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Abstract

This paper introduces a novel class of Ciric-type contraction operators within
the framework of complete metric-like spaces. The study establishes sufficient
conditions under which fixed points exist for such mappings, expanding the
theoretical foundation of fixed point theory. A carefully constructed, non-
trivial comparative example is provided to illustrate the broader applicability
and generality of the main result. Furthermore, several corollaries are derived,
demonstrating that the proposed theorem not only encompasses but also
unifies numerous existing fixed point theorems associated with Ciric-type
contractions. The findings contribute to a deeper understanding of generalized
contractive mappings and offer potential applications in related mathematical
and applied contexts.
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Introduction

Fixed point theory is a branch of mathematics that deals with the study of functions that
have points which remain invariant under those functions. In other words, a fixed point of
a function is a point that is mapped to itself. It is expressed mathematically as: f(x) = x.
One of the most famous results in fixed point theory is the Banach [4] fixed point theorem,
which guarantees the existence and uniqueness of a fixed point for a contraction mapping
on a complete metric space. This theorem has wide-ranging applications in differential
equations, optimization problems, and dynamic systems. Since then, many other
researchers have extended and generalized the Banach contraction principle in different

ways. One is the formulation of new and more general contraction conditions (see e.g. [5,

9, 10)).

In another direction, the study of fixed point theorems has been extended to a variety of
settings beyond the original context of metric and partial metric spaces leading to new and
interesting results, by weakening the axioms of metric spaces. In 2012, Amini-Harandi [1]
proposed the notion of metric-like space by relaxing axiom of non-negativity and small
self-distances in partial metric space. Many other researchers have established fixed point
results in this direction (see, e.g. [3, 7] ). It is noted from the review of existing literature
that little or no work has been done on C’iri’c-type contraction operator in the context of

metric-like space. Hence, motivated by the idea in [6] and [8], we introduce in this

>
manuscripts, a new concept of C’iri’c-type contraction operator in metric-like space and
investigate the existence and uniqueness of fixed points of such operators. Substantial
examples are presented to verify our proposed idea and compare them with other
corresponding results. A few corollaries which collapse our new concepts to other famous
idea in the literature have been presented and analyzed. Our proposed ideas herein extend
the results of [6,8] and some references therein from complete metric space to o-complete
metric-like space. The paper is organized as follows: Section 1 presents the introduction
and review of the related literature. In Section 2, the fundamental concepts needed in the

sequel are collated. The main findings of the paper are discussed in Section 3 and Section 4

establishes some consequences of our acquired fixed point results.
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Preliminaries

Throughout this work, we denote X as a non-empty set and | ', ¥

respectively as the set of positive real numbers and set the of natural numbers.

Definition 2.1. [1] A mapping o: X xX — | " is referred to as an ML on X if

for anyr,s,t € X, the following conditions hold:
(1) o(xy)=0=x=Yy;
(02) a(x,y)=0a(y,%);
(63) o(x,2) <o(x,y)+o(y,2z).
The pair, (X, o) is referred to as an MLS (metric-like space).

Definition 2.2. [1] In an MLS, a sequence {X,},.; is said to converge to an

element r e X if o(x,X) = lim o(x,, X).
n—w

Definition 2.3. [1] In an MLS, a sequence {X,},.; asserts to be a o -Cauchy

sequence if lim o(X,,X,) exists and non-infinite.
n,m—oo

The MLS (X,0) is complete if, for every o - Cauchy sequence {X,},.y, there
is an element X € X so that limo(x,,x) = lim o(x,,X,,).
n—ow n,m—o

2, ifx=y=0;

Example 2.4 [1] Let X ={0,1} and o(X,y) :{1 otherwise

Then (X,0)is a metric-like space, but since 0'(0, 0)(13 G(O, 1) , then (X,0) is

not a partial metric space.

Definition 2.5. [6] LetF :X — X be a self mapping on a metric space (X, d).
Then, Fis called a generalized C’iric’-type contraction mapping if it satisfies the

following condition:

d(Fx, Fy) <A(K(x,Y,))
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forall X, y € X, where 1€(0, 1)and

d(x,y),d(x Fx),d(y, Fy),

K(Xx,vy)=
I L Fy) vy, o

Lemma 2.6. [2]. Let (X, O') be a metric-like space and let {X”}neN be a sequence in

X such that if {Xn} is not a o-Cauchy sequence in (X, O'). Then, there exists

neN

0 > Oand two sub-sequences {Xm(k)}k \ and {Xn(k)}k \ of {Xn}neN , where n, m are
€ €

positive integers with n(k) > m(k) > k such that

U(Xm(k) ’ Xn(k)) 20 2.1)
and
U(Xm(k)_u xn(k)) <O. (2.2)

Moreover, suppose that

limo(X,,X,,;) =0.
n—w

Then, the following hold:
@ llﬂl T (X Xngy) = O
(2) I'(!ll O-(Xm(k) ' Xn(k)+1) =0
3 I'('_[Q T Xy r Xagey) = O
(4) II(Ln;‘O O-(Xm(k)—ll Xn(k+1)) =0.

Ishak et al [8] obtained the following result in the context of partial metric space.

Definition 2.7. [8]. Let F : X — X be a self mapping on a partial metric space

(X, ,0). Then, Fis called a generalized contraction mapping if it satisfies the

following condition:
p(Fx Fy) < a(W(xy))

forall X, y€ X , where A€ (O, l)and

Volume 3, Issue 2, 2025 461
- — " |



Rhoda Chiroma & Ezra Emmanuel Tanto

p(X,Y), p(X, Fx), p(y, Fy),
W(x,y)=maxy 1
E[p(x, Fy)+ p(y, FX)]

The main result of [8] is as follows.

Theorem 2.8. [8]. Let X be a complete metric space. If Fis a generalized

contraction,

then there exists a unique Z € X such thatz = Tz.

Main Results

In this section, we introduce the concept of C’iri’c-type contraction operator in the
framework of metric-like space and examine the conditions for the existence of a fixed

point of such operator.

Definition 3.1 Let (X, 0') be a metric-like space. A mapping T: X — Xis called a

Ciri¢-type contraction operator, if it satisfies the following conditions:
o(Tx,Tx) + o(TxTy) < w (M(xy)) 3.1)

forall X, y 0 X, where ¥ 0 ¥ and

o(x,x)+ o(x,y), o(y,y)+ o(x,y) + a(y, Ty).} 52

M(x.y) = max { %[a(x, x)+ o(x,Ty)+ o(y,Tx)]
The following is the main result of this paper.

Theorem 3.2 Let (X, o) be a o -complete metric-like space. If T is a Cirié-type
contraction operator, then there exists a unique U 0 X u € X such that U = Tu.

Proof. Starting from an arbitrary pointX = X,0 X , we will, construct a recursive sequence

{Xn }ni)¥ in the following manner:

X, = TX, ,, forall n 0¥

n-1»
It is observed that if X, = X _, = TX ; for some N O¥ then X, is a fixed point of T and the

proof is finished. Hence, we assume that X, # X, for alln 0¥ . By replacingX = X, _; and

Yy = X,in equation (3.2) we obtain
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G(Xn—l,xn—l) + O-(Xn—llxn): O_(Xn! Xn) + J(an Txn)»]

M (X, X,) =max
Uz %) { {0 (e, Knes) + 0kns T0) + 0GP

G(Xn—l,xn—i) + G(Xn—l:xn): J(Xn: Xn) + J(Xnvxn+1)J} (3 3)

=Mmax
{ %[G(Xn—l,xn—l) + J(Xn—l,xn+1) + J(Xn» Xn)]

We observe that

1
E [U(Xn—l,xn—l) + U(Xn—l,xn+l) + G(anxn)‘

1
= 2 [U(Xn—l,xn—I) + G(Xn—l,xn) + G(Xn,xn+1) + 0 (Xn, Xn)

< max{o(Xy-1Xn-1) + 0(Xn_1.Xn), (X, %) + 0 (Xp Xn41) -

Hence (3.3) becomes

M(Xp-1%p) = max { 0(Xp-1Xn-1) + 0(XXn-1%Xn), 0 (Xn, Xp) + (X1 Xn41)}
Consequently (3.1) gives

(% X,) + 0(%. %) = o (T, TX ) + o (T, TX,)

< w(M(X,_,X). (3.4)
1f,
(X, 4, X 4) + o(X, 1, X)) <o(X,X,) + (X,,X,,1)
for some positive integer N, then it follows from (3.4) that
o(X,, X,) + o(X,,X.,,) < v (6(X,,X,) + o(X., X))

< O-(Xnixn) + O-(Xnixn+1)

which is a contradiction.

Therefore,
(X, X,) + (X %;1) SO_<Xn—1,xn—1) + O-(Xn—l,xn) (3.5)
forn=1,2,3, ...
Hence,
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M(X”—l’ Xﬂ) = U(Xn—l’xn—l) + G(Xn—l’ Xn)'

From (3.4) we have
(%, %) + (% Xo1) <y (X1 Xos) + (X0 %)) (3.6)

It follows from (3.5) that the sequence {O'(Xn, Xn) + O'(X X )} is bounded below and

n, *n+l

non-increasing. Therefore, O'(Xn, Xn) + O'(X X )) — nasN —©, for some 7 = 0.

n,*n+l

Ifn > 0, then taking limitas N —> 00 in (3.6) and using the continuity of i, we see that
n<w(n) <n,

which is a contradiction. Thus lim(a(X,, X,)) =lim(a(x,, X,,;)) =0, from which we have

Iim(a(xn,xn))=!il?o(0(xn,xn+n))=0 3.7)

N
Now, we prove that the sequence {Xn}n€¥ is Cauchy. Assume that {Xn}ne¥ is not Cauchy.
Then by Lemma 2.6, there exists 0 > Oand subsequences {Xn (k)}k€¥ and {Xn (k)}ke¥ of
{x,}._, such that (2.1) and (2.2) hold.

From (3.2), we have

0 (Xnw), Xn)) + 9 (Eng), Xma),)s
M (Xn(k)’ Xm(k)) = max O-(xm(k), xm(k)) + U(xm(k), Txm(k),):
310 Cengo, Xnao) + (X0, TEma,) + 0 (maae, Txngi0,)]

7 (Xn(k), Xn() + 0 (Xnwo, Xmao,):
= max T(Xm), ¥m@) + 0 (Xma), Xmo+1.)s 3.3)

1
S0 (xng0, %) + (g, Xmao1,) + 0 (Xmi), Xno41,)]
As K — o0in (3.8) applying Lemma 2.1 and using equation (3.7) yield

lim M (xnq0), Xme),) = € (3.9)

n—oo
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From (3.1), we have
O-(Xn(k)+l'xn(k)+l) + O-(Xn(k)+l’xm(k)+1) < 4 (M (Xn(k),xm(k))) (310)

Letting K — o0in (3.10) and using Lemma 2.1, the continuity of ¥ and by using equations
(3.7) and (3.9), we obtain0 < W (6) < 0, a contradiction. Therefore, {Xn}ne¥ is a Cauchy
sequence. The completeness of X implies that there exists U € X .

Now, from (3.2), we obtain

o(xp, ) + 0(xn, w), o(u,uw) + o(y, Tu)}

M (x,u) = max{ %[a(xm x,) + a(x, Tw),+o(u,Tx, )]

a(xn, xn) + cr(xn, u), o(u,u) + oy, Tu),
= max{ 1 )
o (xn, %) + 0, Tw), + oW, xp41)]
From which we have

o(u,u),o(u,u )+ o(u, Tu),

lim M = 1
o (xn,u) max E[a(u,u )+ o(u, Tu)]

= o(u, u) + o(u, Tu) (3.11)
Therefore, from (3.1), we have
(X1, X)) + (X, Tu) = o(Tx,,Tx,) + o(Tx,,Tu) (3.12)

Letting N — o0in (3.12) and employing the continuity of ¥ and using equations (3.11) we

have

o(u, u) + o(u, Tu) < y(o(uu) + o(u, Tu))

< o(u,u) + o(u, Tu) (3.13)
a contradiction and hence, o (U,u) + o(u,Tu) = 0. Therefore, o(u,u) = 0 and
u=Tu.

To show that the fixed point of T is unique, suppose that Vis another fixed point of T

with X = Uandy = V.Then,V = Tu.Now, using (3.1), we have

o(u, u) + o(v,u)= o(Tu,Tu) + o(Tu,Tv)
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< y(M(uv))
= y(o(uu) +o(v,u)) < o(uu) + o(v.u),

a contradiction and hence,a(u,u) + O'(U,V) = 0. Consequently

u=Vv.

Example 3.3. Let X = R"and O-(X’ y) "X T Y pran % Y E X . Then obviously, &

. - X, o) . . . .
is a metric-like on X and ( ' ) is complete. Also, 9 is not a mettic on X | since

oLl =2= 0. Define the self-map T X = XpyTX :X4, for allX€ X 1In

order to verify the property of T being a generalized C’iric’-type contraction operator;
1

() = 2 X %y
consider If , then

o(Tx, Tx) + o(Tx, Ty)

LS 4
4 4 4

X
4
3_x
4
3X
<_
2

+Y
4
+J
2
:%(3x+ y)

=%(x+x+x+ y)

=y (o(x,x)+o(xy))
=y (max{M (x, y)}).

Consequently, all the hypotheses of Theorem 3.2 are satistied. Thus, We conclude that the
mapping T has a unique fixed point in X. However, since o does not constitute a metric or
partial metric on X, the corresponding results in [6,8] are inapplicable in this instance for

determining a fixed point of T.

In what follows, we present some consequences of Theorem 3.2

Corollary 3.4 Let (X, G) be a o -complete metric-like space.

Suppose that the self-mapping T satisfies the following condition:
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o(TxTx) + o(TxTy) < w(o(xXx) + o(xY)),
forallx,y 0 X , whereyy 0 W. Then, there exists a unique U 0 X such that U = Tu.

Proof. By taking the max :(O'(X, X) + O'(X, y)) , Theorem 3.2 can be applied to find a
unique U 0 X such thatu = Tu.
Corollary 3.5 Let (X, 0') be a o -complete metric-like space. Suppose that the self-

mapping T satisfies the following conditions:

o(Tx,Tx) + o(Tx,Ty)

< A (max{o (x,x) + o(xTx), o(y.y) + o(y.Ty)}),
forallx,y 0 X , where X € (0,1). Then, thete exists a unique U 0 X such thatu = Tu.

Proof. By defining :[0,00) >[0,00) as w/(t) <At, for all £ > 0 and 1 € (0,1), Theorem

3.2 can be applied to find a unique U 0 X such thatu = Tu.

Corollary 3.5 Let (X, O') be a o -complete metric-like space. Suppose that the self-

mapping T satisfies the following conditions:

o(Tx,Tx) + o(TxTy) < 2 (max{M (x,y)})

for allx,y 0 X , where A € (0,1) and M (X, y)is the same as in Definition 3.1. Then, there
exists a unique U O X such thatu = Tu.

Proof. Put ¥ = A in Theorem 3.2.

Conclusion

Recent years have been seen significant advancements in fixed point theory, particularly in
the study of self mappings on metric spaces. Amini-Harandi generalized the concept of
metric spaces by introducing metric-like spaces and establishing related fixed point results.
This paper introduces C’iri’c-type contraction operators within the framework of metric-
like spaces and investigates conditions for the existence of fixed points for such mappings.

Non-trivial examples illustrate the generality of the proposed ideas. Moreover, several
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corollaries highlight the applicability of these results to various existing fixed point

theorems.
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