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Abstract

In this paper, a fourteen (14) non-linear compartmental model is presented to
study the transmission dynamics of Malaria/Cholera co-infection in a
population at any point in time. The model is rigorously analyzed to gain
insight into the dynamical features of Malaria/Cholera co-infection in order to
know the effect of each control and which of the diseases should be treated
before the other when all the controls are to be implemented. Optimal control
analysis was carried out with different control strategies, Malaria Prevention

(Mosquitoes treated bed net (ul)), Malaria Treatment (UZ), Malaria-Cholera
Prevention (u3), Cholera Prevention (u4), Cholera Treatment (us) and

Boosting of Immune System (uﬁ) were introduced as the control strategy for
the spread of Malaria-Cholera Co-infection and also, optimal control theory is
applied to give an optimality system which we used to minimize the number of
infected individuals and propose the most suitable control strategy for the
spread of malaria/cholera co-infection. It is shown that the model has a
diseases free equilibrium which is globally asymptotically stable (GAS). Also,
there exists a unique endemic equilibrium point which is locally stable
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(R, < 1)

unstable whenever the associated threshold quantity exceeds unity i.e

whenever the associated threshold is less than unity i.e and become

(R, > 1:]. It was also shown that there exists a solution for the optimality
system.  Numerical Simulation was performed wusing Differential
Transformation Method (DTM). From the result, it was observed that the
prevention control and treatment control strategies were more efficient in
reducing the number of malaria/cholera infected individuals as compared to
other control strategies.

Keywords: Malaria, Cholera, Reproduction Number, Optimal Control, Stability,
Malaria/Cholera Co-infection

Introduction

One of the most dangerous infectious diseases is malaria, which is mostly brought on by
plasmodium parasites. In 104 countries, about 3.3 billion people, or half of the wotld's
population, are at risk of contracting malaria (Tumwiine ez a/, 2014; WHO, 2013a).
According to estimates, the infection affects between 300 and 500 million people of all ages

each year and between 1.5 and 2.7 million of those people pass away from it (Mahalanabis
et al., 2008).

Malaria disease is spread widely across tropical and subtropical regions, which includes
Africa, Despite being preventable and curable, malaria has long been an endemic disease in
Nigeria. One major barrier to the management of malaria in Nigeria is treatment failure
(Zuckerman et al., 2007). (Zuckerman et al., 2007) state that one of the main causes of
malaria treatment failure in Nigeria is non-compliance with medication. Malaria treatment
failures have been linked to parasite resistance or insufficient dosages (Yusuf e# a/., 2005).
Another significant obstacle to the control of malaria is drug resistance to antimalarials

(Tumwiine et al., 2014).

The disease remains one of the most deadly diseases across the globe, it is caused by
infection with single-celled (Protozoans) parasite of genus Plasmodinm which is

characterized by Vomiting, fever, chills, pain and headache (WHO, 2013b).

Malaria can be cured and prevented within 48 hours; it causes total complication if not
treated on time. This deadly disease can be prevented by the use of spraying with residual

insecticides and treated bed nets particularly the malaria caused by the Plasmodium falciparum
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is normally treated with Arteminisinin-based Combination Therapy (ACT) (Adewale et al,
2017a).

Cholera is an infectious disease that spreads quickly and causes severe vomiting, watery
diarrhea, and leg pain. It is primarily transmitted through contaminated food or drinking
water. As of 2010, there were an estimated 3-5 million cases of cholera wotldwide and
100,000—-130,000 deaths from the disease. The incubation period for cholera ranges from a
few hours to five days (WHO, 2012).

In many developing nations, cholera, a deadly water-borne infectious disease caused by the
vibrio cholera bacterium, becomes a major issue as a result of inadequate access to clean
drinking water supplies, improper reservoir treatment, and inadequate sanitation.
According to WHO data from 2012, there were 245, 393 cases of cholera worldwide in 48

countries, with 67% of those cases occurring in African nations (WHO, 2011).

The bacteria called 17brio cholerae is a highly virulent cause of severe diarrheal infections of
the small intestine. Those who are untreated suffer greatly from frequent, watery diarrhea
and vomiting. It is transmitted by consuming food or water contaminated with the virus
called wibrio cholerae. The individuals with this virus can quickly result in electrolyte
imbalance and dehydration if not treated in time and can be fatal (Castillo-Chavez ez af,
2002; Chitnis ez al., 2006; Wurtz et al., 2012). The spread of cholera is directly related to poor
access to sanitary facilities and clean water. Peri-urban slums and camps for internally
displaced people or refugees are examples of typical at-risk places where basic needs like
clean water and sanitation are not being provided. Multiple interactions between the
pathogen, the human host, and the environment are involved in the dynamics of cholera,
and these interactions comprise both direct and indirect channels of transmission from the

environment to humans (Wurtz e a/,, 2012).

In the early part of 20" century, a virus that attacks bacterial cells and cause bacteria to be
destroyed called Bacteriophage was applied as the prophylaxis and treatment of cholera
disease before the use of antibiotics. In the recent time, much attention has been given on
the use of bacteriophages as an alternative method for treating infections or as an
antibiotic, because some specific phages can be used to control or attack specific bacteria
which are likely to be resistance to them. However there has been controversy about the
effectiveness of the bacteriophages in treating cholera disease (Politzer, 1995; Sarkar, 2002;
Shaima ez al., 2024; Sulyman ez al., 2014).
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Classical control strategy for the spread of cholera disease is attributed to improvement in
food/personal hygiene, safer water treatment and sanitation system. Another means of
cholera control is the giving of vaccine, but so far the effective vaccine to be used for the
control is still under processed (Magambedze, ¢ a/., 2011; Ochoche, 2013; Saymov, 1963;
Seidlein, 2007).

However, some works have been done in order to investigate the transmission dynamics of
Malaria with cholera co-infection. Tumwiine e¢f al, 2014, Developed and analyze a
mathematical model for the control of cholera in Nigeria with modifications as compared
to previous cholera models. In their model was incorporated treatment, water hygiene and
environmental sanitation in curtailing the disease. The model studied shows that with
proper combination of control measures the spread of cholera could be reduced.
Numerical simulation of the full model using maple shows clearly that improvement in
treatment, water hygiene and the environmental sanitation offered to about fifty percent is
effective to eradicate cholera epidemic. Shaima e 4/, 2024 developed a compartmental
model for the transmission of the co-infection of cholera and malaria and was analyzed, a
set of seven variables’ controlling strategies, ranging from vector control to water sanitation
and treatment, were added to the model; and their effect have been studied using the
optimal control technique. Numerical simulations show the impact of these controlling
strategies on the reduction of the new infections in humans and vectors as well as the
reduction of the Cholera vibrio concentration in the environment. The numerical results
show that the most cost-effective controlling strategy in reducing the number of new

infection is the vector control strategy.

Mathematical model formulation
A non-linear mathematical model is formulated and analyzed to study the sensitivity of
parameters involved in the basic reproduction number (R,) on the dynamical spread of

Malaria/Cholera Co-infection. In modeling the dynamics, the total homogeneously mixing

population at time t, denoted by N(t) is divided into compartments of susceptible
individuals S, (t), exposed malaria individuals E,, (t), infected malaria individuals I, (t),
recovered malatia individuals R,, (t), exposed malaria/cholera individuals E,(t),

infected malaria/cholera individuals 1,,c(t), recovered malaria/cholera individuals
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Ryc(t), exposed cholera individuals E(t), infected cholera individuals 1.(t),

recovered cholera individuals R.(t). So that
N,=S,+E, +1y +Ry +Eyc + lye +Rye + Ec +1¢ +R;. 2.1)

The total vector population denoted by N, is sub-divided into susceptible mosquito

S, (t) , Exposed mosquito to malaria parasite E, (t) , infected mosquito with malaria

parasite |, (t). Thus
N, =S, +E, +1, 2.2

The model is given by the following system of ordinary differential equations with the flow
diagram given in fig 1.

Sh =7, = S — AcSp = AucSh — Sy + Ry + AR + YRy

Ei/l =& Ay Sy — (y + 14)Ey —7,Ey,

Iy =@Q-¢&)A,S, +Kk, Ey — (2, + 1+, + 1)1,

R:/l =0,Ey + 7,0y 11y =@+ )Ry + 7= )¢

Eve = &sueSh = (Kye + 4y + Oye )Ene

lic = L= &5) e S + KucEne = (74 + tty +Syc + )l (233)

Ruc = 00l ye + 74l ye = W + 41,)Ryc

Ec = &,4cS, — (k¢ + #)Ec

le = (1—&,)AcS, +xcEc —(ty + 11, +6:)1¢

Re =75lc —(@+ 11, )Re + (L= 7)(A- p)N e

Be = 9B¢ +a(lg +75lyc) - #,Bc

Sy =m = A4Sy — 1S,

Eé =ASy —(oy + 4 )E,

ly=0,E, -1y
The Susceptible Population is increased by the recruitment of individuals (either by birth or
immigration) into the population at the rate 77, . The Population decreases by natural death

rate M, and both singly and dually-infected transmission individuals which later increase by
both singly and dually-recovered individuals due to loss of immunity at the rates @, @ and

y . Both singly and dually-infected individuals transmit either malaria or cholera infection
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as follows (note that we split the disease transmission process into those generated by

singly-infected and dually-infected individuals to make the formulation easier to follow).
Susceptible individuals acquire Malaria infection following effective contact with malaria
infected mosquitoes (via their bites) which is actually the |, class the at the rate 4,, given
by

_ Bual

A
M N,

2.4

Where f,, is the probability of transmission from mosquito to human, provided that there

is a contact between the mosquito and the human. “a” is the number of mosquito bites that

one person has per unit time.

_ By (Ey +mly)

A
Nh

(2.5)

Where f, are the effective contact rates of Malaria from vector to human and from
human to vector.

Similarly, Susceptible individuals acquire Cholera infection from individuals with Cholera

only i.e (E¢, 77,1 and 7,B. ) Classes at a rate A given by

:,Bc(Ec +17,lc +77,B¢ )
N,

Ao 2.6)

Where f,the effective contact is rate of Cholera, 77,and 77;are the modification

parameters.

Dually-infected individuals are assumed capable of transmitting either Malaria or

Cholera, but not the mixed infection, then the transmission rate is Assumed to be

_ Buc(Epe 1741 yc )
N,

e 2.7)

Where B, is the effective Contact rate of Malaria-Cholera.

Then,
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A0S, RS, Sy~ S, + Ry R HUR 29

A fraction &, of the newly infected individuals with high immunity are assumed to show
no disease symptoms initially. These individuals are moved to the exposed class. The
remaining fraction (1-¢&;) of the newly infected individuals with very low immunity are
assumed to displayed disease symptoms and are moved to Malaria infected class (I,,). The
population of exposed class is decreased by the progression exposed malaria individual to
infected malaria at the rate (k) and also reduced by natural death rate (g,) and finally
decreased by the treatment of exposed malaria individuals at the rate (7, ). Thus,

dE,,
dt

= Ay S, — (K + 1,)Ey —7,Ey (2.9)

The population of infected malaria individuals is increased by the infection due to low
immunity at the rate ((1-&,) 4y, ) and the progression of exposed malaria individuals at the
rate (K ). The population is decreased by the treatment of infected malaria individuals at
the rate (7,), the recovered malaria individuals at the rate (), the disease induced death at
the rate (J), ) and the natural death of malaria at the rate ( 4,,). Thus,

dl,,
dt

={1-&)AyS, +xyEy — (7, + 1+, + 1)1y, (2.10)

The population of Recovered malaria individuals is increased by the treatment of exposed

malaria individuals at the rate (7,), the treatment of infected malaria individuals at the rate (
7,) and the recovery rate of infected malaria individuals by (r). This population is
decreased by loss of immunity of an individuals at the rate (@) and the natural death rate
M, . This population is further increased by the fraction of an individuals who recovered of
malaria only at the rate y(1— p)@. Thus,

dR,,
dt

=7,Ey +7,1y, +1ly, = (@ +1,)Ry, +71=p)A ¢ (2.11)

The population of Malaria infected Cholera is increased by infection which can be

acquired by following effective contact rate with infectious individuals in the dually
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Exposed Malaria -Cholera (Evc) and dually Infected Malaria — Cholera (77,1 c)

categories at a rate

:ﬁMC(EMC +14 e )
N,

Aye 2.12)

Where Ay represents the force of infection for Malaria-Cholera co-infection.

The population of dually Exposed Malaria — Cholera is increased by the fraction &;0f
newly infected individuals high immunity are moved to the dually Exposed Malaria —
Cholera Population. The remaining fraction (1-&;) of the newly infected individuals are
assumed to displayed disease symptoms with low immunity and are moved to dually
Infected Malaria- Cholera (I ) population. The population of dually Exposed Malaria —
Cholera is decreased by the progression of dually Exposed Malaria — Cholera at the rate (

Kyc ), the natural death rate (£4,) and the induced death rate of dually Exposed Malaria —

Cholera (O ). Thus,

dE,,c

at = &3y S — (K + 4y +0yc) Eye (2.13)
The population of dually Infected Malaria -cholera is increased by the infection due low

immunity of an individual at the rate ((1-&;) Ayc) and the progression of dually Exposed

Malaria-cholera individuals at the rate (K¢ ).

The population is decreased by the treatment of dually Infected Malaria — Cholera
individuals at the rate (7,), the natural death rate (4,), dually Infected Malaria-Cholera
Induced death rate (O ) and the fraction of an individuals who recovered fully from both

diseases at the rate (). Thus,

dl

MC _

at (1- &) e S + Ky Ene = (74 + 1y + Sye +0)lye (2.14)

The population of dually Recovered Malaria - Cholera is increased by individual who

recovered from both diseases at the rate (fp) and the treatment of dually Infected Malaria-
Cholera individuals at the rate (7,). The population is decreased by loss of immunity of an

individuals at the rate () and the natural death rate (). Thus,
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dRyc
dt

=00l e +74lye =W+ 24) Roye (2.15)

A fraction &, of the newly infected individuals are due to high immunity of an individual
are assumed to show no disease symptoms initially. These individuals are moved to the
exposed Cholera population. The remaining fraction (1-g,) of the newly infected

individuals are assumed to displayed disease symptoms due to their low immunity are
moved to the infected population. The population of exposed Cholera individuals is

decreased by the progression of exposed Cholera individuals to the infected Cholera at the

rate (K¢) and also reduced by natural death rate ().
Thus,

dE
d_tczgz/icsh — (ke + 1y )Ec (2.16)

The population of Infected Cholera individuals is increased by the infection of an
individual with low immunity at the rate ((1-&,)4,) and the progression of exposed
cholera individuals at the rate (K.). The population is decreased by the treatment of
infected cholera individuals at the rate (75), the natural death rate (1) and the cholera

induced death rate (9, ). Thus,

dl
d_tcz(l—gz)/ICShMcCEc—(13+,uh+5c)|c (2.17)

The population of Recovered Cholera individuals is increased by the treatment of infected
Cholera individuals at the rate (73). The population is decreased by loss of immunity of an
individuals after recovery at the rate (@) and the natural death rate (). The population
later increased by the fraction of an individuals that recovered from Cholera only at the rate

@-»)1- p)@. Thus,

dR,
dt

=75lc —(@+ 4, )Re +(1=7)(1-p )N e (2.18)

The population of the Cholera bacteria is increased by the growth rate of the bacteria (g),

ais the average contribution of each Cholera infected individuals to the aquatic

population. The bacteria population is decreased by bacteria mortality rate (£4,). Thus,
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dB,
dt

=0Bc +a(lc +75ye )= 14, B¢ (2.19)

Also, the Population Size N, (t) of Vectors (Mosquitoes) is sub-divided into Susceptible

Mosquitoes Sy, (), Exposed Mosquitoes E, (t) and Infectious Mosquitoes |, (t) . So that,
N, (t) =S, () +E, (t)+1,(t) (2:20)

Susceptible mosquitoes (S, ) are generated at a constant rate 7, (recruitment rate) and
acquire Malaria infection following effective contact with human infected with Malaria (at a
rate A,). Where the force of infection is given by

— ﬂvb(Em +771|m)
Nh

2.21)

A

Where f, is the transmission probability of infection from human to mosquito, b is the
number of human bites one mosquito has per unit time, N, is the total human population,
7, 1is the modification parameter comparing the transmissibility of infectious individuals in
relationship to exposed individual. Newly infected mosquitoes move to exposed class and
they are assumed to suffer natural death rate (44, ). Thus,

ds,
dt

=y — A Sy = iy Sy (2.22)

The exposed mosquito consists of newly infected mosquitoes and their population
decreased by progressing to infectious class at the rate (0, ) and the natural death rate (4,
). Thus,

dE,
dt

=4, Sy —(oy +w,)E, (2.23)

The infectious mosquito has those that progress from exposed class and decrease by

natural death rate (). Thus,

dl
—-=0yE, — (2.24)
dt
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Positivity of Solutions
Lemma: The closed Set

D, ={(Sy, Em» I » Rus Ene s Tue s Rue» Ec Ic’Rc)ERiOZNSﬂ} and

Hn

T
D, ={(S,,E,, l,) e R?:N <~}are positively-invariant and attracting with respect to
Hy

model (2.3).
Proof: Consider the biologically-feasible region D, and D,, we shall show that D, and D,
are positive invariance (i.e all solutions remain in D, and D, for all time t>0). The rate of

change of the total population obtained by adding all the equations in the model above is

given by

dN

E:ﬂ-h_ﬂhN_é‘MlM_§MCIMC_5CIC (2.25)
And

dN

E:ﬁv —ﬂVN _5VIV (226)

N
Therefore(jj—t< 0, whenever the subtotal population N >0 a0dN > Note that
Hp Hy

aN is bounded by 7 — 4N and a standard comparison theorem can be used to show that

N(t) < N(O)e ™ + - (1—e*). In particular, N(t) <~ ifN(0) <. Therefore, all
Hp Hp Hn

solutions of the model with initial conditions in D,and D,are positively-invariant and
attracting. In this region model can be considered as been epidemiologically and

mathematically well-posed.

Analysis of Sub-Model: Before the full model it is of important to gain insight into

dynamics of the models of Malaria only model and cholera only model.

Malaria Only Model: The model is given by
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ds
d_th:ﬁh — AnSh — 1Sy + 4R,

dE,,

at = &AnSy — (ky + 1y)Ey —7,E

dl

el (L-e)A,S, +,E, +xy 1, —(z, +r+ 0y + 1)1,

dr,,

dt =0 En + 700+ 0l — (@ + )R, (2.27)
ds

dtv =7y —ASy — Sy

dE

dtv =4Sy —(oy + 4y )E,

di
d_::O-V Ey -1y
Where

_ Pualy
A =N, (2.28)
And
Byb(E, +m:15)
Ay == : (2.29)

N

m

For this model, it can be shown that the region

D, ={(S, +E, +1, +R,)eR* :N<2"} D, ={(S, +E, +1,)eR*:N <L
Hy, Hy
Stability of the Disease Free Equilibrium (DFE)
Disease free equilibrium
For critical points, we set
ds, dg, dI, dRrR, 0
dt  dt  dt dt
ds, de, dI, dR, dS, dE, dl,
dt dt dt dt dt dt dt
At this point we assume there is no infection,
So E,=0,1,=0,R, =0,E, =0,1, =0
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A, =0and A, =0

Therefore,
E,={S,.E.,1 RS, ,E, 1, ={Z"0.0.0,7% 0,0}
Hp Hy
2.30)

Derivation of Basic Reproduction Number (R,) For Malaria Model Only

The basic reproduction number of the model (2.27) R,, is calculated by using next

generation matrix (Adeniran ef al, 2022; Adewale ez a/, 2017a; 2017b; 2016; 2015; 2017c;
Adesola ez al, 2024a; 2024b; Ajao et al, 2023; Akinwumi ef al, 2021), we have,

0 0 0 0 &Puanm, iy
Ty My,
0 0 0 0 (1-&)Buam, i
F= Ty Hy,
0 0 0 0 0
Bibpy,  B0my pm 00 0
TTh Hy Tty
0 0 00 0
K, 0 O 0 0
-xy k, O 0 0
V=|-7, ki k, O 0
0 0 0 kg 0
0 0 0 -0, u

The reproduction number is the dominant eigen values of F xV <. Thus,

_ \/,uv kK Ks B, 0By aoy, (x,me, — ke +nk, +K,é))
. Hy klk2k5

(2.31)

Where K, =&y + 4y, +7,, K, =7, +1r+9,, + 1, and k; =0, + 14,
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Local Stability of Disease Free Equilibrium for Malaria Model Only

Theorem 1: The disease free equilibrium of malaria model is locally asymptotically stable
(LAS) if R, <1 and unstable if R,, > 1.

Proof: Thus, the theorem implies the disease can be eliminated from the community. Now
to determine the local stability of E,, the following Jacobian matrix is computed
corresponding to equilibrium point E . Considering the stability of the disease free

equilibrium at the critical point (0, 0, 0, 0, 0, 0, 0). Equation (2.27), we have

— Uy 0 0 ¢ 0 0
0 —(xy+u,+1y) 0 0 0 0
0 Ky —(z,+r+0,, + 1) 0 0 0
Ju= 0 0 (z,+1) —(@+p) O 0
0 0 0 0 Sy 0
0 0 0 0 0 —(oy+u)
0 0 0 0 0 oy
2.32)
Hence |J - | =0 implies that
— Uy — A4 0 0 ¢ 0 0 0
0 -C, -4, 0 0 0 0 0
0 Ky -C, -4, 0 0 0 0
0 7 C, -C. -4, 0 0 0 =0
0 0 0 0 —Cs — 4 0 0
0 0 0 0 0 -C, -4, 0
0 0 0 0 0 oy -C, -4,
(2.33)
From (3.4.2) clearly,

/'llz—luh, ﬂ,z =—C2, 23 =—C3, 24 =_C5’ /15 =_C6’ 2’6 :_C71 2/7 =_C8

Where, C,=u,, C,=xy +u,+7, Co=1,+r+0,, +1,,C,=7,+1r,C, =9+ 11,
Ce=uy,C, =0, +1, andC; =g, . Since all the roots are real, negative and distinct,

hence the disease free equilibrium points of Malaria only model is Locally Asymptotically

Stable (LAS).
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Global Stability of Disease Free Equilibrium (Malaria)

Here, the global asymptotic stability (GAS) property of the DFE of the MALARIA model
will be explored.

Theorem 2: The disease free-equilibrium of malaria modelis globally asymptotically stable

whenever R,, <1 and unstable if R}, > 1.

Proof: It follows that S=N"—E_—1_—E, — I, at steady state. The proof is based on

using comparism theorem (Castillo-Chavez, 2002) to prove the global stability. The rate of

change of the variables representing the infected component of the system can be written

as follows.
dEm :‘9lﬂ’m(N*_Em_|m_EV_IV)_klEm
dt
di .
T =(1-¢)A, (N -E, -1 —E, -1,)+x, -k,
d‘;'_:t (2.34)
dtv =4, Sy —ksE,
dl
d_E/ZGVEV_:uVIV
D’ :{(Emylm,'Evylv)ERf:Em+|m,+Ev+|v <N}

For the model (2.27), the associated reproduction number, R,, where

_ \/,Uv kik.ks B, bBao, (i, me, —nKe +mk +K,&)
Hy k1k2 ks

M

The DFE of the malaria model given by disease free is globally asymptotically stable in D

if R, < 1.Using comparism method, we have

dE,, E, E,
dt

do'ltm | |
dEV = (F _V) - Fi
dt
dl,

dt Iv Iv
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According to (Adesola ez al., 2024b), all eigen values of the matrix (F-V) have negatives real

parts.
—k =2 0 0 glﬂmaﬂ.h/uv
1
Ty My
1—
KM _ kz _ ﬁ, 0 ( gl)ﬂma”hﬂv

7Ty =0 (2.35)

Bibrmyp,  Bbmmy p —ky— A 0

7Tn Ky TTn My
0 0 oy - U, —A

From equation (2.33), the characteristic equation is given by

A+ (1, +Kg +Kk, + kl)/ls +(kk, +kokg + Ky, + KoKy + Ky, +Kgpa, )/12 +(abn,e By B, oy
—abn, By p,o, —abe By By oy +KKou, +KKapn, +KKop, +kK Kk )A -0y, abpy B, kyme,
+oyabpy, B, ek —o,abpy, B, nk —o,abpy, B, e + u KKk,

Welet A’ =a,, A*=a,, 4 =4, and constant by a, .
Applying Routh-Hurwitz criteria of order 4; Where N=4
a, =, +k; +k, +k;

a; =kk, + KKy + ko, + KKy + Ko, + Ky,

a, = abn,& Sy pyo, —abn, By o, —abs By oy + KKy + KKy, +KKsp, +Kikok
a, = —oy,abpy, B, kyme, + oy abBy Bymek, —a,abpy, B,nk, —o,abBy B, ke + u, KKK,

n=4:a >04a,>04a,>0,a,>0
Then for a, >0 we have

—oyabBy, B, kyme, +oyabBy, Bymek, —o,abpy, B nk —o,abpy B, ke + p KKk >0

Implying that R,, < 1. According to (Castillo-Chavez, 2002; Driessche, and Watmough,
2002), all eigen values of the matrix F-V have negative real parts. It follows that the

linearized differential inequality above is stable wheneverR,, <1. Consequently

time

S=(E, =1_=E, =1, =0)—(0,0,0,0)as

t—> 00, Substituting

E.=1,=E, =1, =0in (R,) gives S(t) > S(0)as t— . Hence, we have established
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that the disease free equilibrium is globally asymptotically stable wheneverR,, < 1 and

unstable R, > 1.

Cholera Only Model: The cholera model is given by

ds
d_th =, = A Sy — 14, Sy, + @R,

dE,
T = gzﬂ’csh - (KC + :uh)Ec
I,
dt
dR

C

dt

B
d tc = ch +a|c _/ubBc

=(1-&,)A.S, — (3 + u, +,)1, +x,E (2.36)

:T3|c _(w+:uh)Rc

_ B (Ec +m,1c +1m5Bc )

A 2.37
¢ N (2.37)
For this model, it can be shown that the region
T
D2 :{(Sha—l—EC + IC + RC + BC)E Rf N S—h}
a (2.38)

Stability of the Disease Free Equilibrium (DFE)
Disease Free Equilibrium (DFE)
For critical points, we set

ds, dE. _dlc _dRc B, .
dt  dt dt dt dt

At disease free equilibrium, it is assumed that there is no infection, then we set A, =0
So, S, =E. =1.=R. =B, =0

Disease free equilibrium of cholera model is given by

Eo =(Sy Ec. l6. R, Bo)=(*",0,0,0,0)

Hn
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Derivation of Basic Reproduction Number (R ;) for Cholera Model

The Next Generation Matrix (F.V ™) Method

The basic reproduction number of the model (2.36) R is calculated by using next

generation matrix (Akinwumi, ez a/, 2021; Olopade ez al,, 2017, 2021a, 2021b) Using their

approach, we have

F &, 4¢ Sy,

F, (L-¢,)AcS,

F = =
F, 0
F, 0
\4 (rcc + a)Ec
Vv, —KcEg + (75 + a4, +0¢)1 ¢
V. = =
Vs —T3le +H(o+ u)Re
Vv, —ale —(9—1,)Bc
£,Bc¢ &,M, P 0 &,M3Pc¢
E- (1-&,)B. (I-e,)mpBe 0 (1-&,)n38
0 0 0 0
0 0 0 0
K, 0 0 O
v %o k, 0 0
0 -7, k; O
0 -aa 0 Kk

4

The reproduction number is the dominant eigen values of F.V ~ Thus,

Roc = Be(an;kie, —anye, k. —1m,K K8, +1,8,K, 50 —anK, +m,kk, +k,K,&,)
k,K,K,

(2.39)
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WhereK, = k¢ + 1, , K, =k + 1y, Ky =75 + 1, + 0 and K, =9 — 14,

Local Stability of Disease Free Equilibrium (DFE) of Cholera Model

Theorem 3: The disease free equilibrium of the system (2.36) is locally asymptotically
stable (LAS) if Ry <land unstable if Ry >1.

Proof: To determine the local stability of Ey, the following Jacobian matrix is computed

corresponding to the equilibrium point E,. Considering the stability of the disease free

equilibrium at the critical point (0, 0, 0, 0, 0). We have

— Hy 0 0
0 -k O 0 0
Jo=| 0 k. -k, O 0 (2.4)
0 T 7, —-k; O
0 o -k

Hence |J; — Al| = 0 implies that

-, — 4 0 0 ® 0
0 -k, — 4, 0 0 0
0 Ke -k, -1, 0 0 (2.41)
0 T T, -k, -1, 0
0 0 a 0 -k, — 4

From equation (3.9.2) cleatly, 4, =—u , 4, =—k,, 4, =-K,, 4, =—K;, 4, =—k;
Hence, the corresponding eigen values of equation (3.9.2) are;
A ==py, Ay ==(T+Kc+u,), Ay ==(t5+ 1) Ay == (0+ 1), A5 =— (9 — )

Since all the real roots are negative, real and distinct, hence the disease free equilibrium of

(2.30) is locally asymptotically stable (LAS)

Global Stability of Disease Free Equilibrium (Cholera)

Here, the global asymptotic stability (GAS) property of the DFE of the Cholera model only
will be explored.
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Theorem 4: The disease free-equilibrium of the system (2.36) is globally asymptotically

stable whenever Ry <1and unstable if Ry >1.

Proof: Tt follows that S = N" —E. —I. — B, at steady state. The proof is based on using

the comparism theorem (Lakshmkanthan, ez 4/, 1989), to prove the global stability. The
rate of change of the variables representing the infected component of the system can be

written as follows.

dE .

dtc =&,Ac (N —Ec =1 —B¢) -k Ec

dl. .

Tz(l—gz)lc(N -E. -1, -B.)-k,l. +x-E (2.42)
dB

dtc =98¢ +alc —,B.

D" ={(E¢,l.,B.)eRY:Ec+1. +B. <N}

For the model (37), the associated reproduction numbert, denoted by R where

_ Belan ke, —an,e,x. —nkK,e, +meK,x. —ank +mkk, +kK,&,)

R
o k.k,k,

The DFE of the model (2.36) given by disease free, is GAS in D if Ry < 1.

Using comparism method, we have

dEc E. £
dt c
dl.
e I
d [=(F-V) -F| I
dB. 5
dt ¢ B,

According to (Castillo-Chavez, 2002; Driessche, and Watmough, 2002), all eigen values of

the matrix (F-V) have negative real parts.

(8. —ky)—-4 &, BN, &, BN
(1-&,)Bc +ke ((1-&,)Bcn, —K, —4) (1-¢,)Bcn; |=0 (2.41)
0 a -k, -1
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From equation (2.41) the characteristics equation is given by
AL+ AL +AL+A =0

2 —(=1,6,8c +1,Bc +&,8: — K, —Kk, =k, )/12 —(—anse, B —Kin,&,8c —Ky11,8, B +Kc1,8, Be
+an,fe +Kin,Be +K.6,Bc + Ky Be + K&, B —KK, =Kk, =K.k, )A+akimse, Bc —arcn e, pc +
K Ky1,6, e —Kykom €, 8=k Be — KoK, &, Bc —kKym, B + kKoK,

Where A, =1, A, =1,6,Bc —11,8c —&,8: +K +K, +K,),
A = ane, fe + K, e + K, Be
— K& —ansfe — K, Be —Ka&,8c =Ky Be —Kug, B + Kk, + Kk, + koK)

A, =akinse, B —akcn;e,Be + KK ,8,8c —Kyken,6, B c—aKims B — KoK &, B —K K, Bc + KKK,

According to Routh-Hurwitz Criteria of order three, all the roots of the equation will be

negative if; Ay >0, A, >0, A >0, then for Ay > Owe have;

—ak 138, B —K K6, Be +Kyien, &, Bc+okim, e + KK, g, Bc +kK,m, e <1
k. K.k,

Implying that Ry < 1.

According to (Adewale et al, 2017b), all eigen values of the matrix F-V have negative real
parts. It follows that the linearized differential inequality above is stable whenever Rye <1.
Consequently, S Z(Ec = Ic = Bc = 0) —>(0, 0, 0,) as time t—> 0. Substituting
Ec =1c. =B; =0 in (R.) gives S(t) —>S(0)as t— . Hence, we have established that
the disease free equilibrium is globally asymptotically stable whenever Ry < 1 and unstable

Roe > 1.

Mathematical Analysis Of Optimality Of The Full Model

In this section, we analyze the mathematical analysis of the possible control strategy
that will be useful to the public health practitioners achieve the best control strategy in the
spread of Malaria with Cholera co-infection in the environment. In order to derive the

necessary conditions for these optimal control variables, we introduce Malaria Prevention

(Mosquitoes treated bed net (U,)), Malatia Treatment (U, ), Malaria/Cholera Prevention (U,),
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Cholera Prevention (U, ), Cholera Treatment (U ) and Boosting of Immune System (U ) as the
control strategy for the spread of Malaria-Cholera Co-infection. In order to obtain an optimal

system, the controls U;,U,,U;,U,,Ug ,and Us are introduced into the system to reduce the

spread of Malaria-Cholera disease in the society. Let the function 0 <u; <1 represents the
control on the wuse of mosquito nets to reduce the bite of mosquitoes,

<Uu, <1 represents the spray of insecticides so as to reduce mosquito population, 0 <u, <

0<u; <1rep the spray of d d quito popul 0<u, <1
represents water treatment to reduce cholera bacteria, 0 <Uy <1represents the boosting of
immune system. The control on the treatment of Malaria is denoted by U, which satisfies
0<u, <g, where @, represents drug efficacy for the treatment of malatia. The control
functions on the treatment of choleraO <uUg; < g, where (,represents drug efficacy on the
treatment of cholera. Hence, these time dependent controls U,,U,,Us,U,, U and Ug are

incorporated into the system (2.3) to obtain the optimal control strategy for the spread of

Malaria-cholera disease in the population. Therefore,

ds

d—:=”h—((1—ul)+(1—ue))ﬁmsh—((1—U4)+(1—Ue))ﬂcsh—((1—U1)+(1—U3)+(1—Ue))imcsh
— Uy Sy TR, + R YR,

dE,

at =((1-uy)+(1-ug ) 4,5, — (5, + #)E, —UyT,E

dl

dtm =((1—U1)+(1—U6 ))(1_gl)ﬂ“msh+KmEm_(u2T2+r+5m+:u)lm

dR,

ot =0,Ey + 7l + 1l —(d+ )R, +y(1=p)uA

dE,..

dt :((1_u1)+(1_u3)+(1_u6))53ﬂ'mcsh_(ch+1u+5mc)Emc

dl

dn'EC =((1-up)+(1-u3 ) +(1-Ug (1= 65 )Ane Sy + e Ene —(Ua7y + 1+ 6, +0)1

dR
d;:nc zeplmc +U3T4Imc _(l//+;u)Rmc
(2.42)
dE,
at =((1-u, )+ (1-Ug )erAc S, — (K + u)E.
Volume 3, Issue 2, 2025 235



G. A. Adeniran, M. O. Alabi, I. A. Olopade, V. A. Akinrinmade

(ﬂ_f=((1_u4)+(1—u6 W(1=2, )AcSy + KcBe = (UsTy + i+ 0¢ )l
d;c =UsT3le —(@+ 1, )R +(1=y)(1-p)A ¢
dditcngc+(1—u4 Ja(le +mslye ) — £4,Bc

djtv — 7, —(1—U; )Ay Sy — Uy ity Sy

d:tv =(1-u,)A,S, —(oy + 1, )E,

dolltv =oyE, -1y

Analysis of Optimal Control

The objective functional | is constructed in order to minimize the number of people infected

with malaria-cholera disease and the cost involved in applying the controls
u,,u,,us,u,,Ug, and Ug . The objective functional | is given as:

(Z1Ey + 230y + Z3Ec + Zy 0 + Z Epye + Zo Iy + 2,55,
J(upupugugus,ug) =min [ 7 +ZeEy + Zoly + A,UF + A, UF + AU + A UF + AgUZ
+A.UZ)dt
(2.43)
Where t; is the final time and the coefficients Z,, Z,, Z;, Z,, Z,,Z; are the balancing cost
factors of Malaria exposed, Malaria Infected, Malaria-Cholera exposed, Malaria-Cholera Infected

and Mosquito Population respectively. While A, A,, A;, A,, A andA; are the positive

weight constants for the use of treated bed net, treatment of malaria, spray of insecticide, water

treatment,  treatment of  cholera and  boosting of immune. The terms

Z.Ew. 2,0y 2B 2,0, ZEyo s Zg 1o are the cost incutred by Exposed Malaria, Infected
Malaria, exposed malaria-cholera, infected malaria-cholera individuals. While Z,E,,, Z4E, and

Z,l, are the cost on mosquito population. The term AU + AUs + AuZ + AUZ + AuZ + AU;
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represent the cost in making use of treated bed net, treatment of malaria, spray of insecticide,

water treatment, treatment of cholera and boosting of immune. We seek to find an optimal

control uI ,u; ,u; ,UZ ,U;. UZ
Such that

J(UT, UZ,UZ, UL, UL, UZ) = Min{J (g, g, g Uy, Ug, g )/ (g, Uq, Ug Uy, Us, ) € U (2.44)
where U ={(u,,u, ,u,,u, ,Us,Ug )} Such that U, ,U,,U,,U,,Ug,U, are Lebesque measurable with
0<u;<1,0<u;<10<u, <1 0<uy,=<10<u,<09,,0<5u,=<9,,

for te |_0,'[f J—) [0 ,1] is the control set.

The necessary conditions that an optimal control must satisfy come from Pontryagin's Maximum

Principle. The principle converts equations (2.43) and (2.44) into a
problem of minimizing point wise a Hamiltonian “H” with respect to (u 1,U,,Ug,U, ,Ug U )
Hence;

H=ZE, +Z,, +Z.Eyc +Z,lye +ZEc +Zilo +Z,E, +Z,1, + AU + Aus + Au?

+ AU+ AUZ + AUZ+ AU+ M, [7, (@-u )+ @-ug)Ay +(L-u,) + Q-ug)) +

((1_U1) + (1_u3)+(1_ue))/1|vlc]sh + Ry +OR: +yuRye _,ush]"' MEM [((1_U1)+ (1_u5))51/1w| Sy -

( + 1By —U,r, By T+M, (M=) + @-ug))L—6) Ay S, + 5, Ey —(Uyz, + 1+ 1+ 5,1, ]

+ Mg, [(@-up) + @ -uy) + A= Ug))esdye Sl = (ke + 1+ Oye)Epe + M [(A-uy) + A -ug) + (1 -ug))
(L-e) Sy ]+ KycEve = Us7, + 8+ 0y +0)1 e + Mg, [(A-u,)+@A-ug))e, A S, — (ke + 1)E.]

+ MIc[((l—u4)+(1—u6))(1—52)/1CSh +x.Ee —(Ugzy + i+ )]+ Me., [u,z,E,, +u,z,1y, +11y,
—(@+ Ry I+ Mg [uszsle —(@+ p)Re + A-7)A-p)A e ]+ My Uz, lye + 6ol ye = (W + )Ry

+ Mg [9Bc +d-u,)a(le +75lye) — 4,Bc ]+ Mg [y —(1-U)A, S, — 24, Sy ]

+Mg [Q-u)A, S, —(oy +u,u )E ]+ M, [0, E, — 1]

Mg Mg M, Mg M

Hl EMC )

Imc ’MEC ’Mlc ’MRM ’MRMC ’MRc ’MBC ’MSV ’MEV ’Mlv

Wherte;

are the adjoint variables or co-state variables.
Existence of control Problem
The theorem 3.12 below will be used to prove the existence of optimal control pairs.

Theorem 3.12: There exists an optimal control
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u® =(u;,u;,uz,U,,u;,U; )eU

Such that;

‘J(ulIUZIU ,u4,U5,UG)ZMHJ(Ul,UZ,US,U4,U5,u6) /(ul,uz,ug,u4,u5,us)eU

Subject to the control system

Proof: To prove the existence of an optimal control pairs, the result in (Lukes, 1982) will

J(u,,

be used. The control and the state variables are non-negative values. The necessary

U, ,U,,U,,U, ,Ug U

convexity of the objectives functional in 6 are satisfied. The set of

(ul’uz’u3’u4’u5’u5)eu is also convex and closed by

all the control variables
definition. The optimal system is bounded which determines the compactness
needed for the existence of the optimal control. Also, the integrand is convex on the

D, ,D, and

control set U. Therefore, there exist positive numbers a constant I >1

such that;

u,,Us,u,,Us,Ug ,U7)Z D, qul|2 +|u2|2 +|u3|2 .|.|u4|2 +|u5|2 +|u6|2)p/2 _p,

The Lipschitz property of the state system with respect to the state variables is satisfied

Theorem 3.13: Given an optimal control

238

since the state variables are bounded. This completes the existence of an optimal

control.

u,,u,,u’,u,,us Uy .
12 4175176 and solutions

*

Sh’EM’IM’RM’EMC’IMC’RMC'EC'IC'RC’BC’SV'IV'EV'

. o J(u,,u,,u;,U,,Ug,Ug U
of the corresponding state system (2.43) that minimizes (1 2173145 Te 7)

over U. Then, there exists adjoint variables
M; Mg M, M M, M .M, M, My M. Mz M; M .M

satistying;

Enc Ime Ruc

Mikailalsys Journal of Mathematics and Statistics



G. A. Adeniran, M. O. Alabi, I. A. Olopade, V. A. Akinrinmade

dM - - 21c T735c N\Ec +1c TR
LT P TR HEST VALSTAAA § (R SN
h v N¢
((1—u; )+(1-uz ) +(1-Ug ) Buc(Eye +7741 e )(EMC+IMC)_
N¢

/Uh]Msh"‘

Im

(v )+ (1w 2o g1,y (1 p B2l gy

Ny v

[((1_u4 )+(1-Ug ))e, B (Ec +m,lc +1m3B )(Ec +1c +R¢)
N¢

[((1_u4 )+(1-Ug N(1-¢,)B(Ec +7m,1c +773Bc )J(Ec + 1 +R:)
N¢

[((1_u1)+(1_u3 )+(1-ug ))ijMc(EMc +174 e ) Epe + e )]M

[((1_u1)+(1_us )+ (1-Ug N(1-&3)Buc(Enc +74 e ) Epc +1we )]M

2 v
NMC

IMg, +

M, +

J’_

EMC

—dMEM —a—H—Z —(k, +u+u,7, Mg +x, M, +u,;;M
dt oE,, 1 m THTUT )V g miVi 3T Vg,
dM, oH
- = =Z, — (U7, +r+0, + u)M, +(uyz, +r)M;,
dt oly " "
dM
Tt =¢|\/|Sh+(u32'2+l’+5m+,u)M,M +(U3T2+r)MRM +(¢+ﬂ)MRM
Mg _7 C[A(1-ug )+ (1-ug )I(Sy + e +Re ) = (Ec +17,1c +775B¢ )1)S, B 1M,
dt : N2
+[—((1—U4)+(1—U6 (S, + 1 +Re )= (Ec +m,1¢ +m3Bc )D&,S, e — (e + 1)IMe,
N¢
+[_((1_U4)+(1_U6 (S, +1c +Re )= (Ec +m,1c +m,Bc )I(1-¢,)S, B + & IM,_
N¢
—dM, _7 _[_((1_u4)+(1_ue)[(sh+|c+Rc)_(Ec+772|c+773|30 NS, Bc IMyg,
a N¢
+[(1_U4)+(1_u6 Sy + 1 +Re )= (E¢ +m,1c +15B¢ )]€,5,8c IM e,
Ne
[(1-u,)+(1-ug )[(Sh+IC+RC)_(EC+772|C+’73BC)](1_82)ShﬁC]MIC
+ N7 —(Us73 + ¢ + 4y M
c
+U5T3MRC
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dM
————=aoMg —(o+u,)Mg
dt h C
—dMg, —7 4 [—(1-u; )+ (1-us )+ (1-Ug ))(Sy + Te + Ruc ) —(Ee + 774 e )Buc | M
dt ° NZ, S
[(1—u; )+ (1-Uy )+ (1-Ug )I(Sy + Tye + Rue ) —(Enc + 74 we )e3BucSn — (Kue + )M,
+ N2 Ky e
MC
[(1—uy )+ (1=ug )+ (1=Ug )I(Sy, + e + Ryc )= (Epe + 74l ye )(1_‘93)ﬂMCSh]MIMC
+ N2 Kuc luc
MC
_dM|MC _7 . [—((1-uy )+ (1=uy )+ (1-ug DI(S;, + Tye + Ryc I7s = (Eye + 17,1 c )]ﬂMCSh]MSh
dt ° NZ.
+[((1_ul)+(1_u3)+(1_u6 DICSh + Tye + Ry I7s = (Eyc + 77, e )]‘Cf'sﬂmcsh]MEMC
Nyc
N [-((1-u ) +(1—uy ) +(1—ug DI(S;, + Ty + Rye Iy —(Eyc +7,1c )1(1—&, )ﬂMCSh]MIMC B
Ny

(Uszy + pty + Oy +OM,  +(1-y)(1-p )M

My, (Amu)+(-ug )AL S, (=) (1=, e, fyal, S

7 Sh
dt NZ N

((1—ul)+(1—u6N))2(1—61 )Bnaly Sy M, —[(1-u;)A, +4, IMg, +(1-u )4, M

h
MEM+

_dMe, :Zg+((1—u1)+(l—u6 )Byal, Sy M, _((A-uy)+(1-u, ))& Baly S, M, +
dt N/ " NJ g
((A-u)+(1-u ))(1-¢,)Bal S,

M,, —(oy + @, Mg, +o,M

Ny v
v

_ M ho_ 7 _ ((l_u1 )+(1_u6 ))(Sv + Ev )ﬁmalvsh M _((1—U1 )"’(1_”6 ))(Sv + Ev )glﬂmalvsh M

it N, " Ny N

1-uy )+ (1-ug ))(S, +E, )(1- al, S
+(( )F(1-ug)X v‘: v )(1-¢,)B,aly hMIM -~ M,

Ny
and with transverselity conditions;
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Msh(tf )=MEM(tf)=MIM(tf)=MRM(tf ):MEC(tf )=Mlc(tf )ZMRC(tf)=M
Mg, (t)=Mg (t;)=M¢ (t;)=M, (t;)=0

(tf ):M (tf)

EMC IMC

U7 U35 U U

and with the controls and us satisfying the optimality condition;

i [(51MEM +(1-¢, )M|M oy +(53MEMC +(1-¢ )M Evc Ve = (A + Ayc )Msh ]Sh_
1 _(MSV +MEV )Av

u; =max40,min

27,

U; _ max{o,min[l,rlEM MEM +T?IMMIM2;:-1EMMRM -1,ly MRM }}

. . Ty lue Mg, —(7, +9p)IMCMRMC —(1-y)(1-p)M Re —7(1-p)M Ru
U, =max40,min| 1, T
3

M. +(1-£,)M, )i —aM, —anM
u, =max;0,min 1,[(82 e, 1(1-8 )M ) —oM, —anM, ]
2A,
(2.45)
I-M, -7, I.M
u;‘:max{o,min{l,raC . “falc Rc}}
2A

[(51MEM +(1-¢, )M I )Au _(EZMEC +(1-¢, )M|C Ve +(53MEMC +(1-¢, )M|MC e

. _(/’LM +ﬂ“C +ﬂ’MC )MS ]
Ug =maxq0,min| 1, -

2

Proof: The Pontryagin’s Maximum principle will be used. The differential equations
governing the adjoint variables were obtained by differentiating the Hamiltonian
function H with respect to the state variables, evaluated at the optimal control. Then,

the adjoint becomes;
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dMSh oH

Prdly _((1—U4)+(1—U5 DB (Ec +m,lc +m3Be )(Eg +1¢ +Rc)_
m a—%—[((l—ul)Jr(l—Ue)) N, N2
((1=u, )+ (1=uz)+(1=Ug )Buc(Epec + 7 e N Eye + e )
N¢

_,Uh]Msh +

R e L

[((1_U4)+(1_U6 ))gzﬂc(EcN+2772|c +13Be J(Ec +1c + R )]MEC N

[((1_U4)+(1_u6 ))(1_52)ﬁc('\||52c +17,0c +7m3Bc )(Ec + ¢ +RC)]MIC +
[((1_U1)+(1_u3)+(1_u6 ));:;Zﬁ)MC(EMC"'mIMC )(Eyc + IMC)]M
[((1_U1)+(1_U3)+(1_U5 N(1=&3)Buc(Euc +Male J(Ene + IMC)]M

2
NMC

+

EMC

Ime

dMEM OoH
_ " =a:21—(xm+y+usrl)MEM +KmM|M +U371MRM

dM,  oH
- =——=Z,—(Usz, +r+0, + )M, +(u,z, +r)M,
dt ol " .

dM.  6H
- =M + (U7, +T+6, + )M, +(Usz, +T)Mp (f+ )My + M
M

dMEC _oH _7 _[—((1—U4)+(1—U6 Sy +1c +Re )=(Ec +m,1¢ +13B. )))S, B IMg,

o, E
N [(1-u, )+ (1-ug)I(S, +1c +Re )—(Ec +1,1¢ +m3B¢ ))&, S, B IM Ec
N¢

[(1-u, )+ (1-ug )I(S, +1c +Re )—(Ec +7,1¢ +m3B )I(1-¢,)S, B IM Ie

+ NE —(Us73 + ¢ + 44y M
c

+Us7, Mg
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_dM 1. OH _7 [-((1-u, )+ (1-ug )I(Sy +1c +Re )=(Ec +m,1¢c +m3Bc )1)Sh Bc IM,

¢ o, ° E
[(1-u, )+(1-ug)I(S, +1c +Re )=(Ec +m,1c +13B¢ )]gzshﬁC]MEc
+ NCZ
[(1-u, )+(1-ug))I(S, +1¢c +Re )=(Ec +m, ¢ +m3Bc )I(1-¢, )ShﬁC]MIC
+ > —(Us7y + 8¢+, )M,
N¢& ¢
+u513MRC
dM oH
- dtRC "R =oMg —(@+ 1y )M
c
_dMEMC — oH -7 _l_[_(1_U1)+(1_U3)+(1_U6))(Sh"'IMC+RMC)_(EMC+774IMC)IBMC] M
dt 0B, NZ. h
[(1_u1)+(1_u3)+(1_u6)[(Sh+IMC+RMC)_(EMC+774|MC)83ﬁMCSh_(KMC+:u)]MEMC |
+ NE + Kyeue
mMC
[(1-uy)+(1-u)+(2-ug JI(S, + lye + Rye )= (Enc 77 lwe (1= &3)Byc S IM, |
+ N2 Ky mc
mMC

-dM,  oH +[_((1_u1)+(1_u3)+(1_u6 NI(Sy + e +Rue M4 =(Eye +74 1 )1 Buc S IMg,

@ o, N2
[((1—uy )+ (1=uy )+ (21-ug DICS, + Ve + Rue s —(Epe +774 e )3 Buc Sy ]MEMC
+
Niic
N [=((1=uy )+ (2-ug )+ (T-ug DI(S, + Ve +Rue V15 =(Eye #7741 ae J(1=65)Buc Sy IM ~
Niic

(Uyzy + 4y + Oy +OM, +(1-7)(1-p)M ¢

—dMm, :Z7+((1—U1)+(1—2U6 NBnalyS, M, _((1—U1)+(1—UZ6 Defraly S, M, +

((1—u1)+(1—U?\l)\;(1—51 )Braly Sy M, —[(1-u)A, +um IMg +(1-u)A,M

_((A-u))+(1-ug ))s, Bualy S

dM 1- 1- al,S
M M, (@) (AU )alS, 2 SV
dt  oE, N : N "
(L-u)+(1-ug )(1-¢,)p,al,S
: ° 2 - . hMlM _(O-V+IUV)MEV +O—VMIV
Ny
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JAMy, aH (@) (L-ug))(S, B )BALS,
d o, N2 .
((1_u1)+(1_u6 ))(Sv + Ev )glﬂmalvsh M
N2 Ey
L ((L-uy)+(1- U)Xiu:E)“'g”ﬁal M, — M,

u;,U,,U,, U, ,Ug U

Thus differentiating with respect to 6 and setting them to zero to obtain;

oH o6H oH oH oH oH 0
ou, ou, ou; ou, Oug Oug

oH
0 :5_ = 2AU; +( Ay + Aye )Mshsh _51/1MMEM —(1-& )4 ShMlM _83ZMCShMEMC —(1-¢ )EMCShMEMC

1

2, S Mg, ~ASM,

oH

Oza—:2A2u2—rlEMME -,IyM, +7,E, M +7,1,,M,
u2 M M M M
oH
0=E—2A3u — Ty Mg, +(7, +00) I ycMp  +(1=y)(1-p) M +y(1-p)Mg

0=§—H=2A4u4 —(e;Me, +(1-6, )M, ) +aM,_ +ansM,

4

0= o —=2AU; — 74,1 M, +7,1 M,
OU, ¢ ¢
oH
_6U =2AUg - (‘91MEM +(1-g )M|M )z +(82MEC +(1-¢, )MIC Ve +(e,M

—(1—83)M|MC)AMC+(/1M+/10+/1MC)MSh

*

. =u =u .
Hence, solving atY1 ) ) , , , 6 to obtain;
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I [(glMEM +(1-¢ )MIM ) +(83MEMC +(1-g, )MEMc Ve — (A + e )Msh ]Sh_

-(Mg +M
u; =max{0,min| 1, (M, +Me, )4

2A,

u, = max{o,min{l,

rlEMMEM +T2|MM|M —rlEMMRM _TzlmMRM
2A,

in[l T4IMCMEMC —(7, +0p)IMCMRMC _(1_7)(1_,0)WRC _7(1_,0)WRM }}
, 2A,

. _1 I:(‘C"zlleC +(1_82 )IvllC )ﬂ“C _aMlc _an5M|Mc ]
) 2A4

[l M, =71 .M
u; =max{0,min[ 1,212 R‘“}}
2A

[(e;Mg, +(1-&, M, Ay —(e,Mg +(1-6, M, )¢ +(&;M +(1-6)M
_(ﬁ’M +/10 +/1Mc )M S, ]

Ve

IMC

Ug =max{0,min| 1,

27,

By standard control arguments involving the bounds on the control variables, we have

[(glMEM +(1-g )M|M )22y "‘(‘93MEMC +(1-¢,)M Eve Muc
. _(AM +/1|v|c )Msh]sh _(Msv +MEV )ﬂv

u, 2A,  If

[(glMEM +(1-¢ )M|M )22y "‘(‘cf'slleMC +(1-¢,)M Eve e
if _(}“M +/1Mc )Msh]sh _(MSV +MEV )ﬂv

0 <0
2A,
[(e:Mg, +(1—& )M Ay +(eMg, +(1-& )M )y
1 if _(1M+AMC)MSh]Sh_(MSV+ME\, Ay >1
2A Bl
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. {TIEMMEM +r2|,\,|MIM —rlEMMRM _TzlmMRM i
u; = i
2A,
r,EyzMc +7,I M, -, E,M; —7,1,,My
< M M M M <1
2A,
0 if rlEMMEM +TZIMMIM —TlEMMRM —TZIMMRM <0
2A,
1 i rlEMMEM +z'2|,\,,MIM —2'1EMMRM —rZIMMRM 1
2A,
Tyl Mg, -(z, +9p)IMCMRMC _(1_7)(1_/0)6MRC _7(1_p)6MRM if
2A, ’
< TylycMe, = (7, +00) 1M = (1=y)(1-p)M, —y(1-p)M, <1
Ty TleeMe ~(r+Bp)leMe, —(1-7)(1-p)M g —y(1-p)M,,
2A, -
TylycMe, = (7, +00) Mg —(1=7)(1-p)M —y(1-p)Mg, 51
2A, (2.40)
[(EZMEC +(1-¢, )MIC e —aM I _0”75M|Mc] ’
2A, '
[(SZMEC +(1-¢, )M|C e —aM . —ansM, 1
0< <1
. 2A,
u, =
* 0 it [(SZMEC "'(1_52)M|C )}“c_aMlC _0”75M|MC] <0
2A, B
1 [(‘C"zMEC +(1-¢, )M|C )lc_O‘MlC _0”75M|MC] 51
2A, B
TleM -7l Mg T3l M -5l My
< < if < & € <1
P T 2A,
’ 0 if Tslcl\/llc_fslc'leC <0
2A
1 if T3ICM|C _TSICMRC
2A
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[(81MEM +(1-¢g )M|M )z _(‘c"zMEC +(1-¢, )M I, e
+(83MEMC +(1-g )M|MC e = (A + ¢ + Aye )Msh]
2A, ’
[(51MEM +(1-¢ )M|M )22y _(52MEC +(1-¢, )MlC e
- +(83MEMC +(1-s )M|MC e = (A + ¢ + Aye )Msh] -
. 2A
[(51MEM +(1-g )M|M )22y _(52MEC +(1-¢,)M I, e +(‘C"sMEMC

if

1

0 ’ +(1-&3)M, )Aye —(Ay +4c + Auec M ] <0
2A;
[(81MEM +(1-¢ )M|M ) _(gzMEC +(1-¢, )M|c e +(53MEMC
1 . +(1-&3)M; )Aye —(Ay +Ac + Aye My ] o1

2A,

This completes the proof.

The optimality system consists of the state system coupled with the adjoint system with the
initial and tranversality conditions together with the characterization of the optimal control

pair.

 [(eMg, +(1-6)M, Ay +(&Me +(1-, )M Ve —(Ay +Aye Mg 1S, ]
1 —(Mg, +M¢ )4,

2A

U; =Mmax O,min_l,TlEMMEM +TZIMMIM2;:1EMMRM _TZIMMRM j|}

U; ~ max O,min_l,T4IMCMEMC _(T4 +9p)|MCMRMC —2('1.3—}/)(1—,0)6"\/|RC —y(l—p)a\/lRM }}

. _1 [(EZMEC +(1-¢, )M|C )Ac -oM, —anM, ]
’ n |

A Y AN
u; = max{0,min[ 1,>S—1e_2C€ RC}}
2A
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[(51MEM +(1_‘91)M|M ) _(gzMEC +(1-¢ )M|c Ve +(‘93MEMC +(1-& )M|MC ) e

—(Ay +Ac + Ay M
u; = max{0,min| 1, (A + 4 * A M, |

2

Substituting (2.45) into (2.42) we obtained the following optimality system;

 [(eMg, +(1-g)M, Ay +(e,Mg +(1-65 )M )y |

—(Ay + Ay M 1S
di:;rh—( 1-max{0,min| 1, (A + e M, 15,
dt 27,
| [(glMEM +(1-¢& )M|M )Au _(gzMEC +(1-¢, )M|c e +(83MEMC
+(1-g, )M, Ve —(4y +Ac + 44 M
+| 1-max{0,min| 1, (176 My Vo = (Au *2c +Aue M, ] "
2A
[ [(e,Me +(1-6,)M, )i —oM, —-anM, ]
+| 1-max{0,min| 1, +
i 2A,
I [(51MEM +(1_51)M|M ) _(gzMEC +(1-¢, )M|c Ve +(83|\/|EMC |
+(1-& )M, Yye —(A4y +Ac + 4y M
1— max0.min 1. ( 3 IMy ) Ae =(Ay +4c +Aye Mg, ] 4
2A
I [(81MEM +(1-¢& )M|M ) +(53MEMC +(1-¢, )MEMc v
—(Ay + A4y M 1S, - (M, +M
4| 1- maxJ 0. min| 1, (Au +Aue M, 1S, = (Mg, e, My N
27,
. T4IMCMEMC —(z, +Hp)IMCMRMC _(1_7)(1_P)WRC _7(1_,0)WRM |
1-max{0,min| 1,
2A, |
I [(51MEM +(1_51)M|M ) _(52MEC +(1-¢, )M|c Ve +(53MEMC ] 2.5
mc /9h
+| 1- maxJ 0, min 1,+(1_53 )M|MC Ve —(Ay +/1c;:;w|c )Msh]

+ORy + R + YRy — 15,
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[ [ eM, +(1-e )M, Wy +(eMe +(1-6, Mg e |||
—(A, +A4,~- M. 1S, - (M. +M
dE,, _ | 1-max/0.minl 1 (An *Auc) sh] h = ( s, E, Ay S, +
dt 2A
[ [ (&M, +(1-& )M, Wy ~(6,Mg +(1-6, )M, )Ac +]]|
L (Mg (1= M| )Aye —(Ay +Ac + Aye My ]
1— max{0,min| 1,——— e 3T e MG MM T TMETS £y S, — (K, + 1 )E,,

2A,

_[max{O,min{l, nEuM By T 72 WM IMZ_ATIEM M Ry L2 lyM Ru }HQEM
2

I [ (&M, +(1-e, )M, Wy +(eM, +(1-e Mg, )y |||
—(Ay + 45~ M 1S, - (M. +M
dI_M= 1-max{0,min| 1, (A + A ) sh] n—( S Ev My S, +
dt 2A
| [(51MEM +(1_81)M|M )22 _(52MEC +(1-¢, )M|c Ve +
eM. +(l-¢, M Aoe —( Ay + A~ +4,~ M
1—max40,min 1,( Me, #1786 My, Vo (A e + e M, | (1-¢,)4, S, + &, Ey

27,

e ,M. +. I, M, -7.E, M, —7.1, M
_[max{O,minll,1 MTEy TT2M IMZAZl mVig, ~%2lm Rm}}fﬁrwhﬂ +u]IM

dE

MC _

dt

_(ﬂ’M +/1MC )Msh ]Sh _(Msv +MEV )}‘v
2A,

[(e,Mg, +(1-e )M, Ay +(e;Mg +(1-&, )M )ye
1-maxs0,min| 1,

2A,

| [ tylucMe, = (7, +0p)ycMe  —(1=y)(1-p)M; —y(1-p)M;, ]
1-max<0,min| 1, +

[(e,Mg, +(1-¢ )M, )4, _(gZMEC +(1-¢, M I, Ve +

M. +(1-¢,)M Aue —(Ay + A~ + A4, M
1—max O,min 1’( 3 Enc ( 3) IMC) MC ( M C MC) Sh] 83AMCSh—(KMC+,U+5MC )EMC

2A
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[(51MEM +(1-¢ )M|M ) +(83MEMC +(1-¢; M Ewc e

| (/1M "’}“Mc)Msh]sh_(MsV+MEv )ﬂv
=|1-max{0,min| 1, +
t 2A,

| [ rlueMe, ~(2,+00) My, ~(1-7)(1-p)M g ~7(1-p)M,
1-max<0,min| 1, +
I 2A,
i [(31MEM +(1—,91)M,NI VA —(gzMEC +(1-¢, )M,C e +
(,93MEMC +(1-g, M, Mye —(Ay +4c + e )Msh]
2A,

IMC

(1-&5)AucSh +KucEye —

}}r4+y+5Mc+9]IMC
. —ansM lue ]}H"'

1-maxs0,min| 1,

{o min[ T lueMe,, (7, +0p) Mg —(1-7)(1-p)Mq —7(1-p)M,
' 2A,

[(e;Mg +(1-&, )M, ). —aM

di 1- max{o mi n{

2A,
I [(e:Mg, +(1-e )M, )y —(e;Me +(1-&, )M )Ac +(&;Mg, |
ax)0.min 1,‘*‘(1_83 M, e = (Ay +4c + Aye M ] £,S, +
2A
(rc +u)Ec
d_ [(e,;Mg, +(1-¢, )M, )i —aM

et e

24,

+(1-¢ M hue e

I [(51MEM +(1_51)M|M )

—(e,Mg +(1-¢, )M, )¢ +(&5M
—(Ay +4c + Aye M5, ]

EMC

1-max

0,min| 1

(1-&,)AcS, +

. T3|CMIC
k. Ec —| maxs0,min| 1,

4B, —% =B, +[1 max{o mm[
dt

2A
_TSICMRC s
2A, ] Tyt H+0c |lc
[(gzM +(1-¢,)M, )/1
2A4

_aUSMIMC ]}}a(lc +775|MC)J_/ubBC
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[ [(&;M Ey +(1-¢ M I VA +(&M Evc +(1-¢;)M Evc Ve |
ds | =4y + A4y M 1S, -(M, +M
_Vzﬁv_ 1- max)0.min| 1, (Au +Auc) sh] h = ( S, E, My 4,5,
dt

- HySy

[ [(e,M E, +(1-¢ M " My +(eM Ee +(1-¢, M By Ve i
dE ] (A + Ay M. 1S, = (M. +M
% _11 - maxdo.min| 1, (A v ) s, 18, = ( 5, E, )2y 4,5,

dt
—(oy +u, )E,

dl
d_': =oyEy —uyly

Table of parameter Values used in Simulation
Parameters Value Sources
7T, 2000 Assumed
£, 0.4 Assumed
Bu 0.03 Assumed
a 0.282 Assumed
Uy, 0.290 Assumed
@ 0.01460 Adesola et al., 2024a
7, 0.143 Assumed
7, 0.3 Assumed
r 0.005 Assumed
Op 0.05 Assumed
Ky 0.0588 Assumed
Bes Bucs By 0.5, 0.9, 0.5 Assumed
n, 0.01 Assumed
oy 0.1 Assumed
7Ty 0.071 Assumed
7y 0.04 Assumed
b 0.6 Adesola e al., 2024a
&, 1 Adeniran et al., 2022
My M3y M4 0.001, 0.001, 0.002 Assumed
T, 0.3 Adeniran et al., 2022
0] 0.4 Assumed
K¢ 0.5 Adeniran et al., 2022
He 0.02 Adeniran et al., 2022
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OS¢ Oye 0.3 Assumed

o 0.0001 Assumed
0.1 Adeniran et al., 2022

& 0.01 Assumed

Ho 0.1 Assumed

Ty 0.1 Assumed

K 0.4 Assumed

Presentation of Results and Discussion
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Figure 1: Optimal control graph of Malaria Infected Population with controls and

without controls
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Figure 2: Optimal control graph of Malaria Total Population with prevention and

treatment
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Figure 3: Optimal control graph of Cholera Infected Population with Controls and
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Figure 6: Optimal control graph of Malaria- Cholera Infected Population with

different controls

Discussion of Results and Conclusion

In this paper, fourteen (14) non-linear compartmental models was presented and analyzed

rigorously to gain insight on the impact of different controls implemented in curtailing the
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spread of Malaria/Cholera Co-infection. Figute 1: shows the optimal control graph of
Malaria Infected population with controls and without controls. It was discovered that all
the controls implemented were efficient to curtail the spread of malaria in the population.
Figure 2: Shows the optimal control graph of malaria total population with prevention and
treatment. It was discovered that out of the two controls implemented, the use of treated
bed nets played a crucial role in reducing the number of infected individual to zero level.
Figure 3: shows the optimal control graph of cholera infected population with controls and
without controls. It was discovered that all the control were efficient. Figure 4: shows the
optimal control graph of cholera total population. It was discovered the prevention and
treatment controls implemented were efficient to reduce the spread of cholera to zero level
in the population. Figure 5: shows the optimal control graph of malatia/cholera co-
infection infected population with malaria controls and cholera controls. It was discovered
that the malaria controls implemented showed a great significant reduction to zero level
compared to the cholera controls. Figure 6: shows the optimal control graph of
malaria/cholera infected population with different controls. It was discovered that the
prevention control is of great impact in order to reduce the spread of their co-infection. In
conclusion, the work suggested that in order to curtail the spread of malaria/cholera
diseases in the total population, efforts should be put in place to prevent every individuals
against the spread of the two diseases. Also, adequate and prompt treatment should also be
given to major priotity in curtailing the spread of malaria/cholera co-infection in the entire

population.
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