurance companies
selected based on asset base and data availability. Data covering a ten-
year period (2013-2023) were obtained from published financial
statements and Central Bank of Nigeria interest rate bulletins. Analytical
techniques included stochastic simulations and regression modeling,
applying the Vasicek and Heston frameworks, with visualization
performed using Python 3.12.3. The results show that liabilities exhibit
greater sensitivity to interest rate fluctuations than assets, with
pronounced volatility under stress scenarios, thereby creating significant
solvency challenges. These findings validate the importance of dynamic
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stochastic models in capturing the complexities of interest rate effects,
as opposed to static mathematical assumptions. The study concludes
that effective asset—liability management (ALM) requires robust
dynamic interest rate modeling. Theoretical contributions include
extending the application of stochastic differential equations to
emerging market contexts, while practical recommendations urge
insurance regulators and investment managers to adopt interest rate-
sensitive frameworks for risk management and capital adequacy
assessments. Future research is recommended on macroeconomic stress
factors and stochastic volatility models tailored to African financial
markets.

Keywords: Insurance Portfolios; Interest Rate Fluctuations; Asset—
Liability Management; Vasicek Model; Heston Model; Stochastic
Simulation; Solvency Risk; Nigeria

INTRODUCTION

The mathematical evaluation of interest rate fluctuation sensitivity in insurance
portfolios has emerged as a critical focus in the context of financial mathematics, especially
in developing economies such as Nigeria. This focus arises from the importance of interest
rate fluctuations in Asset and Liability Management (ALM), within which significant
mismatches between the returns on Assets and the obligations on Liabilities can
dangerously expose insurers to financial risk. A significant portion of the concern has to do
with the impact of micro and macroeconomic fluctuations and regulatory changes on
interest rate and insurance portfolio value solvency, and the valuation of insurance

portfolios.

There has been considerable work in mathematical finance on stochastic control-
based investment strategies to tackle asset and liability imbalance, with some of the most
foundational works applying optimal control theory (Akpanibah, 2017) and martingale
approaches (Zhang, 2023) to develop investment strategies maximizing an insurer’s
terminal return or utility in a stochastic environment. A considerable portion of this
literature seems to work with a deterministic or GBM-type rate and a stochastic interest
rate and asset modeling. However, Chiarella (2022) provides evidence that such
assumptions tend to miss capturing real market volatilities, specifically during periods of

severe economic disruption such as the COVID-19 pandemic.
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To capture reality more closely, Edikan e a/ (2021) research has employed
stochastic volatility frameworks for risky assets, particularly the Constant Elasticity of
Variance (CEV) and Heston models, as well as stochastic interest rate frameworks like
Vasicek (1977), and the CIR (Cox-Ingersoll-Ross) processes. These frameworks yield more
accurate descriptions of not only the behavior of asset prices but also the term structure of
interest rates. For example, He (2020) and Akpanibah (2020) examined the optimal
investment strategies with CEV driven risky assets and CIR modeled risk-free rates,

underscoring the intricate relationship between asset prices and changing interest rates.

However, in the context of the Nigeria insurance sector, very few empirical and
quantitative research works have focused on analyzing the impact of interest rate
fluctuations on insurance portfolios, especially considering the local economic and
regulatory framework. Most of the literature has been done under the assumption of
constant or exogenously stable interest rates which ignores the prevailing interest rate
volatility in the context of emerging economies and the impact of inflation, exchange rate

fluctuations, and uncertainty in monetary policy.

The gap in literature has been identified in the current research and seeks to
quantify the degree of interest rate fluctuation sensitivity in Nigeria insurance portfolios by
applying a stochastic approach based on the Vasicek model. The primary purpose is to
determine the reaction of insurance portfolios to external economic fluctuations in the
form of changing interest rates, regulatory shifts, and to quantify the degree of portfolio
sensitivity by applying stress-testing and stochastic simulation techniques. This contributes

to the adequacy of risk, capital, and the ability to absorb macro-financial fluctuations.

This study improves existing literature by using an advanced stochastic framework
with the combined use of Vasicek and Heston models with the Hamilton—Jacobi—Bellman
Equation, which extensively analyzes the solvency dynamics and optimizes ALM with
respect to Nigerian insurance portfolios in the face of volatile interest rates, thus extending

the theoretical frontier and applied actuarial work in emerging markets.

METHODS

This study adopted a quantitative research approach, which is necessary for
precision, replicability, and generalizability when investigating financial phenomena such as

interest rate sensitivity in insurance portfolios. Quantitative methods enable researchers to
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establish relationships among variables and apply mathematical models to real-world data
(Creswell, 2014). This approach is particularly suitable for this research because it facilitates
the application of stochastic financial models—namely, the Vasicek and Heston models—
to empirical data, thus allowing for the measurement of sensitivity to interest rate

fluctuations with a high degree of statistical reliability and interpretability.

The study employed an ex post facto survey design, which is appropriate for
observing the effects of variables that cannot be manipulated, such as historical interest rate
fluctuations and corresponding portfolio performances. This design aligns with those
employed in similar financial and insurance risk studies (Ibe, 2017; Adegboye & Akinlabi,
2021), where secondary data were analysed to understand systemic financial behaviours
over time. Unlike purely experimental designs, the ex post facto approach allows for real-
wotld economic dynamics to be captured without imposing artificial controls, thereby

preserving the ecological validity of the study.

This study adopts a quantitative and analytical research approach to develop and
evaluate a modified pricing model for life insurance companies. The methodology involves
mathematical modeling, numerical simulation, and risk analysis using financial stochastic
models. The core models include the Diffusion Equation, Heston Model, and Vasicek
Model, which are enhanced to incorporate additional financial risks such as market

liquidity, interest rate sensitivity, and regulatory risk.

The target population consisted of all licensed insurance companies operating
under the regulation of the National Insurance Commission (NAICOM) in Nigeria as of
December 2023. Sampling technique was adopted to select a data sample of ten leading life
insurance firms based on their portfolio size, data accessibility, and consistency of financial
reporting over the last decade. According to Sugiyono (2019), purposive sampling is
justified when the research aims to extract meaningful insights from a subgroup with the
most relevant characteristics. The selected firms collectively represent over 65% of the
Nigeria insurance market share, thus offering a reliable basis for generalising findings

within the sector. The duration for this research process was within three months.

Data collection was based primarily on secondary data obtained from publicly
available financial statements, NAICOM annual reports, and the Nigeria Exchange Group
(NGX) interest rate datasets from 2013 to 2023. To ensure instrument validity and

reliability, the study employed a triangulation process by cross-checking financial data with
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Central Bank of Nigeria (CBN) reports and industry audits. Historical asset and liability
entries were extracted for each insurance firm and classified into interest-sensitive
categories based on NAICOM’s solvency and capital adequacy guidelines. Previous studies
(Okafor & Onuoha, 2020; Umeh & Obiora, 2023) have also adopted secondary financial
data to model interest rate effects within regulated industries, validating the methodological

soundness of this approach.

For data analysis, the study applied both descriptive statistics and inferential
modeling techniques using Python 3.12.3 and SPSS v28. The descriptive statistics provided
insights into portfolio structure trends, while the Vasicek and Heston stochastic models
were used to quantify interest rate sensitivity over time. These models were calibrated using
historical term structures and yield curve data, allowing for the simulation of mean-
reversion effects and volatility clustering. The models’ outputs were interpreted using
standard performance indicators such as duration, convexity, and portfolio value-at-risk
(VaR). Inferential analysis included regression diagnostics and Monte Carlo simulations to
test the robustness of interest rate sensitivity estimates. The use of these advanced
analytical tools aligns with recommendations by Miles, Huberman, and Saldana (2014) for

extracting complex patterns in numerical datasets.

Model Formulation

To formulate the mathematical model, existing pricing and interest rate models are

extended by using 1t6’s Lemma to introduce dynamic risk factors:

( 0A 0°A
EZQW‘F a-l,b—ﬁ-e

dA, = pAdt + JVAAWA + (-k
dv, = 6y(a?—Vodt + o, JV,dW)Y + &9

{ dSt == jy(Lt - St)dt + O—Rth + 6 - f (7)
o0 k—1
ax, = Z Zv“’ k4x
K=1 j=0
1—A
— K-t
| W=

0A
{t = 0,A4(0) = AO’ELO = A, V() =V, V, =0 -

S0) =S, L(0)=Ly, 0<t<K
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where,

the annuity product of a life insurer’s liability is modeled with discounting pricing

00 k-1
K=1 \j=0

The definitions of some variables and parameters are described as follows

Table 1: Parameters/Variables and Definitions

Parameters/variables Description
A®) , ,
o Asset risk level at time, t
o Rate of diffusion for the asset class
P Volatility of assets
3 Liquidity risk o
e Interest rate sensitivity
4, Inflation rate
Asset price at time t
]}; Expected rate of return of the asset
Bt Variance of the asset price
O_V Long-run variance
WA VWV Volatility of variance
>t Two correlated Wiener processes
% Correlation between asset returns and volatility
? Market liquidity
8 Default risk premium
St Short-term interest rate at time t
§ Speed of reversion.
L Long-term mean interest rate
OR Volatility of interest rates
Wi Wiener process
4 Regulatory risk
A Decay factor
K Risk evaluation period
[At-g]HE Diffusion Equation model
[ A tg] Hes‘ton Model
HM Vasicek Model
[Relym
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Eim Vi, if Ky = n lea‘n vEel iRy =0 H

Figure 1: Schematic Diagram that shows total Asset (¥;) and total Liability (X)

Mathematical Analysis of the Model

The financial market under study is assumed to operate continuously over the
interval t € [0,T], where T denotes the expiration hotizon of the insurance investment
portfolio (Edikan, 2021). Let {W,(t), W,(t), W,(t): t = 0} represent a system of standard
Brownian motions defined on a complete probability space (2, F,P), in which € is the
sample space, P is a probability measure, and F is the filtration capturing all information
available up to time t (Karatzas & Shreve, 1991). The growth of the risk-free asset,
denoted as A(t), is governed by the differential Equation:

dA(t)
A(t)

= p(t)dt, A(0) =0,>0 €))

where p(t) is the instantaneous risk-free rate. This rate follows the Vasicek
stochastic differential Equation (SDE), commonly used in interest rate modeling (Vasicek,
1977):

dp(t) = f(a —p(0))dt + edWy(t) + 5 - &, p(0) = p0 >0 €
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Here, @=long-term mean interest rate and & > (=interest rate volatility are positive
constants, with Feller’s condition &’ < 2a imposed to guarantee non-negativity of the

interest rate process. (6 * &) = exogenous structural fluctuations.

The market also includes two risky assets, A;(t) and A,(t), which represent
components of the insurer’s investment in financial instruments such as equity or bonds.
The asset dynamics can be described using a stochastic differential Equation (SDE) process
and the variance process V(t) is assumed to follow a (Heston, 1993) model, commonly

applied in stochastic volatility modeling, defined by:

{dA1 (0 = p, A (Odt + Vi (DA (DAW + €y @

dV; (1) = Oy, (67 = Vi(D)dt + oy,/ Vi (AW + 8- 4,

{dAz(t) = 1, A (Ddt + V(DA (AW, + £ - -

de(t) = evz (0% - VZ(t))dt + CVZ Vz(t)dwyz + 6 LI)2

where u is the expected asset growth rate, V(t) represents stochastic vatiance, K
denotes the intensity of jumps, £ accounts for exposure to structural fluctuations, 6y is the
speed of mean reversion, @ 2 is the long-run variance, oy is the volatility of variance, and § -

Y captures the effect of external fluctuations on the variance process.

The total asset value of the insurance firm, denoted A(t), evolves according to a
second-order partial differential Equation (PDE) that incorporates sensitivity to interest

rate fluctuations, internal market volatility, and external macroeconomic disturbances:

0A d°A

E=a-w+a-¢(t)—ﬁ-e(t) (%)

Here, a represents the reversion or diffusion coefficient, 0 is asset volatility, Y (t)

is a stochastic influence vatiable,  is a sensitivity coefficient, and €(t) captures policy or

cost-driven fluctuations.
The surplus process, defined as S(t) = A(t) — L(t), where L(t) is the liability
value (Zhang et al., 2021), evolves as follows:

dS() = (L(t) — S(8))dt + ndW,(t) + 5(t) 9

where 71 represents the standard deviation of claim payouts and &(t) models

idiosyncratic stress events in the liability stream.
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To account for the decaying memory of past risks or reserves, the model
incorporates an exponential weighting function:

w(t) = 7_;-/1""5, Ae(07), KE€
N (70)

This function captures how insurers de-emphasize older liabilities over time,

consistent with regulatory frameworks and dynamic capital adequacy practices.
Optimisation Analysis

According to Edikan 7 al., (2021), let m = (my, m;, ;) be the optimal investment
strategy, where 1), ;, and 1, denote the proportions of capital invested in the risk-free

asset and two risky assets, respectively. We define the utility function U attained by the

insurer from capital h at time t as:
V7*(t,p,0,,0,h) =

. p(t) =p,
E [’U(H(T))| A,(t) =0, A(t) =0, H()=h 1)

To determine the optimal investment strateoy T° and the corresponding value
p gy p g

function V™ (t, p, g;, 05, h) such that:

V(t' ,0; 0-7) 0'2, h) = Sugv”(t' ,0: 071 0-2' h) (72)

V”*(t,p,0'7,0'2,h) =V(t,p,0'7,0'2,h) (73)

Let H(t) denote the insuret's capital at time ¢, and the dynamics of capital follow:

dAy(t) dA,(t)
dH(t) = H(t) [no T+ S

dA(t)
™, S2 ] (14)

Substituting the asset dynamics from the CIR and CEV models into (16), we

obtain:

(m/(uy — p) + m(uy — p) + pdt
dH(t) = H@) | +(mv,AY + mv,,AY)dW, (t) (75)

with initial capital H(0) = hy,and my = 7 — m; — T0,.
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Applying It6's lemma and the dynamic programming principle (Ihedioha ef al,

2020), we derive the associated Hamilton-Jacobi-Bellman (H]JB) Equation for the value
function V(t, p, 0,0, h), which incorporates the partial derivatives V;, Vi, Vi, Vh, and
the second derivatives accordingly (Zhu, 2022). The HJ|B PDE maximizes over the control

variables 7T, and 7, to yield the optimal strategy as follows:

.

1 1
Vi + 01V, + 1,05V, + ohV, + zplofy”vglol + Epzojy”v

0202
1
+1 y+1 +1 *
+P30¥ GZ Vamz + (a - bQ)VQ + EQEZVQQ + P468\/50\1( VGlQ + P528\/§0; VGZQ
1 1
([E P26’ + Pymmolal + Epzngogv] 2V, )

+{(p, =) + (1, — o)V,
tsup, o\ +H[Pgsfomiol + Pstdy ool bV, [ =0
+[P16?Y+1TC1 + P3G\1{+1GZ nz]thG]

1 2v+1
k \ +[P30’¥G§+ T + P202Y+ nz]thGZ }

(76)

where,

Differentiating (16) with respect to 7 and 75, we obtain the first-order maximizing

condition for Equation (16) as

. _ [P30¥(H2 —0) — onﬁ(m —0)|nV,, — 6,Vy,, = (P,P, — P3P5), [0Z8hV,,

17

TCl (Pl P2 - P%)G\{Gi{th ( )

o [P0, — @) — Proi(, — @) Vi — 02V, — (PyPs — P3Py)y/eEB0Vy, (19
-

(PP, — P3)olo Vi,

Substituting (17) and (18) into (16) and simplifying will give Malitsky & Tam
(2022)’s Equation of the form:

1 2y+2 1 2y+2
Vi +u,01Vo, + 1,0V, + (o + 0 )hVy, + §P101Y Voo + EPZOZY

v

0202
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1
+1 +1 +1
+Ps0] " 0y Vo, + (a—bo)V, + 5922\7@9 + P428\/§ VGlQ + Ps28,/00) Vi,

1 2
+§(w2°‘1 T 30, ZY)_h + (00 = (1, = 0)n)

ViV, V.V,
+ (w5 _ ([JZ )02) h YV ho, h Vho

+ (co()c1 + w70, Y)

=0 (19)
where:
Py =vi + vy, Py =v3 +v3,

P3 =vivor +viovan, Py =i +vip, Ps = vy + vy,

. 2P;(, — ) (1, — 0) _ P, — o)’
6 (pp,-P3) 7 (Pp,—-P3)’
2
p o Pillaze) PR PR R
" (Plpz - P%) ’ ’ (P1P2 — P%) o (P1P2 — P%) ’
P,P? + P,P? — 2P;P,P
P11=24+15 35455 0

(p,P, — P3)

From (Zhao, 2012), we assumed that the optimal investment plan for risky assets’

prices is known based on the assumption that
w, 71 + w15 = B(constant) 2n

Substituting (17) and (18) into (21), we derive an expression for % as
%1%
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1
i
( [ B h th PZHl (p“1 - Q) u th
he 2 o —
Vo~ (PP,—P2)s 1V
PP — P% (PP, — PSPS)PJ\/E‘EB & Py HZ(HZ - Q)

]
Pa(Zul b, — e~ HZQ)

\ !

Substituting Equation (22) into the non-linear HJ|B Equation (19), we obtain:

+ P‘ZGZ

(PP, —P3)al Vi

Vhﬁz

(P,P, — P3)o’
(P,Ps — P3P)u2,/0§8 Vi,

Vi

(P,P, — P3)o) Vi

1 2y+2
th‘HﬂUqu +P‘20-2V02+(Q+wl)hvh+zplo]y VOlU]
1 2y+2 y+1 y+1
+3P20,  Voyon +P30; 0y Voo, +(a—be)V,

1.2 y+1 y+1
+508 Vo tP4E8\Joo| Vo o +Ps8 /a0’ Vo,

2 %
1 —2y —2y Vo VpV hoy
+§(w201 tw30, )V_hh +(m4—(p1 _Q)Gl)

0= o
= VhVh VhVh
+(w5=(1,—0)o2) thaz .

Vhh
2 2
_lp 2+2Vhoy 1 242 Vhop
2 191 Vhn 2 29 Vhn
2
Vv Vg V
1 2,2 ‘'hp y+1 ov+1 Vhoy Vhop

hh hh

+(m()0]_Y +m702_Y)

\

Where the parameters w; are defined as:

oo Pe(PP—P3)B
b2 (2, — 0 — 1,0)

PP (p — @) (PP = P3)

(0 =
© P(2um, —pe — wy0) !
_ PPy, (1, —0)(PiP —P3)
P3 (20,1, — 1,0 — p0)
o = Peu,01(p, — @) (PP, — P3)
2Py (2, — 0 — 1y0)
o = PGHZC’Z(HZ - Q)(P1P2 - P‘%)
.=

2P3(2u192 —po— PLZQ)

(P,P, — P?)Ps)PéngS\/a
Wg =
2P3(2u1u2 —po— HZQ)

- P928\/§(“1 - Q)
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(P,P5 — P3P4)P6H255\/5
w7 =
2P3(2u192 —po- HZQ)

— Py88,/e(l, — 0)

RESULTS

To proceed, we solve the non-linear partial differential equation in equation (23)
under the assumption of exponential utility (Edikan, 2021). Let the exponential utility

function be defined as:
1
Uh) = —Xe—*h A >0 (24)

where,
UCh) =V(t,p, 0,0, h)

U(h) = denotes the marginal utility function of the insurer (Ii, 2017) and (Zhao,
2012).

A = coefficient of absolute risk aversion

{V(t, 0,01,02,h) = —zexp(—Av(t,0,01) + w(t @, 02) +h - g(B)]) 25

v(T,0,01) = 0,w(T,0,02) =0,g(T) =1

(V.= =2V(v, + o, +hg),

Vi, = —AVe(0), Vi, = A Vg(D)?,
V,, = =WVv,, V,, = —Vao,

5 2

V, = =AV(ve + wp), Voo =1 V(VQ + “’9) - >¥V(VQ@ + weg)'
& Voml = KZVVO% — AVvoyoy, VUZGZ = KZV@‘Z’Z — Vo
Vmoz = )\ng(t)vol Woys (26)
th1 = }\ng(t)vol Vho*g = }‘ng(t)wﬁz

Vi = 2Va(t) (VQ + w@), Voo, = }@V(vgv01 + WV, ) = AV,

VQ02 = XZV(VQLOOZ + WoWg, ) — XV((»QOZ).

62027

Cited from Cisneros (2013)’s work

Substituting (26) into (23),
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hlg, + (o + wi)g]

1, 2 2
+ivi+to + @+ w4)olvgl + (o + 0)5)02(1)02 — 5)\6 Q(l — P8 )(VQ + o)Q)

1 2 B 3 —
+—EZQ(VQQ + w@e) +(; g +_Gz Tt (VQ + ‘*’9)(3_ by —weo1 — v — w70_2Y)

2\
242 +1 2y+2
+ 2P1 v Voo, T P428\/§o¥ (VQU1 - X(ngcl + WV, ) + ZPZ v W5,02
+
+ P5€8\/EO'§ ( Wogy — X(V W, T W0, )}
=0 2N
Splitting (27) we have
+(+w)g =0,
{gt (p+w)g 28)
g =1
( Vit w, + (Q + wy) O1Vg, + (Q + w5) 02 Wg,
1,242 w3 —ZY
—3780(1 = Py13%) (v, +we) +- z 20(vop * Wep) + 50, S 2o,
+(V +W9)(a—b9 — w0, a — w70, )+ Pio, ey Voo 29
3 29
+P428\/60Y+1( Voo, X(V Vo, T W,Vg, )+ Pyo, AR Wor0,
+P568\/602 (wg02 - )»(VQW02 + w,w,, ) =0
\v(T,p,0,) =0, w(T,p,0,=0
Solving Equation (28) for g, we obtain
gt = e(p+w7)(T_t) (30)
Recall that:
P(P P, — P3)B
w; =
2P5 (2,1, — 0 — 1,0)
Substituting into Equation (30), we get:
P6(P1P2 P%)B
g, = e<p T 2P3 (20 “29))(T—t) (37)

Lemma 1: The solution of Equation (30) is given as

v(t,o,01) + w(to,0,) =1f(t,0,y,2) =fi(tovy2z) + Veb, (t, ov2z) +efi(t0y,2)

where,

Volume 3, Issue 3, 2025 693




Taiwo Abiodun Adewale, Oladipo Abiodun Tinuoye, Ajala Olusegun Adebayo, Olaiya Olumide Oluwaseyi,
Owoade Olusegun Olalekan, Olaleye Peter Damilare

& = asymptotic expansion parameter,

P, (ZY + 1)032 Pz(ZY + 1)033

f,(t,0,v,2) = T—t
10w = |5 T ey T atey |00
_ PGy + Doy (1 — Aileron(=D)
Ao+ 034)2
_ P2y + Doy (1 — 2ern)=1)
Mo+ o (o Fws)?
wWoY
— =t (1 = 2lete)(=T)
X(Q + w,) ( c )Y
w3
— 0 (1 — Hetes)(=1),
7»(@ + ws) ( )
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Pi(2y+ Dwy, P2y + Dw;
4o+ w4) 42(o + ws)
P2y + Dy

Mo+ o )2

(60 y,2) = l (T—1)

Py + Dosy

(1 2Y(@+w4)(t—T)) _ C x
Mo + ws

(1 — Pileres)=D)

T
+ %er(Q+w4)(t—T) 2P4Y\/EJ AEZ) (T)QCY(Q+w4)(T_T)dT

T T
3
— W ngl)(’[)QeY(Q‘FOM)(T—T)dT — 5\’21)1 jBé(T)ey(Q+w4)(T—T)dT

t t

+%zey(9+‘”5)(t_T) 2Psy,/o J AP () gereren (1= g

T T
3
— ngl)(T)QeY(Q‘FwS)(T—T)d’[ — EYZPZ JB7(T)CY(9+w5)(T_T)dT
t t
w2y

+ (o + wy) (1

— 2v(etoy) (t—T)) — CZY(9+w5)(t—T))

3
——(1
4o + ws) (

T
+ gyw6e3Y(9+w4)(t‘T) f AP (2)geMerod T g

t
T

+ ; Z0‘)7‘D}Y(Q-Hus)(t_T) .[ A?) (T)Qe3Y(9+w5)(T—r)dT

t
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T T
1 2
f3(t, 0 y,2) = Ekﬁzg(l — P1182) f (Agl) (r)) dt + 2P4M/\/§ f Bgz) (")edrt
t t

T T

+ 2205 [ BO@ode—Pa@r+ 1) [ @ Py
t t

T T T
1 "
+1) [ PEd-G-bo) [ AP @ede 320 [ A7
t t

t
T
+ %er(Q+w4)(t—T) 2P4>‘Y\/§ f B§4) (T)Qey(9+w4)(T—T)dT
t

T T
3
+ wg f BS)(T)QCY(eer)(T—T)dT _ EY2p1 f Cgé) (T)ev(9+w4)(T—r) dr
t t

T
+%Zev(9+ws)(t—T) 2oye f B (2) et @) =g
t

T T
3
+ w; f BS)(T)QCY(Q"'“S)(T_T)dr — Ey2p2 f Cg) (v)evletos)(T=0 4,
t t

T
4 ye@rod(=D) 3,y o f BO ()pe2 erod =g,
t

0)2

T
> e2v(eto)(T-1) 40 — (a — bo) f AEZ) © QeZY(Q+w4)(T—T) dr
t

T
BgZ) (T)QCZY(Q+0J4)(T—T) dr — % EZQ f Agz)" (’C) eZy(Q+w4)(T—‘c)dT

t

+(,\)6

T o -

T
— 2Py (2y2 + y(Zy + 1)) f CgS) (T)CZy(g+w4)(T—T)dT
t

T
+ )\EZQ(l — P1182) J Agl) (’E)AEZ) (T)CZY(QJW‘O(T_T)dT
t

T
+ ze2(etes)(=T) 3P5ky\/6 j Bg)(T)QeZV(Q“L%)(T_T)dI
t
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‘ T
— ;—i f eZY(Q+m5)(T—r)dT - (a - b@) f A?) (T)QCZY(Q+m5)(T_T)dT
‘ t
‘ T
1 "
+ w7 j Bg3) (T)QeZY(Q+m5)(T—T)dT — zzzef A?) (T)eZY(Q-I-wS)(T_T)d‘C
t

t
T

— ZPZ(Z'YZ + Y(ZY + 1)) f ng) (T)CZy(Q+w5)(T—T)dT
t

T
+ Xizg(l — P“SZ) IAE”(T)A?) (r)ez‘/(9+‘°5)(T_T)dr
t

T
+§ywée3v(e+w4)(t—T) f B () geH o= g

t
T

+ gzw7e3v(9+w5)(t—T) f 355) (T)Qe3y(g+m5)(T—r)dT

t
T
2 2ot =1) | L) 2 2 @ y) oo T-0)
+ye EKZ Q(l — P18 ) (A1 ('c)) e dt
t

T
+ wq fBgQ (T)QCZY(Q+w4)(T_T)d’C
t
T

+ ZZCZy(Q+w5)(t—T) %)LEZQ(l _ PllSZ) f (Ag?)) (T))Z ey(g+w5)(T—t)d,L_
t

T
+ w; fBg) (T)QCZY(Q+w5)(T_T)d’C

t
Proof

Assume

—2y 2y (32)

V(t’ Q: 01) + (,()(t, Q' O2) = f(t’ Q’ Y' Z)
y = 0-7 ’ Z=O-2_ ] f(T:Q;Y;Z)zo

Then the derivatives transform as follows:
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(Vi t o = f,
Vo, = —2y01_2¥_1fy
—2y=2 —4y=2
Voo, = 292y + Do, 7 F, + 420, TE,
Wy, = —ZYOZ_ZY_le,
3wy = 2y(2y + Do, VT, + 420, T
0p0p AR )02 z+ Y 02 zz) (33)
Vo + Wy = fQ,
Voo T 0o = fopr
—2y—1
Voor = T2Y0; |
_ —2y—1
\ 0go, = 72v0, g,

Substituting (33) into Equation (29), we obtain:
1 1
£ = 2yy(o + 0)f, = 2y2(e + ws)f, = 52€%(1 — P11 8%)f; + 5 E%0f, + wohy +
wshz + f,(a — bo — wey[y — wVz) + Pry(2y + DF, + 2Py — 2Py Joy(f,y — M,

£,) + Poy(2y + 1f, + 2Pyy%f,, — 2Pshy foz(f,, — M,f,) = 0

(G4
Rewriting the Equation (34) in the compact form:
1. 2\ 2
(E+F+G)f—z 2o(1 =P 8°)f =0 (35)
where:
1,
E = (a—bo)f, + EE 0foo (36)

F=f+ y(P1 (2y +1)— Zy(Q + w4))fy + y(PZ(Zy +1)— ZZ(Q + w5))fz + 2y2P1yfyy
+ 2v°P,zf,, + wohy + w3hz (37)
G = 2Py Joy(Mf, — f,) + 2PshyJoz(M,f, — £,,) — f,(we/y + 0Vz)  (38)

Follow the approach in (34) by applying the asymptotic expansion method to
solve the non-linear PDE in Equation (35).

Assume the volatility of the interest rate follows a slow-fluctuating process,
represented by a small parameter €, where 0 < &€ < 7. Approximate the stochastic interest

rate p(t) by a perturbed process pg(t), defined as:
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do, (1) = (2= be,(0) dt — 20 (147 (0) (39
where:
a,b > 0 are mean — reversion parameters,
Z,(t) is a standard Brownian motion independent of other soutces of randomness,

€ controls the speed of fluctuation (with & = 0 corresponding to a deterministic

interest rate path).

Substituting the slow-fluctuating stochastic interest rate process from Equation (39)

into the non-linear PDE in Equation (35), also make the substitutions:

Replace 2 — bo(t) with s(a - bQ(t)), replace \/E with /e \/6
With these replacements, Equation (35) becomes:
[—cE + F +:G]f =0 (40)

To solve Equation (40) using the method of asymptotic expansion, we conjecture

the solution f4(t, p, ¥, z) in powers of € as follows:
£(t0,v,2) = f1(t,0,v,2) + Ve (t,0,y,2) + ef3(t, 0y, 2) €2
Substituting (41) into (37) and simplifying it,

[Ffl (t, oV Z)] + \/E[Ffz (t, oY Z) + Gfl (tr oV Z)]

1 af, \2 (42)
+e [Efl(t, oV, 2) + Fi(t0,y,2) + Gfh(t,0,v,2) — E)\EZQ(l - P“SZ) (—1) ] =0

e
This implies that,
{Fﬁ (toyz) =F (pl(t, o2 +q,(tp, Z)) =0 43)
fl (t, Q, y, Z) = 0
Ff,(t,0,v,2) + Gf;(t,0,v,2) =0
{ 2(t 0y, 2) 1(toy,2) (44)
fi(toy,2) =f6H(toy,2) =0
{Eﬂ (toy2) +Fis(toy,2) + Gh(to,y,2) =0 4
fi(ttoy,2) =6H(tov2) =f:(t0,y,2) =0
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Apply (36), (37) and (38), Equation (43), (44) and (45) have the forms:

fi, + y(P1 (2y +1)— Zy(Q + m4))f1y + y(PZ(Zy +1)— ZZ(Q + ws))flz
+2y2P1yf1yy + 2y2Pyzf),, + wohy + w3hz = 0 (406)

kD 7(t, Q,y,Z) - 0

A

(B +y(PiC2y + 1) — 2y(e + wi)) oy + y(Pa(2y + 1) — 22(0 + w5))1,
+2y2P1yf2W + 292P,zf5,, + wohy + w3hz
4 +2P,E8,[o(Miofiy — fig )Ny — (wey/y + 0V2)fy, (47)
+2P523,[o(Mof1, — fip,)z =0
kfl (t' Q; y: Z) = fZ(ti Q; Y; Z) = 0

(5 + y(Pl Q2y+1) —2y(p+ co4))f3y + y(PZ(Zy +1) —2z(p + coS))f3Z
+23/2P1yf3vy + 2y°Py2f5,, + wody + w3Az
+2P,28,[o(Mayfay — Fapy )Y = (06y/y + 02V2)fs,
+2P528,[o(Mayfr, — fop, )z = 0
1 2 1
+ EKEZQ(l —Py;8)(f,,) + (a—bo)fy, + 5529599 =0
\fi(toy,2) = Hhtey2) =f(tey2) =0

(48)

To continue the solution of Equations (46)—(48), we now focus on solving

Equation (46) for f;(t, p,y, z) using the conjectured form:

Assume

{ﬂ (toy2z) =An(te) +yA,(te) +2A5(t0) (49)

Ay (T, Q) = App(T, Q) = A13(T; Q) =0

From (49), the partial derivatives become:

fie = At @) + A, (b 0) +2A15(t 0)
fiy = Ap(t Q); fiyy =0 0
fiz =Ai3(t0), fizz=0

Substituting (50) in (46), and grouping terms with similar powers of the constant

term, y, and z;

(51)

{Am + YP1(2Y + DA, + YPZ(ZY + 1)A13 =0
A1 (T, 0) = App(T,0) = Aj3(T,0) =0
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{ Aqp — 2\’(9 + w4)A12 + =0
Alz(T, Q) =0

{ Az = 2y(0 + ws)A3 + sk =0
Aj3(T,0) =0
Solving (51), (52), and (53),

Ayt o)

( P1(2y + 1)0)2 P2(2y + l)m3
4)\(9 + wy) 4K(Q + ws)

(T—-19

= _ 2P Gy + Doy (1 — e 2(etenT=0)
4Y7\(Q + (04)2
P2(2Y + Do

\ 4yk(g + o )2

(1 —2v(9+w5)(T—t))

Woh
Ap(te) = 2\;(Q—+w) (1 — e~ 2v(eto)(T- t))
w3h
A ) (1 - —2y(p+ws)(T—t)
15(t Q) 2y(9 T o) ( e )

Thus, from (49),

( P1 (Z‘Y + 1)(.02 Pz(zy + 1)(:)3

T—t
4)\(@ + w,) 4)\(9 + ws) ( )
_ PGy F Doy (1 — e 2ieton(T-0)
4Y7»(Q + wg)?
P (2y + 1)co3
f(tr ) 'Z) = < 2 1 _ZY(Q""*’S)(T_O
ey 4y}\(g+co)2( )
woA
+ 1 — e~ 2vletwy)(T—1)
%@+w ( ‘ )y
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Next, solev (47),

2 1 2 1 2
B (4, 0) + B (1, 0) + 2B (1, 0) + yB (1, 0)

_ 3 3
060y 2) =4 48P, 0) + B2 (1, 0) + 2B (1, 0) 8
BP(T,0) = 0,fori=1,..,7

and

3

1 1 3
(B + B + 7B + yBD + B + B + 2B

1 Lo 2) 3 1.
f, = sy 2BY + B + 2128
1 3 3 1
fa =y fay=—3y7 B+ (59

1 1
for = =527 +BY + 2,728

1 232 @, 3 2L @
\ fzz=—7y ZB§)+;Y ;Y
Substituting (59) into (57),

d L2 2 2
{EBE "4y + (PBP +PBY) =0,

©) ©) ©) (60)
Bi"(t0) =B, (te) =B;"(t,0) =0
d 3 ' '
{ aBgZ) +y(e + w4)B52) + §Y2P1Bg2) — 2P4€30A15(6 0) — weA11(t ) =0, (61)
B (t,0) =0
d 3 ' '
{ SBY + (0 + 0s)BSY +2y2P,BY — 2PsE0A (1, 0) — wrAT (1) = 0, 2
B?(,0) =0
dn@ _ @ —1_
{ %;;34 2y(0 + 0By + wh "t =0, &
B, " (te) =0
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{ SBY — 2y(0 + 05)BY + 037" =0,

(69)
B?(,0) =0
d :
{ d_tBEZ) —3y(e+ ®4)Bg2) + wsAp(te) =0, (65)
B (1,0) = 0
d '
{ d_thZ) —3y(e+ ws)B$2) + w7A13(t0) =0, (66)
B?(t,0) = 0

Solving Equations (60) to (66),

( (2) _ [P1(2y+l)w2 P2(2y+1)w3]
B;7(t.p) = (o+wy) A(o+ws) (T-
P1)f(2Y+1);022V (1 2y(9+w4)(t—T))
otwy
PZ)f(2Y+1);>23V (1 2y(9+w5)(t—T))
etos

Bgz) (t, Q) = eY(Q+w4)(t—T) 2P4£8\/§ ftT Aylz(t: Q)ey(9+w4)(T—t)dt
_(U6fT A'11(t Q)CY(Q+°‘)4)(T_t)dt
__VZPII B( )(t Q)ey(g+w4)(T t)dt]
{ Bg2) (t,0) = evle+e) (=D [2P.z5 \/E ft A5 (t, @)erleres)(T=0 gy (67)
_(l)7ftT A'11 (t' Q)CY(Q'H’-’S)(T_O dt
3 T
— }}/ZPZ ft B(Z) (t; Q)CY(Q-HDS)(T_Odt]
B (1,0) =

BP(1,0) =

yk(9+w (1 — eZY(Q+0’4)(t T))

1 — 2y(p+ws)(t=T)
YX(Q‘H*’s) ( ¢ i )

Bgz) (t, Q) — w663Y(Q+m4)(t—T) ft A‘12(t, Q)e3y(9+w4)(T—t)dt
\ Bgz) (t, 0) = wyeHletes)(=T) ch A‘13(t, 0)edleto)(T=0 gy

Substituting (67) into (58),
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f2 (t, oY, Z) <

- 31 31
Bleys) =140 (0 +540P 60 + P (o) + 2P (o)

and

pr =

704

( P1(2y+1)0)2 PZ(2y+l)w3
[ 4X(g+m4) 4)\(Q+m5) ] (T t)
_ Pi(2y+Dwpy 21(ote)(=T)
o (1 — exvleto)(t=T))
_ Po(y+Dwsy

' X (1 2Y(Q+w5)(t—T))
otus

7 T .
+§ev(9+w4)(t—T) [2P,%5 \/5 ft Ay (t, @)erleted(T-04¢

_‘UaftT Al (4, @)erero)(T=0 g — —yZP J; B(Z) (t, 0)er(eron(T=0 ¢

z T 0
+Eev(e+w5)(t—T) [zpsgg\/a ft Aps(t Q)ey(9+w5)(T—t)dt

_w7fTA'11(t p)erlete)(T=0q¢ — ZPZf B; @, o)erletes)(T=0 4]

— e2y(eto)d(t=T)
4YX(Q+<»4) (1-e )+ 4YK(9+<»5)

+ S wéye3y(9+m4) (t=T1) ftT A'12 (t, Q) e?)y(g+m4) (T-9d¢

LT g wyzed(etes) D) f tT A5t p)edetes)(T=0 ¢

To solve (48), assume a solution of the form,

fipp =

foyp =

\ f2zp =

1 1
( fio = Al + AL + 240

(1 — e2ile*o(=1)

1 1
[ P00 +37CP 00 +526P (0 +vCP (o) + 1P (o)

c®(t0) =0, foralli =12, ...,9

130

NG

1
1100 + yA(l) + ZA( )

1300

1
B + - yB(2)+ ZB(2)+yB(2)+ B(2)+ yB(()Z)+3 :BY

1y——B(2) +B(2) 42 YB(Z)

L, B2 + B + B(z>
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Substituting (70) into (48), we have

( COt+Py2y + DCP + Py(2y + DCP
1
1 1 1
+(a—b)AD, + ESZQAERQQ - —x529(1 Pye)(AS ) (71

—2134@@1322 - ZPSEYQB(Z) =0,cPtp =0

3
c? —v(e+w)c + VP C® — 2p,2y0BY )Q %B?)Q =0 (72)

cP(t.p) =0

3
3 3 3 2 2
Cg )t - y(Q + wS)Cg ) + 5y2P2C§ ) _ ZPSEyng )9 - co7Bg )Q =0

(73)
cPtp)=0
(C = 2y(0 + 0)C + 2P, (27 + 32y + D)CP
+(a—bALY +38%A1)  —28%(1 = Pug)AY AT
1
—3P,50B{” — 0B + ek =0, (74
(P t,p)=0
(P =230+ ws)CY +2P,(2y7 + y(2y + D))
+( = b)ATY +38%ATY | —328%(1 = Pug)AY ALY
3
—3P5zyQB§2)Q - w7B§2)Q + ok =0, (75)
(cP(t,p)=0
c? = 3y(o+w)CY + 6B(2)Q =0 (76)
cP —3y(0 +ws)CP + w7Bg2)Q =0 (77)
1
3 3 1 2
¢, =20 + w)C = 50%(1 — Py (AEZ)Q) 0B =0 (79)
1
C =210 +0)CS” = 518%(1 - Pig?) (A7, ) - wB? =0 (79)
Solving Equations (71) to (79) to obtain,
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( T
cP(t0) = [ Erd%(1 - Plliz)(A“ Q) + 2P, zeBY” + 2PsgeB”

—Pyy(2y + DCY = Py2y + D — (a - b@)gﬂg - ESZQAS)QQ] dt,

C(3)(t Q) — ey(Q+m4)(t T)f [21) gYQB(Z) + (DGBEZ) _ %szlcg@] ey(g+w4)(T—t)dt

(1 0) = erlerde= [T [2055y0BT + 0B — 2729, erleren)T-0gc

@

CS) (ho) = e 2y(o+04) (=) J;] [3P4Z0BY ~2+4(am bQ)Ag)Q+ 3%AD

12 0o
—18%(1 = PuE)ATY AL + 0B
— 2P, (2% + y(2y + 1D)C +18%(1 — P“zZ)Aﬁ)QA“) ] e2r(eto)(T=0 gt

CO (1 g) = (2D J; [Psten? S bniorip'enly, (80)

——xa29(1 P, 22)AY, A(o + 0,B?
—2P,(2¢ +y(2y + )C +28%(1 — P1,E) Agll)e AD ] Hlere -0,
Cg3) (t, Q) = w663Y(Q+w4)(t—T) f;B§1)e3y(g+w4)(T t)dt

N T .1 s ) (T—t
Cg3)(t, o) = e 1(etes)(e=T) J; BV eleros)r=0ge

2
Pt 0) = eerode [T [15%(1 = Py 2) (AR, ) + 0B | exeron=0e

2
(e0) = e 7 (s = ) (0, ) + ] v

Substituting (80) into (69),
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fhoy2) = [ Grwe(l - Pnzz)(Aﬁ ) +2PgeB? + 2pezyp?
—Py(2y + DCY = Py + DCY = = b) ), - ESZQAE?QQ] d,
+Lerleron [T]op, 2B + B — 292, CJY | exleront=ge
+EeY(9+‘°5)(t_T) J7 [2Ps21eB? + 0B — 242p, 0] erteran =gy
oyt @ron (=D [ Briend-F-Gb)Al - enl?,

—38%(1 = PuE)AL AT | + 0B

— 2P1 (2’Y2 + Y(ZY + 1))C§3) + }\829(1 _ P“iz)Aﬂ)QA(l) ] CZY(Q+w4)(T_t)dt

[€))

2y(o+s) (=) [ [ 31>5§y913§2)—ﬁ—(a—bQ)A%)g——SZQAB v N

+ze
_‘7\629(1 Pllzz)Agll)eA(l) 7B(2)
~2P5(2¢% +3(2y + D)C5” +28%(1 = PrE?) AT (AT ] 2rletenT=0de

1 T_ (1 ©
e 2 ggyie e, B{DererenT-ogc

+ w Z;e’>y(g+w5)(t T)f B(l) Sr(etos) (1= ~0dt

2
- 1 2 0)(T—
+y2eered=D [T [5 18%(1 — P, 2%) (A§2)Q) + B )] e2(e+o)(T-0 ¢
2
t+72eero e [T E we(1—Pue?) (AY ) + w7B§2)] 21(etus) (T 4¢
Therefore, from the asymptotic expansion formulation in Equation (41):
f?«(t, Q) Y; Z) = fl (t, Q' Y) Z) + \/ng (tl Q' Y; Z) + 8f3 (tl QI Y; Z)
where,
fi(t 0,v,2), £(t 0,v,2) and f5(t, 0, y, z) are given in (57), (68) and (81) respectively.

Each function component satisfies the corresponding perturbed PDEs derived via
asymptotic expansion, under the assumption of slow fluctuations in the stochastic interest

rate model.
Hence, Lemma 1 is proved

Lemma 2: The optimal value function is given as

1
V(t, 0,01, 0 h) = _ZCXP[_A(fS(t: Py z) + hg(t))] (82)

where;

A > 01is the risk aversion coefficient,
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)
y=o, ,z2=0, ,

£(t0,v.2) = fi(t0,v,2) + Vebhr(t, 0,7, 2) + ef3(t, 0y, 2),

from (57), (68) and (81),

B Py(P,P, — P;)A _
g(t) = exp Kp * 2P;(2p iy — 1ip — uzp)> @ t)l

Proof
Substituting Equation (31) and Lemma 1 into (25),

Recall the solution form from Equation (25)

V(001,02 h) = = 5 esp[~A(x(1 0,00) + (s 0,02) + hg ()]
But by Lemma 1

v(t,0,01) + w(t,0,02) = (8,0 2)
Therefore:

V(t,0,01,05h) = —%exp[—l(fa(t, ov2z)+ hg(t))]
Substituting Lemma 1 and Equation (31),

V(t, 0 01,05h) =

. £i(t,0,v,2) + Vefa(t,0,y,2) + ef5(t, 0, y, 2)

- = -1 P,(P,P,— P)A
Aexp +hl<p+ (PP, ) >(T_t)l
2P;(2pky — 1P — H2p)

Then Lemma 2 is proved.

Lemma 3: The optimal investment plans 7, and 7, are given by:

(P50 (1, — @) = Paos(, — o)
1 (PP, — P})}'s) ; [(9 o Po(PP, — ) ) "

T =
hi| 2y (PsPs—PyP,) fokd 2P (2,1, — p,0 — 1,0)
o'’ (PP, = P3)o]  *
-T) (83)
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( [P3o3(1, — @) = Piof(w, — )] ]
1 )\(Plpz P3)Gy 2y [( P6(P1P2 - P%) )
- exp|lo+ (t
h P G\ P,P;), /053 2P5(2p, 1, — 1,0 — 1,0)

0'22Y ’ (P1P2 - P%)Gz ¢

- T)l (84)
where,
f,=Ap+ve ( y3B2 + Y + gy%B§2)> (l 59+ ¢+ 3y%C§f) + ZyCS))
f,=A;+Ve ( B + B + SZ%B?)) +e (é 3P + ¢ + gz%c?) + 22(353)>
fo= AS’) + yAm + ZAm

31 3
+ e (B(Z) +5yBY + - zB(Z) +yBY + 7B + - yBE) + zzB(2)>

2 2

1 1 31 3 1
©) ®) OFIEE ORI WO
+e (ClQ + Eycg‘;’) +52C, + ycfé) + 2G5, +5yiCs, + 572G,

(3) ®)
+y°Cy, + 2°Cy, )
Py =i 4 Vi, Py =5, +v3,,

P3 = viqva +viovan, Py = vip +vip, Ps = vy + oy,

_ 2Pk —e)(m—e) | Pali o)’
6 PpP,—P; ' PpP,—p’

2
_ Pl(“z - Q) _ PPy —P5Ps _ PyPs — P3Py

= Py =—
L9 » 410 )
P,P, — P3 P,P, — P3 PP, — P}

_ P,Pj+ PP — 2P;P,Ps
PP, — P3

Proof

Recall from Equation (17) and (18),

__Po1(,—0) ~Paoy(y —@) Vi 01Vio,  (PaPy —P5P5)od Vi
= b _ . Jhe

(PP, — P2)o’'o! Ve~ WV (PP, —P3)o]  Vin
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Pioy(u, —@) —Pioj(l,— @) Vi 0Vi,, (PPs—P3P)ed Vi,
Ty = T - ‘ST
(PPo=Poloy  Van BV (PP2=PIo) Vi

From Equations (26), (31), and 1(33),

2
Ve 1 _ —lexp [(Q + P, (P P,—P35) )(t _ T)]
Vi A

A 2P3(2p, 1y~ 0~ 100)
Vhoy _ _ —2y=1 [( P (PyP,—P3) ) ]
= = =2 f -ex + t—T
Vi V518 YO, y plile 2P3 (20, 1=t 0—100) ( ) (89)
Vhoz

- po(P1P,—P3) ) ]
— = —2 f ex ( + t— T
Vin w518 Y0, z p[ Q 2P5 (2, 1y =1 0= 11,0) ( )

S S O e [T Y o
Vhe _ =, B
Vhn (UQ + w@)g o exp|let 2P3 (201,10~ H0) (=D

Substituting (85) into (17) and (18),

Pso;(p, — @) — Proy (4, — @) ( 1 ) 4y ( / )
TE = . —_— . . — —
! (P,P, — P3)o/'s) Ag@®)/) g\ Ahg(t)
_ (PP, — P3P5)95 ) fp
(PP, —PH)s’  Ag(t)
__Pol —0) —Pio, Q) (_ 1 ) W (_ 1 )
’ (PP, — P2)olo” Ag®)) " o\ Ahg(D)
_ (P,P5 — P3P4)95 ) fp
(PP, — P3)ol  Ag(®)
Then, the end of Lemma 3
Remark 1: If the risk free interest rate p is not stochastic, i.e. € = 0 and § = 0,
then
Psoi(, — @) = Paoj(p, — )
! A(PP, — P3)o’'o!
==
hl 2 (P,P, — P5P:)
+ Yzy 12 — 24 ) ; \/Y’é(A“,Q + YAIZ + ZA13’Q)
10-7 A(P1P2 - P3)01 Q
P;(P,P, — P§ )
“exp || p+ (t=T) (86)
P l( 2P;(2u iy — P — 12p)
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Pso(u, —0) = Pio) (1, — o)

2
= 1 (P,P, — P3)olo)’
h 2y (P,P5 — P3P,)0d
+—5 Ay — Ay, +yA, +zA
|03 (P, — ) ( e 12,0 13,9)]
P, (P,P, — P}
" exp [(Q + 6( L2 3) > (t— T)l (87)
285 (20,1, — 110~ 1)
where,
A (t ) _ Pl (ZY + 1)0)2 P2(2Y + 1)(.03 (T _ t)
W 1 o+ o) | 4o+ o)
_ @t Dosy  oeranc-m)
Me + wy)?
_Paly 4 Desy (1 — 2eren)(=1)
7\(9 + ws)?
(,02)\
Ap(te) = ——(1— e21(eteg)(t=T)
12the Y(Q + wy) ( )
= 9 (1 = o2ilotes)(=T)
M) = 2251 - i)
Sensitivity Analysis

Some numerical simulations to study the effects of some parameters on the optimal
investment plan under exponential utility are presented in the table 2. Let us adopt the

following data and otherwise from other sources.

Table 2: Parameters, Values and Sensitive Indices

Parameter Value Sensitivity Index value

Vi1 1.00 +0.15
V12 0.90 +0.10
Va1 0.85 +0.08
Vas 0.80 +0.07
14 —1.00 —0.20
[ 0.40 +0.25
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Parameter Value Sensitivity Index value

Uz 0.30 +0.20
h 1.00 Neutral
B 1.00 Neutral
) —0.50 —0.10
p(0) 0.05 +0.30
0.(0) 1.50 +0.18
02(0) 1.20 +0.12
T 10 Neutral

Numerical Simulation

This section presents the numerical simulation results of the models by

using the parameter values in table 2 as follows.

Quantitative Assessment of Interast Rate Shock Sensitivity
lell in Migerian Insurance Portfolios
ﬂ L
=1F
=
g
e
g
&
§ -3
£ I
!
£ -4t
-G ==y [Benchmark Parifaliad
— i [ossat 1)
— 7 [B550E )
[ z i 5 ] 10
Tirne (Years)
Figure 2: Portfolios of assets 1y, T;, and 77, over time (year)
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Impact of Risk-Free Interest Rate (p) on ne Over 10 Years
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Figure 3: Effect of interest rate p on asset T, against time (year)
Impact of Risk-Free Interest Rate {p) an M over Time
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Figure 4: Effect of interest rate p on asset 7T, against time (year)
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Impact of Risk-Free Interest Rate (pl on n: over Time
1a7 Optimal Investment Strateqgy uncer Asset-Liakility Management
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Figure 5: Effect of interest rate p on asset T, against time (year)

140 Impact of Correlation Coefficient {6) an 1 over 10 Years
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Figure 6: Effect of correlation coefficient § on asset 1, against time (year)
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Impact of Correlation Coefficlent [6) on n: Over Time
Quantitative Assessment of Interest Rate Shock Sansitivity
in Nigerian Insurance Portfolios (Asset and Liability Solvency Approach)
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Figure 7: Effect of correlation coefficient § on asset 7; against time (year)
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Figure 8: Effect of correlation coefficient § on asset T, against time (year)
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Evalution of no with Warying Elasticky Parameter v over L0 Years
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Figure 9: Effect of elasticity parameters ¥ on asset T against time (year)

Evolution of m: with Different Elasticity Parameters (y)
Quantitative Assessment of Interest Rate Shock Sensitivity
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Figure 10: Effect of elasticity parameters y on asset 7T; against time (year)
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Evolution of m with Different Elasticity Parameters (y)
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Figure 11: Effect of elasticity parameters ¥ on asset 7T, against time (year)

Selvency Equation for Optimal Investment Portfolios in Nigerian Insurance ALM Framework
[Evolution of g, my, and m; with Risk-Free Interest gl
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Figure 12: Solvency risks of assets 74, 7; and 7, with interest rate p over time

(year)
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Portlolio Praportions

M= (Imvestment in Risk-Free Asset)

Solvancy Equation for Optimal Investment Portfolios in Migerdan Insurance ALM
{Evolution af me under Correlation Shock &)
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Figure 13: Solvency risks of asset 1, with correlation coefficient § over time

(year)

Solvency Eguation: Evolution of e, i, nz with Varying Asset Volatilities
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14: Solvency risks of assets 17y, ;and 7, with volatility o over time

(year)

Mikailalsys Journal of Mathematics and Statistics



Taiwo Abiodun Adewale, Oladipo Abiodun Tinuoye, Ajala Olusegun Adebayo, Olaiya Olumide Oluwaseyi,
Owoade Olusegun Olalekan, Olaleye Peter Damilare

Liquidity Feasibility Under Exponential Utility (Numerical lllustration)
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Figure 15: Liquidity risk of assets 74, ;and 7, with exponential utility U over

time (year)

Evolution of mo, Ty, M under Asset Volatility Scenarios
(Nigerian Insurance ALM Liquidity Risk)

== miBasea) v miot)
3r — m(Baseo) == To(odl)
----- I:iBaseol —— mlodl)
== Tolo ) come(o L)
— mlal) == Mo tt)
2t — mott)
----- m(ott)
g1
<
2 .
g .mumm||I|I1|||"|”““H”Im!
5 0 PP T TP PP P PP O PO PP T PP PP PITTTTILIN ,
°
¥
o]
o _l L
2t
-3t
0 2 4 6 8 10
Time (Years)
Figure 16: Assets 1y, m;and 7, with volatility o over time (year)
Volume 3, Issue 3, 2025 719



Taiwo Abiodun Adewale, Oladipo Abiodun Tinuoye, Ajala Olusegun Adebayo, Olaiya Olumide Oluwaseyi,

Owoade Olusegun Olalekan, Olaleye Peter Damilare

Evolution of mo, m1, M2 under Different Risk-Free Rates (p)
Liquidity Risk in Nigerian Insurance ALM
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Figure 17: Assets Ty, T;and 1, with interest rate p over time (year)

Table 3: The summary of the sensitivity of the parameters with the assets and

liabilities and implications for Nigeria insurance portfolios (2013 — 2023)

Parameter Value Impact & Sensitivity Risk Control Strategy
High initial  volatility =~ with Dynamic eatly-year monitoring
Portfolio Initial convergence by Year 2 (F1g2) (2013-2015) to  aggressively
Composition Volatility Allothlon _ pﬁthS are highly rebalance protocols in the first 2
(100, 01, TC2) 5.(0) 0.2 — sensitive to initial volatility setups years. Volatility threshold rules
(Onafalujo, Ol8 ' (Fig.14). Higher asset volatility (0 shift allocation to Ty when @
2019) ) 1 10 — 30%) shifts allocation to increases beyond the baseline by
o (Fig.16). 10%.

Every 0.01 increase in p Quarterly rebalancing
Risk-Free p = 001— increases mp by ~5% (Fig.3), adjustments to reduce risky asset
Interest Rate (p) 015 (i;npact while 1 drops by ~3% (Fig.4) holdings by 5% for each 0.02
(Brewet et al., ) and T, by ~2% (Fig5). tise inp. IRS/Caps Deployment
2004) Mo, 101, T02) Significant  reallocation  effect to hedge liabilities against rising

post-Year 5 (Fig. 12 & 17). interest rate exposure.
5 = 70 mil dy  sensitive  to Correlation stress testing: limit

0,
Correlation -0.9 - vatiations (Fig. 6, 7 & 13); =z gf EXSP (szgfljlritoos Tacﬁvigs;;:;ie;
Coefficient (3)  +0.9 increases by 15-20% after year 6 engforcements o adiust
(Thedioha, 2018) (impact 7o, when 8 > 0.5, raising " o s
. ; allocation  caps ynamically
m2) concentraion risk (Fig. 8). based on correlation shifts.

72()
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Parameter Value Impact & Sensitivity Risk Control Strategy

uarter utilit sensitivi

Q ly ility itivity
. . simulations  to  adjust vy

Elasticity y = -2 — NegaUV.e v (2 .drlves ro up .by parameters to align with risk

. 25% (Fig.9), while n; and 7, risk . ;
Parameter (y) 2 (impact o, ; . appetite. Capital buffer
substantial declines (up to 10% . o
(Gu et al., 2010)  nq, mp) loss | > 10 and 11 maintenance of a 15% reserve to
oss in 1y, Fig. 10 and 11). absorb elasticity-induced

valuation fluctuations.

Volatility-triggered auto-

Volatility gi(0) =  10% tise in volatility shifts ~129, ‘ebalancing to shift to  safer

Conditions 0.2-10.8 allocation toward mg (Fig.14); mq i)sfisseeﬁneWhe{ljsec Z)Eceei(s)la:if:;

0i(0) Bei et al, (impactmy, & m2. allocagons decrease g .o ioc o protective overlays
2023) 1, T2) proportionally (Fig.16). using VIX or similar
instruments.

Liquidity buffering to ensure

Utility Feasibility Utllity feasibility zone narrows 25% liquid assets (T-bills, cash)
(Liquidity Stress) . .. ~50% after Year 6, reducingby Year 5. Annual solvency
~ Utility values |. =", . . . .
(Bafios ez al., liquidity margins and increasing stress  tests  to  simulate
2020) solvency risk (Fig.15). decreasing utility margins to

ensure solvency readiness.

From 2013 to 2023, Nigeria Insurance Portfolios exhibited increasing sensitivity to
interest rate hikes, volatility fluctuations, and elasticity parameters, demanding proactive
rebalancing, derivative hedging, and liquidity buffer strategies. Especially from year 5 (2018)
onwards, a conservative tilt became essential as interest rates and market volatilities rose,

reducing the attractiveness of riskier assets. The Figure 18 displays the sensitivities of the

assets
1
0.75- _
D-S | ..-'....-'""-.---.
0.254
0 1 i T .
2013 2015 2018 2020 2023
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Parameter Controls (p:0.05,0:0.10,4:0.00,y:0.0)

Key
. Interest Rate (p > 0.1), high interest rate: o
Match to risk-free assets immediately
o Volatility (o > 0. 2), volatility spike:
Move 10% allocation to reserves. LS 1
o Cortrelation (6 > 0.6), positive cotrelation emerge:

Reduce Asset 2 exposure to 20% max. -

. Elasticity (y < —1.5), high negative elasticity: 2

Trade risk-free asset accumulation.

Figure 18: Risk Sensitivities (Portfolio Allocation of Nigeria Insurance

Companies, 2013 — 2023)

DISCUSSION

The stochastic simulation results presented from Figures 1 to 17 captivatingly show
the dynamic restructuring behaviors inherent in Nigeria insurance portfolios under interest
rate fluctuation systems. Specifically, the mathematical solutions to the portfolio
optimization problem—formulated under a stochastic differential Equation (SDE)
framework—determine the optimal control vatiable, 1(t), which denotes the proportion
allotted to the first risky asset, reveals a monotonic decreasing path as the short-rate
process (p) increases. This is reflective of a sensitive risk-aversion coefficient embedded
within the insurer’s utility maximization function, leading to a flight-to-safety phenomenon
wherein allocations are progressively shifting towards the risk-free asset To(t). This
behavior supports the optimality conditions derived from the Hamilton-Jacobi-Bellman
(HJB) Equation controlling the insurer’s dynamic investment process (Okonkwo, 2022;
Ibrahim, 2023). The smoother decline observed in m,(t), representing the second risky
asset, recommends a lower instantaneous sensitivity to stochastic rate shifts, attributed to

its diminished beta exposure to systemic interest rate volatility (Oladimeji, 2023).

Further, the model summarizes the non-linear convexity effects associated with
incremental shifts in the interest rate diffusion coefficient p. As p evolves from 0.01 to
0.15, mo(t) accelerates in an exponentially concave growth pattern, governed by the
interplay of deterministic drift adjustments and stochastic volatility adjustments within the
portfolio’s dynamic structure (Akpan, 2022). Conversely, m; and m, respond

asymmetrically, demonstrating path-dependent declines whose magnitude is aggravating by

722 Mikailalsys Journal of Mathematics and Statistics




Taiwo Abiodun Adewale, Oladipo Abiodun Tinuoye, Ajala Olusegun Adebayo, Olaiya Olumide Oluwaseyi,
Owoade Olusegun Olalekan, Olaleye Peter Damilare

the correlation structure (8) between assets and liabilities. The sensitivity of the insuret’s
optimal control to § is pronounced; Figures 5 — 7 determine a bifurcation strategy wherein
6 > 0.5 triggers aggressive risk concentrations due to perceived diversification benefits
arising from positive asset-liability covariance structures. However, these benefits introduce

latent systemic risks through compounding correlation asymmetries, particularly under

market stress scenarios, as aligned with findings by Adeleke (2022) and Okonkwo (2023).

While the stochastic control framework employed in this study offers a
comprehensive quantification of interest rate fluctuation sensitivities in Nigeria insurance
portfolios, certain model assumptions impose noteworthy constraints on its empirical
applicability. Foremost, the analytical model operates under a deterministic parameter
regime where strategic variables—volatility (0), asset-liability correlation (§), and utility
clasticity (y)—are treated as static constants over the investment horizon. This assumption
simplifies the Hamilton-Jacobi-Bellman (HJB) optimization, but it omits the inherently
stochastic evolution of these parameters, particularly in emerging markets like Nigeria
where macroeconomic regimes shift unpredictably. In reality, 0,8, and y are subject to
regime-switching behaviors and time-dependent diffusion processes, which could induce

path-dependent allocation responses not captured within the current model specification.

Additionally, the marginalization of market microstructure factors—such as
proportional transaction costs, liquidity slippage, and regulatory capital constraints—creates
a frictionless market assumption that diverges from the operational realities faced by
Nigeria insurers. These frictions can significantly alter the feasibility and timing of optimal
rebalancing strategies, particularly under volatile conditions where liquidity premiums and
bid-ask spreads widen non-linearly. Another critical simplification is the model’s reliance
on homogeneous structures of liability, different from the heterogeneity and term-structure
complexities of real-world insurance obligations. Liability cash flows in practice exhibit
stochastic features, including inflation adjustment and contingent claim characteristics,
which interacted dynamically with asset allocation strategies under stress scenarios. These
limitations underscore that while the model offers basic theoretical insights, its prescriptive
power for real-time portfolio adjustments must be contextualized within these omitted

dimensions of market shortfall and institutional frictions.

The analytical findings from this stochastic modeling framework bear reflective

implications for both portfolio risk management and regulatory oversight within Nigeria’s
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insurance sector. The sensitivity analyses expose how marginal changes in interest rate
trajectoties (p) and asset-liability correlation structures (8) can quick non-linear rebalancing
behaviors, emphasizing the inadequacy of static duration-immunization strategies.
Specifically, the risk-averse matching observed—where risk-free asset allocations 1o (t)
increase exponentially while risky exposures (7 and 7;) exhibit accelerated unwinding
under adverse p and § regimes—highlight the necessity for insurers to embed dynamic
Asset-Liability Management (ALM) frameworks capable of dynamic stochastic fluctuation

absorption.

In risk governance, the model's asymmetrical distribution patterns suggest that
Nigeria insurers must maintain robust liquidity coverage ratios (LCR) and implement
dynamic hedging instruments, such as interest rate derivatives and convexity hedges, to
mitigate duration gaps aggravated by macro-financial volatilities. Moreover, the findings
advocate for a shift towards stochastic asset-liability modeling practices, where liability-
driven investment (LDI) strategies account for both deterministic cash flows and stochastic
liability perturbations, ensuring that capital adequacy is preserved across stress-testing

scenarios.

Regulators, on the other hand, are urged to adopt policy frameworks that reflect
the dynamic approach between interest rate fluctuations and insurer solvency profiles. The
introduction of prospective stress-testing approach, calibrated specifically for Nigeria’s
volatile economic landscape, would ensure that insurers are not only capitalized for
baseline scenarios but are also resilient against extreme-risk events. Furthermore, the
study’s insights into correlation-deterministic concentration risks provide a justification for
regulatory oversight of asset allocation thresholds, mitigating systemic risks arising from
correlated exposures. Ultimately, these findings underscore that a passive or static risk
management approach is weak within Nigeria’s emerging financial ecosystem; insurers must
institutionalize stochastic scenario planning and adaptive asset-liability matching within

their strategic ALM frameworks to pilot the complexities of interest rate volatilities.

CONCLUSION

This research studied the risk-adjusted return strategies for Nigeria life insurers
within a stochastic Asset-Liability Management (ALM) framework, explicitly addressing the

sensitivity of insurance portfolios to interest rate fluctuations. By integrating a risk-free
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asset modeled through the Vasicek term structure and two risky assets—one following a
Diffusion Equation and the other by Heston's stochastic volatility dynamics—the research
derived analytical solutions for optimal allocations using power transformation and
asymptotic expansion techniques. The stochastic control problem, framed via the
Hamilton-Jacobi-Bellman (HJB) Equation, captured how shifts in the short-rate process,
asset-liability correlations, and risk aversion coefficients dictate the insuret's optimal

portfolio matching behavior under dynamic market conditions.

The findings show that Nigeria insurance portfolios demonstrate distinct, non-
linear sensitivities to interest rate fluctuations, with asset allocations retorting
asymmetrically to changes in correlation structures and risk preferences. These dynamics
underscore the inadequacy of static, deterministic ALM approaches in managing duration
gaps and liquidity risks within Nigeria's inherently volatile macro-financial landscape. The
study advocates for the institutionalization of adaptive, stochastic-based risk management
frameworks that can absorb real-time fluctuations and support proactive asset-liability

matching strategies.

Future research should extend this model by integrating stochastic volatility for key
parameters such as risk aversion () alongside market frictions like transaction costs and
liquidity constraints. A more granular treatment of liability term structures, reflecting their
stochastic cash flow characteristics, would enhance the empirical applicability of the model.
Finally, developing robust stress-testing approaches and integrating dynamic hedging
strategies remains essential for ensuring solvency resilience in Nigeria’s evolving financial

complications.
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