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Abstract

The field of expansive mappings in fixed-point theory is one of the most
fascinating areas in mathematics. In this theory, contraction is one of the main
tools used to prove a fixed point's existence and uniqueness. For all of the
analyses, the fixed point theorem proposed by Banach's contraction theory is
highly popular and widely used to prove that a solution to the operator
equation Tx=x exists and is unique. Through the present article, we utilize
rational expressions in metric spaces to deliver unique common stable (fixed)
point results in expansive mapping. The main outcomes of numerous relevant

innovations in the newest research are built upon them.
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Introduction

Specific ~ fixed point conclusions on expansive mappings in metric spaces
were found byWang et al. in 198.likewise using processes, Khan et al. (1986) improved over
Wang et al. (1984)'s result. Several fixed-point theories for expansion maps were
developed by Park and Rhoades in 988. Furthermore, for pair mappings, Taniguchi (1989)
and Rhoades (1985) improved on the results of 1984. Moreover, Taniguchi (1989),
Rhoades (1985), and Khan et al. (1986) findings are expanded upon and generalized by
Kang and Rhoades (1992) and Kang (1993). The author established several theorem of
common fixed points in complete metric spaces for two self mappings and provided a pair
of mappings in 1992 for an expansion condition. Pathak et al.(1996) demonstrated several
fixed-point theorems for expansion maps. Sometime ago, Shrivasatava, et al. (2014),

proved some fixed point theorems for expansion mappings in complete metric space.

They also provided fixed point and common fixed point results for these mappings in
2-metric spaces within the same year. Subsequently, in 2017, Gornicki presented a novel
concept of F-contraction and derived some new fixed point results, predominantly in a
complete G-metric space. Very recently,Yesikaya and Aydin's were proved theorem of
fixed point for expansive mappings over metric space. During the same year, Shakuntala
and Tiwari (2020) using rational expressions and obtained special fixed point theorems

over metric spaces for expansive mappings.

Our findings renew, generalize, and improve previous work of Shakuntala and Tiwari

(2020) and establish common fixed-point theorems for expansive mapping in metric space.
Preliminaries Notes
The characteristics of metric spaces and their definitions are provided below:

Definition 1 [Shrivastava et al. (2014.)]: Assume that I # ¢pand d:J X I — [0, )

represent a mapping that satisfying the following specification:
@) for all @, ¢ € J then , d(p,¢p) =0,

(ii) for all @, ¢ € J; then d(p,¢p) =0 @ = ¢,

(i)  forall @, ¢ € J;then d(p,d) = d(p, p);

iv) de,¢) <d(e,¥)+d¥, ), forallp,d, P €.

Then the pair (T, d) can be saying to as a mettic space, if d is metric of 3.
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Definition 2[Shrivastava et al. (2014.)]: A sequence {@,} is referred to Cauchy sequence
at (3, d), if for some € > 03 ny € N, by through, V. m,n > n,

d(xp, xXp) < &.d.e. lim d(x,, x,,) < €.
n—-oo

Definition 3 [Shrivastava et al. (2014.)]: Assume a sequence {¢,} is convergent to ¢ €
Jin (3,d),if limdp =0, or ¢, = ¢.

n—-oo
Definition 4[Shrivastava et al. (2014)]: A metric space is considered complete when

everything the Cauchy sequences converges in (3, d).

Definition 5: Presume S:J3 = XJ be a mapping on metric space (J,d) is called

expansive mapping, if for every @, ¢ € J, there exists a number 7 > 1 such that

d(Se,S¢) = rd(e,¢)

Main Results

We will conduct a detailed proof, broaden the scope, and build upon the results presented
by Shakuntla and Twari in 2020. Through this endeavor, we aim to derive a shared fixed

point applicable to expansive mappings that abide by rational expressions.

Theorem 6: Presume that S,T:J = J are two sutjective function in (J,d) complete

that satisfies inequality as under

d(¢.Sp)+d(9.T$) d(¢,Sp)+d(p,TP)
d(Sp.T¢) = P [1+d(¢,T¢).d(<p,T¢)] e [d((p,¢)+d(¢,T¢) -d( TP) + Rd(p, ¢)

6.1)
For all @, ¢ € X, where P,Q,R = 0 are real constants and Q + R > 1+ 2P,R > 1 + 2P.

Then prove that Sv = u = Tv will unique common fixed point in 3.

Proof: Choose ¢ € J. We construct two iterative sequences {¢,} and
{@2r-1}, k € N as follows
Ok = SQox4+1,s0me k =0,1,2,3 ...
and
Oork+1 = TQox42,50me k =0,1,2,3 ....
Presently we put @ = @41 and @ = @yp42,in (6.1), we find

A(P2r+2, SP2k+1)+A(P2k+1,Tp 4 5)
14+d(@2k+2, T P2k+2)-A(P2k+1, TP2k+2)

d(SPoks1, TP2x42) =P
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A(Q2k+2, SP2k+1)+A(P2k+1,TP2k+2)
d(¢2k+1, <p2k+2)+d(¢2k+2:T<P2k+2)

+Q Ad(P2x+2,TP2k+2)

+ RA(@21+1, P2rc+2)

d(@21 P21+1) = PA(Q2r42) P2r) +%d((p2k+2:¢2k) + R d(@2r+1, Pax+2)
= Pld(@21 P2r+1) + Ad(Par+1, P21c+2]
+§ [d(@21 P2ar+1) + A(P2r+1) P2r42)]

+ R d(P2k+1, P2x+2)-
Therefore,

(1 - P —g)d(fpszkaﬂ) = (P +§+R) d(@iv1, Xiy2)

1-p-2
= d(@Pak+1 P2r42) S || (@21 P214+1)
P+ 5 +R

_P__
= d(Qar+1) Par+2) < (A(Q2k, P2k+1), where, { = I l

P++R
In general, we can write
d(@2r+1, P2rs2) < $Fd (@1, 0o).
Since 0 < { < 1asi— 00,{¥ - 0.So, we have d (@41, P2x+2) = 0.
Accordingly, {@,x} is Cauchy sequence in § 3 u € J like that @, = u. Since S is

continuous. So, we have Su = }cim Q2k+1 = U. In this manner, u will fixed point of S.
-1
Correspondingly, we are able to demonstrate Tu = Il{lrI} Poks1 = U
-

Hence, as result Su = u = Tu, thus, both S and T have u as their common fixed points.
Since S and T are a onto map and hence, 3 a another aspect (point) v € X through u =
Sv =Tv.

Now, let us look at

d(@zr,u) = A(SP2x+1,TV)

dW,SPz+1)+d (2141 Tv)] [d(v,S(p2k+1)+d((p2k 1, TV)
> ,
P [ 1+d(v,Tv).d(P2k+1,TV) Q Ad(@2r+1,V)+d(v,TV) d(v,Tv)

+RA(P2x4+1, V)

— d(v,(sz)"'d((szq.l‘ T‘U) AW, P21)+d(@2k4+1,TV)
= [ 1+d(U,TU).d(ai+1'Sv) ] + Q [ d((ﬂ2k+1,v)+d(17,TU) ] d(v TU)

+RA(Q2k+1, V).

Since {¢yx+1} is a sub sequence of {&y}, so, {2} = v = {241} = v, when k — oo.
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Therefore,

d(v,v)+d(v,u) dwv)+d(v,u)
0=P [1+d(v,v).d(v,u)] + Q [d(v,v)+d(u,v) 'd(v' u) + Rd(v' v)

=0=>P+Q)du,v)
= duwv)=0=2>u=mw.
As a result, there exists u single fixed point that is common to both S and T. The
verification process for the theorem has been completed.
Corollary 7: Presume that S,T:J — J are two sutjective function in (J, d) complete that

satisfies inequality as under

d(¢,Sp)+d(e,Te)
d(Sp,T$) = P | S80I + d(p,¢) ... ()

For all ¢,¢p €X, where P,Q,=20 are real constants and P+ Q > 1. Then

prove that Sv = u = Tv will unique common fixed point in J.
Proof: Setting Q = 0 in Theorem 6, then required above corollary.
If § = T in Corollary 7, then we get corollary as below:

Corollary 8: Presume that §,:3 — 3 is a sutjective function in (J,d) that satisfies

inequality as under

a(¢,Sp)+d(p,S¢)
d(Sp.59) 2 P [ ot toos| + ed(o,¢) .. O

For all ¢, ¢ € X, where P, Q, > 0 are real constants and P + Q > 1. Then, we have S has

a unique fixed point in J.

Remark: If S=T and P=A4,Q =B and R = C, in the Theorem 6, then we get the
Theorem 3.1 of Shakunla and Tiwari (2020).

Theorem 9: Presume that S,T:J = J are two sutjective function in (3, d) that satisfies

inequality as under

A(@S9).ATP) |  dPTd).d(@.T)
d(Se,T$) = ad(p,¢) + B2 ;’E{pm +Vd(<p,¢)+d(:,w) .. (9.1)

forall @, ¢ € X, where @, 5,y > 0 are all real constants S +y > 1+ 2a,y > 1,y > 1+

2a. Then , we claim that S¥ = u = Tv have unique common fixed point.

Proof: Imply that @ € J. There is ¢, ¢, in I such that

S(¢1) = @o,and T, = @4.

In this way, we define two sequences {1} and {@x+1} as through:
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Oox = SPax41, s0me k =0,1,2,3 ...
and
Qork+1 = TQox42,s0me k =0,1,2,3 ....
If @21 = Qop+1, for some k = 1 implies that @, is a fixed point of S and T.
Now, we put @ = @yp4+1 and @ = Qyp42, in (6.1), we find
d(@z1 P2r+1) = A(SParr1, TP2r42)

A(P2k+1,5P2k+1)-A(P2k+2,Tp,p 4 5)
A(P2k+1.92k+2)

= ad(Pak+1) P2k+2)t B

A(P2k+2.TP2k+2)-A(P2k+1,TPr+2)
A(P2k+1.P2k+2)+A(Q2k+2, TDE+2)

A(P21+1,92k). A(P2k+2,P2k+1)
A(P2k+1, P2k+2)

=ad(Qzr+1, P2r+2)T B

A(Q2k+2) P21+1)-A(P2k+1, P2k+1)
A(P2k+1.92k+2) T A(P2k+2:P2k+1)

= ad(P2+1 P2r+2) T BA(P2x41, P2k)

Therefore,

1-p
= d(@2k+1, P2+2) < B d(Q2x, P2x4+1), Where — = h.
In general, we can write

= d(Q2k+1, P2k+2) < A" d(@o, ¢1).
Since0 <h<1lask — oo,h™ - 0, we have

d(@2r+1, P2rc+2) = 0.
Hence {¢,} in J is Cauchy sequence that complete 3 aspent point u € X through
that {¢,,} = u, since S is a continuous, we have
Su = Jim piys = u.
In this manner, u will fixed point of S. Correspondingly, we are able to demonstrate Tu =

lim =Uu.
A Prk+1

Hence, as result Su = u = Tu, thus, both S and T have u as their common fixed points.
Since S and T are a onto map and hence, 3 a another aspect (point) v € X through u =
Sv =Tv.

Consider,

d(@ak,u) = d(Spi+1,TV)

2 ad(Pzes1,v) + B

A(Q2k+1,5P2k+1)-AW,TV) n d(v,Tv).d(Pr+1,TV)
A(P2k+1.Y) d(Q2k4+1,v)+d(v,Tv)
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A(P2k+1,P2k)-d(W,TV) d(W,Tv).d(@2k+1,TV)
aA(P2k+1.V) d(@2k+1,v)+dW,TV)

= ad(Pk+1,V) + B

Since {@2x11} is 2 subsequence of {@x}. So, {@ar} = U, {P2r41} = U, when k — oo.

So

b

d(uu).d(wu) dwuw).d(u,u)
d(u,v) duv)+d(v,u)

0> ad(u,v)+ f

0> ad(u,v)
=d(u,v) <0.
As a result, there exists u unique common fixed point that is common to both S and

T. The verification process for the theorem has been completed.

Theorem 10: Presume that S,T:J — J are two surjective function in (3, d) that satisfies

inequality as under

d(Sp,Tq) = nd(p,q) + rd(p,Sp) + 13d(q,Tq) + 1,d(p, Tq)

d(p,Sp).d(q,Tq) i [1+d(p,Sp)].d(p,Tq) n d(q,59).d(p,Tq)
d(».q) 6 d(p.q) 7 da)

Forallp,q € X, whete; = 0,1y + 15, + 13 + 15 > land ry+7r, > 0. Then, we claim that

. (10.1)

Sv = u = Tv have unique common fixed point.

Proof: Imply that py € X. There is p; and p, in X such that

S(Py) = po and T(p2) = ps.
In this way, we define two sequence {p,x} and {p,j41} such that:
Dok = SPak+1, for k =0,1,2 ... ...
And
Pak+1 = TD2x42, for k =0,1,2, ...
If ok = Pak+1, for some k > 1, then it is common fixed point of S and T.Therefore,

Presently, we put p = Pagq and ¢ = Ppg42 in (10.1), we gain

1—(ry+75)
(r1+713)

= d(P2k+1,P2k+2) < Ad(P2r) P2kc+1)

= d(P2k+1,P2k+2) < 0d(P2 P2k+1),

1—(ry+73)

where § = etre)

asT1+T2+T3+T5 > 1.
So, in general we can write

= d(P2k+1,D2k+2) < 6™ d(po, P1).
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Since0 <6 <lasn — 0,8 - 0, we have

d(Pn+1,Pn+2) = 0.
Hence {p,1} in J is a Cauchy sequence that complete,3 a point x € X through
{p.x} = x. Since S is a continuous, we have
Sx = lim Py = x.
In this way, x will fixed point of S. Correspondingly, we are able to demonstrate Tx =

’lcin} DPok+1 = X. Hence, as result  Sx = x = Tx, thus, both § and T have x as their
-

common fixed points. Since S and T are two surjective map and hence, 3 an other point

Yy € X such that x = Sy = Ty. We have
d(Pp, X) = d(SPp+1,SY)

> 11d(Par+1,Y) + 12 AD2k+1, SP2k+1) + 13 AV, SY) + 13d (D2k+1, SY)

[1+d(D2k+1,5P2k+1)]d(D2k+1,5Y)
d(P2k+1,Y)

d(P2k+1,5P2k+1)-d(V,SY)

+7
5 d(Pn+1,Y)

+ 7T

d(y,5y) d(P2k+1,5Y)

+ 1
7 d®2k+1.Y)

=11d(Pak+1,Y) + 12 A2k+1,P21) + 13 AV, SY) + 12d(P2r41, SY)

d(P2k+1,2k).d(y,Sy) [1+d(P2k+1.P21)]1dD2k+1,5Y)

d(y,5y) d(P2k+1,5Y)
d(2k+1,Y) 6 d®2k+1,Y) '

AdP2k+1Y)

+715 +r

Since {Por+1} is a subsequence of {P,x}. So, (P2} = X, (P21} = X, when k — oo,
So

bl

0=>ndlx,y)+rdl,x)+r;d(y,x)+rd(xx)+ 7‘5%
[1+d(x,x)]d (x,x) n d(y,x) d(x,x)

+
Te d(x,y) 7 dxy)

20> ) dxy =2dxy)=0=>x=y.

As a result, there exists u unique common fixed point that is common to both S and

T. The verification process for the theorem has been completed.

Theorem 11: Presume that S,T:J3 — J are two sutjective function in (J, d) that satisfies

inequality as under

d(x,5x).d(y,Ty) [1+d(x,5x)].d(x,Ty) d(y,Ty).d(x,Ty)
d(SX, Ty) = q max {d (x, y)' d(x,y) ’ d(x,y) ’ d(x,y) }

(11.1)
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V x,y € Jand q > 1. Then , we claim that Sv = u = Tv.

Proof: Construct two sequences {@y;} and {41} as in proof of theorem 6, we claim

that inequality 11.1, for put X = k41 and Yy = dpp4o. Then we have

(d(“zk L) d(@p+1,SAk+1)- A(@agsa TAogs) )
o TRz d(Qzp+1) Aoks2) ’
[1+ d(@zr+1, SA2k41)] d( @1, Tk 42) |
d(Qzp+1) Ao +2) '

A2 TA12)d (A 41, T4 2)
\ d(@z+1) A2k+2) J

d(azp41,02k)-A( A2k 42, %2k+1)
d(Qzr+1) Aak42), AT Tera)
[1+d(azk+1, A2k)] A(@o+1,020+1)
d(az2k+1.%2k+2)
A(A2k+2,%2k+1)A(X2k+1,X2k+1)
d(@z2k+1,.%2k+2) )

d(Stap+1, TAp+2) = g max S

)

d(a, ayrq) = g max

)

= q max{d(ay4+1, Ax+2), A(Aps1, Ax)}

Case I:

d(azk, Azkr1) = q max{d(ayy, dzx+1)} = 1 = q, This is contradiction.
Case IT:  d(azp, Qzr41) = qd (A1) Aoi+2)

1
= d(Qkt1, Xop42) < ad(%k» A2k+1)

A

= d(a2k+1, a2k+2) = xd(azk, a2k+1), Where% = x < 1 as q > 1.

So, in general we have
d(yp, Aoks1) < Ad(agp_1, azr), for k =0,1,2 ....
Therefore,
d(ap, Azk+1) < A2*d(ag, 1) (11.2)
We find that {a,} is Cauchy sequence using (11.2) as proved theorem 6. That J
complete metric space there exists a point x* € X by through {ay} = x™

Since S and T are two sutjective self-map and hence there exists an anther fixed point

y* € X such that
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Now, Consider,
d(aze, x*) = d(Sag1, Ty")

d(a2k+1, y*), d(a2k+1cll-izil:‘1;*d)(y Sy*)
[1+d(ag+1, Saz2k+1)]1d(A2k+1,5Y")
d(azk+1,Y")
d(y*,Sy")d(azk+1,5Y")
a(A2k+1.Y")

wy A(@2p41,021)d(Y"x")
(d(a2k+1'y )F d(a2k+1,y*) ’1

[1+d(azk+1,.228)]d(@2k+1,X")
d(azk+1,Y")
Ay x")d(azp+1, x")
d(zk+1.Y")

)

)

= q max

= q max

Since {®zx 41} is a subsequence of {@,1}. So, {aar} = x*, {Ak 41} = X, when k — oo,
Therefore

. At x)dyt,xt) )
dix*,y"), FTORD) ,

[1+dx*x)]d(x*x") d(y*, x*).d(x*, x*)
d(x*,y") ' ax*y")

0>qd(x"y") =qd(x"y)=0=>x"=y"

d(x*,x*) = q max

As a result, there exists u unique common fixed point that is common to both S and

T. The verification process for the theorem has been completed.

Conclusion

we discuss and improve the existing literature of Shakuntala and Tiwari (2020) and
obtained unique common fixed point Theorems for expansive type Rational contraction n
in metric spaces. Our results are Theorem 6, with Corollary 7,and 8 as well as Theorem

9,10, and 11 .
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