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Abstract 
 

Cryptosporidium is a waterborne pathogen that transmits through various 

routes, including contact with the feces of infected individuals, contaminated 

environments, unsafe water, unsanitized food, raw or unpasteurized milk, 

animal exposure, and recreational water bodies. This study formulates and 

analyzes five compartmental models to propose effective strategies for 

controlling the spread of cryptosporidiosis. The models were assessed for 

biological and mathematical validity using the theory of positivity and were 

confirmed to be epidemiologically well-posed. The basic reproduction number 

was derived using the next generation matrix method and found to be less than 

unity, suggesting that the infection has the potential to be eliminated from the 

population. Stability analysis of the disease-free equilibrium was conducted 

using the Jacobian matrix method and confirmed local asymptotic stability. 

Sensitivity analysis identified the contact rate between susceptible and infected 

individuals as the most influential parameter affecting the basic reproduction 

number. This highlights the importance of reducing contact rates as a key 

intervention strategy. Numerical simulations performed using Maple 22 

provided supportive insights and interpretations of the model dynamics, 

reinforcing the analytical findings. 
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Introduction  

Human cryptosporidiosis is caused by infection with apicomplexan protozoa of the genus 

cryptosporidium hominis, which humans are the only natural host and cryptosporidium 

parvum which infects a range of mammals, including humans. This mainly affects children 

and causes a self-limited diarrhea illness in otherwise healthy adults. It is also recognized as 

a cause of prolong diarrhea in children, which can lead to malnutrition. Cryptosporidiosis is 

primarily a childhood disease. Daycare Center –related outbreaks have a high rate (30% - 

60%). Risk groups includes child-care workers, parents of infected children, hikers who 

drink unfiltered untreated water, swimmers who swallow contaminated recreation water, 

people who handle infected animals, and people exposed to human feces through sexual 

contact [1-4] 

All hands are on desk in United Kingdom as Water Minister Robbie Moore, Anthony 

Mangnall, MP for Totnes and South Devon-where the outbreak was noticed, Laura 

Flowerdew, South West Water’s chief customer and digital officer, groups of scientists and 

researchers are out, on the means of combating the outbreak of the cryptosporidium. 

Cryptosporidium is a parasite (a tiny organism) that causes an infection called 

cryptosporidiosis [5].  Cryptosporidiosis affects people and farm animals [6]. 

Cryptosporidium is found in lakes, streams and rivers, untreated drinking water and 

sometimes in swimming pools. It can infect anyone, but it is most common in children 

aged between one and five years. People who care for, or work with children are more 

vulnerable to the infection than others. For most people, the illness is unpleasant but self-

limiting. However, it can be a serious illness in people who have immune systems that have 

been compromised. The incubation period is average of 7 days (range between 2-10days) 

[8]. 

Cryptosporidiosis can be contacted directly from infected person or infected animal, by 

touching  

feaces, (for example when changing a nappy) and putting the  hands near or in the mouth 

without washing them thoroughly. It can still be contacted from infected animals or by 
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swimming in contaminated pool, or drinking contaminated water [8]. Occasionally you can 

be infected by eating and drinking contaminated food, particularly unpasteurized milk, 

meat not properly boiled and diseases which can also be transmitted by contaminated food, 

poor hygiene or turning compost in a local compost site [10,13]. The people who are at risk 

of contacting the infection are child-care workers, the less vulnerable, Parents of infected 

children, people caring for other people with cryptosporidiosis, backpackers, hikers, and 

campers who drink unfiltered, untreated water, People who visit petting farms and open 

farms, including swimmers, who swallow water from contaminated sources People 

handling infected animals, People exposed to human faeces, People who turn compost that 

has not gone through its phase where temperatures  is over 50°C. Cryptosporidiosis can be 

very contagious [11], and the infected person can infect others when the symptoms begin 

and for several weeks after the symptoms disappear, and the infected person who does not 

have symptoms can still infect others. The infection is characterized with severe watery 

diarrhea [12]; however, asymptomatic infection may arise which becomes the source of 

infection [13]. There has not been any approved vaccine against cryptosporidiosis and there 

is possibility of re-infection of an individual who have been cured of Cryptosporidiosis [14] 

This study is organized as follows: Section 2 explains the formulation of model, including 

the model’s positivity of solution. Section 3 presents an in-depth mathematical examination 

of the model, encompassing key aspects such as the basic reproduction, local stability 

analysis of the disease-free equilibrium, and computation of the sensitivity analysis of the 

basic reproduction  number was carried out. Section 4 focuses on numerical simulations 

and discussions while Section 5 summarizes the findings. 

 

Mathematical Model Formulation and Analysis 

Some essential background information about cryptosporidiosis needs to be clearly 

understood before a meaningful model can be formulated or before already formulated 

model be re-modified. Some of these important background pieces of information have 

been clearly explained under the introduction. [21] Formulated SIR model where he 

investigates the probable approximate solution of integer and non-integer systems of 

nonlinear ordinary differential equations representing cryptosporidiosis dynamics. The 

approximate or estimate solution is derived through recent developed analytic method, the 

homortopy decomposition method (HDM). Several researchers have also worked on the 
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cryptosporidiosis with aim of providing solution to the spread of the infections among 

human population. Some of the researchers view the infections as zoonotic (i.e.) infection 

spread from animal to human, among them were [20] where he described cryptosporidiosis 

as zoonotic, he developed and analyzed a mathematical model using ordinary differential 

equation with a nonlinear incidence function called Beddington –De Angelis Function, 

where he worked on both human and animal population as infection primarily transmitted 

from animal to human. 

Recent research reveals that the infection is not only zoonotic; the germs can be contacted 

from other source apart from animals. A system of ordinary differential equation if 

formulated and analyzed here revealing that the infection is not only contacted from 

animals [16]. This could be possible if the research aimed to eradicate the infection from 

both human animal population, but animal population is enormous as some are Pet and 

some are non-pet and most of the pet hosting the cryptosporidium are herbivores pets [17]. 

Research revealed that, the microbes are on vegetables and grass which may be contacted 

directly by farmers [18]. The total population is denoted by N(t)=S(t)+I(t)+T(t)+P(t) and 

the source of the germs causing infection can be termed as reservoir R(t) 

 

Model Formulation Assumption 

The system of equation comprises of S(t) representing susceptible human, I(t) infected 

human T(t) treated people while P(t) represents the recovered population and R(t) denoted 

the reservoir where the cryptosporidium can be contacted, this maybe through the infected 

pet, contaminated water, faeces of infected person, vomit from infected person, faeces of 

infected animals, consumption of  uncooked not fully cooked of infected animals, 

consumption of unwashed raw vegetables, contaminated fruits, and including even grasses 

that herbivores consume. 

)1( I −  represents the recruitments rate of susceptible, as some proportions were born 

into the population with the infections.
1

 denotes the rate by which susceptible individual 

contact the cryptosporidiosis from infected individual (internal source), 
2


 
denotes the 

rate by which susceptible individual contacts the infection from the reservoir (external 

source) 
321

,,  and 
4

 represents the natural death rate of susceptible individual, 

natural death rate of infected  individual, natural death rate of  individual under treatment, 
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and natural death rate of individual recovered from the infection, in which its numerical 

value can be assumed to be equal and natural death rate of microbes in the surrounding 

(reservoir) can be by their life span between two months [19]. Also 
5


 
represents other 

means of eradicating the microbes from the environments such as water bodies, vegetables, 

fruits and other items consumed by human  or pet that have close relationship with man.

21
,  Represent death rate of infected individuals and the death rate of individual under 

treatment. ,  the rate by which infected individual move for treatment,   is the rate of 

recovery of individual under treatment while denotes loss of immunity from the 

infection. 
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Tabel 1. Definition of terms used in the modified model 

Parameters       Descriptions 

)1(
1

I −  The recruitment rate of the susceptible with proportion infected during 

pregnant 

1
  Disease transmission coefficient from infected human to susceptible human  

2
  Disease transmission coefficient from reservoir to susceptible human 

1
     Natural death of susceptible individual 

2
     Natural death of infected individual 

3
     Natural death of  individual on treatment  

4
     Natural death of just recovered individual 

5
     Natural expiration of the protozoa (Life expectancy) 

1
     Disease death rate of infected individual 
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2
     Disease death rate of individual under treatment 

3
     Other means of eradicating the germs from the surrounding 

2
n     Recruitment rate of the germs in the surrounding 

                 Progressive rate of moving individual infected to treated 

class 
  Progressive rate of moving individual treated and recovered to recovered class 
  Progressive rate of discharging individual recovered back to susceptible class 
       

 

 

 

 

 

 

 

 

 

 

                                          Figure 1: Schemeatic diagram of the model 

 

Positivity of the model 

The formulated model of the system of equation (1.0) is subjected into test through the 

theory of positivity. 

Theorem 1.0 

Let the initial conditions of the variables be such that 

0)0(,0)0(,0)0(,0)0(,0)0(  RPTIS  

Proof:

 

 

Positivity of S(t) from the first equation in (1) 

PSSRSII
dt

dS
 +−−−−= 1211 )1(          (2) 

P(t) T(t) 

S(t) I(t) 

R(t) 

𝛿2 

 

𝛽2 

𝛼2 

𝛿3 

𝜎 

𝜃𝛽1 

𝛿1 𝛽1(1 − 𝜃𝐼) 

𝜇1 

𝜋𝑃 

𝛾 𝜇2 

𝛼1 
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The model (1) can be express without loss of generality after eliminating the positive term

 

PI  +− )1(
1

as we have it in  (2), it implies  

SRI
dt

dS
)(
121

 ++−
                    (3)

 

Using variable separable, we have 

)4()( 121 dtRI
S

dS
 ++−  

Integrating both sides of (4) we have  

)5()( 121 ++−= dtRI
S

dS
  

1121
)(ln CtRIS +++−   

1121 .)(
)( ctRI
eetS

 ++
  

tRI
eAtS

)(

1

121)(
 ++−

  

0
)0( SS =  

1
)0( AS   

)6()(
)( 121 tRI

OeStS
 ++−

  

Irrespective of sign with exponential function, it is always positive, therefore 0)( tS

since 0
0
S  

Similarly, it can be shown that 0)(,0)(,0)(,0)(  tRtPtTtI  for all 0t  

Thus the solutions )(),(,)(),(),( tRtPtTtItS  of the system remain positive forever. 

This proves  

that the model’s variables are biologically meaningful and Mathematically well posed. 

Disease free equilibrium points 

The disease free equilibrium points is a situation whereby there is no disease in the system 

Recall the system of equation (1) 
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Basic Reproduction Number 

Basic reproduction number is the measure of the effect created on a system, when a single 

infected individual is introduced into the system of fully susceptible population over a 

particular time interval. The basic reproductive number (R0) of an infectious agent such as 

rabies virus is defined as the average number of secondary infections produced by an 

infected individual in an otherwise susceptible host population [19]. R0 determines whether 

a pathogen can persist in such a population and is valuable for assessing control options. 

When R0 is less than 1, on average each infectious individual infects less than one other 

individual, and the pathogen will die out in the population. In contrast, when R0 exceeds 1, 

numbers of cases will on average rise over time, and an epidemic can result. R0 is 

consistently estimated to be between 1 and 2 from rabies outbreaks in dog populations 

around the world [24], which is relatively close to the extinction. It is the threshold 
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parameter that determines or governs the spread of disease. Considering only the infection 

classes in the system,  

this can be obtained by generating the Jacobian Matix, the Jacobian matrix 
IFV −

. 

And F is transition matrix and V is transmission Matrix (i.e.) gaining and losing according 

to the infectious classes 
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Let F be the number of new infection coming into the system and V be the number of 

infections  

that are leaving the system either by death or birth, then 
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By simplifying V and F, we arrive the characteristics equation 
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Factoring out the   we have  



Ayanrinola O. W, Odebiyi O. A, Ogidiolu O. M, Fagbemiro O, Ogidiolu O. O, Adeyemi M. O 

 Mikailalsys Journal of Mathematics and Statistics 518 

0
)(

)(

221

111 =








++

+
−






                             (12)

 

0= or
)(

)(

221

111






++

+
=  

Therefore 

)13(
)(

)(

221

111









++

+
=




OR

 

The extent at which the disease spread and the extent at which the disease can be control is 

determined by the basic reproduction number. Basic reproduction number determines the 

extent at which the infection can be controlled. The implication of the basic reproduction 

number is that, if  

10 R , it means the infection will die out, ,10 R it means the infection will spread and 

10 =R , it means that the infection will remain in the population at a consistent rate since 

one infected individual can transmit the disease to the susceptible population.  

 

Stability of disease free equilibrium points 

Theorem 2.0   

The disease free equilibrium of the model is locally asymptotically stable if 10 R  and 

unstable if 10 R . 

Proof 

Evaluating the Jacobian Matrix at the disease free equilibrium point 0E , 
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Solving the Jacobian matrix (14) by introducing the eigen values, we have  
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Therefore, the model is locally asymptotically stable, since all the eigenvalues are all 

negative.  
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Sensitivity Analysis of the model 

The aim of sensitivity analysis is to determine the most sensitive parameter of the basic 

reproduction number or control reproduction number 
O
R which enable us to know how 

to control the infection within the population or suggesting the possible approach to the 

control of the infection for other researchers on the clinical and chemical support. In this 

section, we investigated the sensitivity of the parameters for the basic reproduction number 

of the model using the notion from [16]. It is important to carry out the sensitivity of the 

basic reproduction number 
O
R for its parameters. This will give parameters with a high 

quality impact on the Cryptosporidiosis model (1) and therefore allow us to target on 

control measures to reduce the transmission rate of the disease. To determine the 

sensitivity index of 0R ,  

Following the approach used in [25-26], the sensitivity indices of the parameters relative to 

the basic reproduction number ( 0R  ), (13) is established. Therefore, the normalized 

forward sensitivity indices of the basic reproduction number ( 0R  ) associated with 

parameters, , is calculated with respect to each of the parameters involved in 0R as 

computed in table 2 below:  

Table 2: Sensitivity Analysis on the basic reproduction number 

Parameters Values Sensitivity index 

1
  0.004 1.0000 

  0.04 -0.9174 

1
  0.005 -0.9999 

2
  0.003 -0.0688 

  0.0001 4101.1 −  

1
  0.045 110999.9 −  

2
  0.0006 -0.00793 
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Numerical Simulations of the model 

The numerical simulations of the model (1) were performed to support some of the 

analytical results. We use the set of parameters values given on Table 2 below and the initial 

values of the  

model are set as: S(0) = 1000 I(0) = 10,T(0) = 5,P(0) = 50,R(0) = 500. Maple software 

application was used to implements the simulations to generate the results below. 

Table 3. Table of Parameters and their values 

Parameters Values Source 

1
  0.0004 [20] 

1
  0.0005 [20] 

1
  0.0006 [18] 

2
  0.0001 Assumed 

1
  0.045 [17] 

2
  0.5 [19] 

2
  1000 [19] 


 

0.7 [20] 


 

0.0001 [18] 


 0.03 Assumed 


 

0.04 Assumed 

2


 
0.005 Assumed 

3


 
0.0005 Assumed 

4


 
0.0005 Assumed 

5


 
0.0009 Assumed 

3


 
0.5 Assumed 

 

Presentation of Results 

Simulation of the model was performed for better understanding of dynamical spread and 

transmission of cryptosporidium outbreak using Maple software. The result of the model 

equations are presented below in form of graphs and are discussed in the figure below to 
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illustrate the changes in the compartments. The infected population, treated population and 

the reservoir population were checked in order to observe their impact on the numerical 

spread of the disease using a set of reasonable parameters. 

 

Figure 2. Effect of Contact rate of subsceptibe individual with infected individual 

on the infected Population 

 

Figure 3. Effect of Contact rate of subsceptibe individual with Reservoir on the 
Treated Population 



Ayanrinola O. W, Odebiyi O. A, Ogidiolu O. M, Fagbemiro O, Ogidiolu O. O, Adeyemi M. O 

Volume 3, Issue 3, 2025 523 

 

Figure 4: Effect of Contact rate of subsceptibe individual with Reservoir on the 

infected Population 

 

Figure 5. Effect of Contact rate of subsceptibe individual with Reservior on the 

Treated  Population 



Ayanrinola O. W, Odebiyi O. A, Ogidiolu O. M, Fagbemiro O, Ogidiolu O. O, Adeyemi M. O 

 Mikailalsys Journal of Mathematics and Statistics 524 

 

Figure 6. Effect ofrecruitment rate of germs on the Reservior Population 

 

Figure 7. Effect of Contact rate of recruitment rate of germs on the Treated 
Population 
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Figure 8. Effect of the rate of movement from infected population to 

Treatment(Hospitalize) on the Treated Population. 

 

Discussions of the results 

From equation (13), the numerical value of the basic reproduction number of this model is 

lesser than unity, as carried out with the help of maple ssoftware application, this indicates 

that, the infection will die out from the society with time. 

The stabilty ananlysis of the model considered is locally asymptotically stable, since all the 

Eigenvalues are negative. 

From table 2: the sensitivity analysis of the model, we can deduce that only the parameter

1
  has the most positive influence on the basic reproduction number. Increase of this 

parameter will lead to increase in the value of 0R while keeping other parameters constant 

and in the same way leading to an increase of the spread of Cryptosporidiosis among the 

susceptible population.  
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Figure 2: Effect of Contact rate of subsceptibe individual with infected individual ( )
1

 on 

the infected Population, this indicates that, as contacts rate increases the infection increases 

in the population, more awareness is needed to reduce the infection most especially by the 

health worker on the proper need of personal protective equipment before treatment is 

administered to the infected individuals.  

Figure 3: Effect of Contact rate of subsceptibe individual with Reservoir ( )
2

  on the 

Treated Population, it was estabished that the germs can be contacted by other means 

(Reservior) such as contaminated water and swuiming pool apart from infected person, as 

this contact rate increases, the infection also increases. The quality of treatment 

administered reduces the treated population as clearly observed on the graph. 

Figure 4: Effect of Contact rate of subsceptibe individual with Reservoir ( )
2

  on the 

infected Population. As the contact rate increases, the infection also increases within the 

population. Good sensitization must be put in place on varrious ways of maintaining 

hygienic environment and treatment of water body such as (swiming pool, pipe born water 

supply for human consumption) is highly essential. 

Figure 5: Effect of Contact rate of subsceptibe individual with Reservior ( )
2

  on the 

Treated Population: As contact rate increases, infection also increases indicating that more 

people are subjected to treatment 

Figure 6: Effect of recruitment rate of cryptosporodiosis ( )
2

  on the Reservior 

Population: As the germs reproduces within the environment, if not combated by 

sanitization and fumigation, the environment might be contaminated with germs and most 

especially moistly areas as illustrated in the figure.  

Figure 7: Effect of recruitment rate of germs ( )
2

  on the Treated Population: As the 

germs reproduces within the environment, more infection will likely spread and thereby 

increases the population of treated people as illustrated in the figure. 

Figure 8: Effect of the rate of movement of infected to the Treated Population, the more 

people are infected, the more hospital become congested, and posses more risk to health 

workers if appropriate control measures are  not quickly put in place. 
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Conclusion and recommendations 

Mathematical analysis of cryptosporidium outbreak is a research undertaken purposely to 

suggest a likely solution to combat the spread of the infection. The followings are thereby 

recommended to:  

1. create an awareness campaign on the spread of the infection on the need to wash 

hands thoroughly with soap and warm water before preparing and eating food after 

handling raw food and after going to the toilet or changing a baby’s nappy, feeding, 

grooming or playing with pets and other animals.  

2. sensitize general public on the need not to drink untreated water and to sound the 

note of warning not use ice or drinking water in countries where the water supply 

might be unsafe  

3. always wash or peel fruits and vegetables before eating them. 

4. sensitize people on the need not to go for swimming if have diarrhea, then If 

anyone have had cryptosporidiosis, it is not advisable to go for swimming until you 

have been cleared of diarrhea for at least two weeks.  

5.  avoid swallowing water in lakes and swimming pools. 

6. pay special attention to hygiene during farm visits, washing hands after making any 

contact with animals in the farm, and eat only in designated areas.  

7. cryptosporidiosis is highly infectious so there is need to scrupulously clean the toilet 

seats, toilet bowls, flush handles, taps and wash hand basins after use with 

disinfectants.  

8. make sure all members of household wash their hands thoroughly with soap and 

hot water after going to the toilet and after handling soiled clothing or bedding and 

avoid sharing towel and clothing and ensure that all soiled clothes and linen are 

properly washed.  
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