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Abstract

This study introduces the Poisson Hamza Distribution (PHD), a novel
probability distribution developed from the classical Poisson framework to
address limitations in modeling count data. While the Poisson distribution is a
standard tool for modeling rare events, its inherent assumptions, particularly
equidispersion, limit its applicability in complex, real-world contexts. The PHD
introduces enhanced modeling flexibility by accommodating overdispersion,
thereby extending the utility of Poisson-based models. A comprehensive
mathematical formulation of the PHD is presented, along with derivations of
its key statistical properties, including moments, variance, standard deviation,
skewness, and kurtosis. Theoretical validation is supported by empirical
analysis, demonstrating the distribution’s robustness and practical relevance.
These contributions offer a valuable extension to existing statistical
methodologies and provide researchers and practitioners with an alternative
model for analyzing overdispersed count data.
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Introduction

The development of new probability distributions continues to be a vital area of research in
statistical theory and applications, particularly for modeling complex real-world phenomena
that existing distributions cannot adequately capture. The Poisson distribution expresses
the probability of a given number of events occurring in a fixed interval of time if these
events occur with a known constant mean rate and independently of the time since the last
event (Wikipedia, 2024). While the classical Poisson distribution has proven invaluable for
modeling rare events and count data, its restrictive assumptions often limit its applicability

in contemporary statistical modeling scenarios.

Recent advances in probability theory have focused on extending classical distributions to
accommodate more flexible modeling requirements. Extensions of distribution families
offer more flexible tools for analyzing a wider variety of data due to their theoretical
properties (Chaisee, Khamkong & Paksaranuwat, 2024). This trend reflects the growing
need for statistical models that can handle overdispersion, zero-inflation, and other

complex characteristics commonly observed in modern datasets.

The wvalidity of probability distributions is a critical aspect of statistical modeling, as it
determines how well a given distribution can accurately represent real-world phenomena.
Validity can be assessed through various methods, including goodness-of-fit tests, graphical

analysis, and empirical validation against observed data (Massey, 1951; Kolmogorov, 1933).

The proposed Poisson Hamza distribution represents a novel extension of the classical
Poisson framework, designed to address specific limitations in existing count data models.
This new distribution aims to provide enhanced flexibility while maintaining mathematical
tractability and interpretability. This study contributes to the statistical literature by: (1)
providing a rigorous mathematical derivation of the Poisson Hamza distribution, (2)
establishing its fundamental statistical properties including moments, variance, standard

deviation kurtosis, and skewness.

Derivation of Poisson Hamza Distribution (PHD)

The Probability mass function (pmf) of Poisson distribution is given by:

/Ix -2
fx12)="= x=1,2,3,.. A>0 (1)
X
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Probability density function of Hamza Distribution proposed by Aijaz, Muzamil, Qurat
and Rajnee (2020) is given by:

6
f(x;a,0)=ﬁ(a+%x6je_gx X>0, 0>O, a>0 (2)
oo +

If the parameter A follows Hamza Distribution, then,

6
f(ﬂ;a,9)=ﬁ[a+gﬂéje_m 2«>0, 9>0, a>0 (3)
ot +

PHD can be derived as follows
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Equation (5) give the pmf of Poisson Hamza Distribution
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Figure 1: Pmf plot for Poisson Hamza distribution
Figure 1 shows the plots of the probability mass function p(x) for a discrete distribution
with parameter a=1 and varying 6. In all cases, the distribution is U-shaped: the probability
is highest at the smallest and largest values of x, and lowest in the middle. When 6 > 1 (top-
left and bottom-right), the right tail (large x) is more pronounced, so higher values
of x have greater probability. When 6 < 1 (top-right and bottom-left), the left tail (small x)
is more pronounced, so lower values of x have greater probability. As fincreases, the
probability shifts toward higher xx; as 0 decreases, it shifts toward lower x. This
demonstrates how ¢ controls the skewness and spread of the distribution, with the U-shape

remaining consistent across all parameter settings
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Validity of Poisson Hamza Distribution

To show that
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Therefore, Poisson Hamza distribution is a valid pmf

Conclusion

The Poisson Hamza Distribution (PHD) introduces a noteworthy development in the field
of probability distributions by offering a versatile and mathematically robust alternative to
the traditional Poisson model. This research rigorously derives and validates the PHD,
demonstrating its suitability for modeling count data, especially in situations where

overdispersion is present.
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