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Abstract

This research presents an in-depth exploration of contour integration and the
applications of Cauchy’s Residue Theorem within the field of complex analysis,
with particular attention to their relevance in mathematical physics. The study
begins by establishing a rigorous theoretical foundation, addressing key concepts
such as analytic functions, singularities, and essential theorems underpinning
contour integration. Central to the analysis is the evaluation of complex integrals
using the residue theorem and the practical application of Cauchy’s integral
formula in solving definite integral problems. Applied examples are drawn from
complex integration scenarios and fluid dynamics, where these methods are
employed to address definite integral equations and potential flow models. The
findings highlight the efficacy and significance of Cauchy's Residue Theorem in
solving contour integration problems in the complex plane. Furthermore, the
study contributes to a deeper understanding of analytic functions and complex
potentials, offering valuable insights for future research involving the modeling
of physical systems through complex analysis techniques.
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Introduction

Contour integration constitutes a central tool in complex analysis, possessing significant
implications for both pure and applied mathematics. Cauchy’s Residue theorem not only
provides a method for evaluating integrals of analytic functions but also forms the
foundation for several results in the theory of complex functions, including the derivation of
power series and the residue theorem. This research endeavors to explore both the
theoretical aspects and real-world applications of Cauchy's Residue theorem, focusing
particularly on its role in solving integrals arising in fluid dynamics. The study aims to bridge

the gap between abstract mathematical theory and practical computation in applied sciences.

Methodology

The concept of integrating complex-valued functions along contours in the complex plane
dates back to the 19th century. Augustin-Louis Cauchy formalized complex integration
through his Cauchy-Goursat theorem and the Cauchy integral formula. These foundational
results revolutionized mathematical analysis by demonstrating that for any analytic function,
it’s integral over a closed contour in a simply connected domain is zero, and its values within
the domain can be reconstructed from boundary values. Over time, these concepts were
refined by other mathematicians, including Bernhard Riemann, Karl Weierstrass, and Pierre
Fatou, who extended Cauchy’s work to more generalized conditions and domains. Contour

integration refers to the integration of complex functions along a path in the complex plane.

The integral I f (Z)dz represents a key concept in this work. Residue Theorem, introduced

by Cauchy and extended by Laurent, allows the evaluation of integrals by summing residues

of singularities enclosed by the contour.

The Cauchy Integral Formula (CIF) and Its Consequences

The Cauchy Integral Formula is a cornerstone of complex analysis, providing the value of

f (Z) and its derivatives at any pointa in the domain of definition.

1 z
ie. f(a) = %!%dz
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1 (a)= ”’I /(2) d, n=123,..

B 27i " (z —a)W1

The basic idea of using the residue theorem or integral calculations is to first convert a
function of a real variable into an integral of a complex variable along a closed curve, then
transform the problem by solving for the residue values at each isolated singular point inside
the closed loop curve, and finally apply the residue theorem to obtain the solution of the
product function. This paper aims to provide a systematic summary of the residue theorem

and understand its application to integral calculus calculations.

Residues and Residue Theorem

Let f (z)be a complex function that is analytic except for a finite number of isolated
singularities within a closed bounded regionR. Let Cbe a simple, closed, and positively

oriented contour that encloses all singularities of f (Z) within R. The residue theorem states

that the value of the complex integralf f (z)dz is given by the sum of the residues of f’ (z)

c

at its singularities within C (7). A contour integral of an analytic function f over a closed

curve Cis equal to the sum of residues Res, f( Z)of the function at all singularities z, inside
the loop, multiplied by 27 :

If(z)dz = 27riZZ:ResZ:Zkf(z), (1)

Where, the sum is taken over all singularities z, of f'(z)insidec.

If z,is an isolated singularity of an analytic function f (Z), often denoted as
ResZ:ZOf(Z), ResZOf(Z) or Res(f,zo). Residue ResZOf(Z) it is defined as the contour

integral around z,in a punctured disk divided by 27
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i.e.

Res. f(z)=—— | /% -(2)

27i Y
|2=2,|

Applications:

We are to use contour integration to solve definite integrals that are somehow difficult to
solve in a traditional real domain, by converting them to complex domain and solve it in the

complex plane.
Example 1:
Evaluate

J~2ﬂ do

_— a>b>0 .1
0 qg+bsin260

Solution;
Convert the real integral to complex integral from equation 1 above.

Using Euler identity. We have

z=e"Y, dz=ie"do therefore dO = %
iz
Ifz=€", = 2" =", therefore 2zdz =i2e*°d0,
then d@ = % (2)
iz
20 20
sin29:i (3)
2i

Substituting equation 2, 3 into equation1 and expand the denominator

I= j“b(m ) -(4)

(zz —zzj 2ai +bz* —bz™
a+b - = Y
1

2

dz 2i 2idz 2idz z
[ =—X = = X —

iz 261+b22—f2 iz(2a+bzz—z%) iz(2a22+bz4—b) 1
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2iz’dz 3 2zdz
iz(2az2 +bz* —b) 2az* +bz" —b

2zdz
1= (5
‘!2612 +bz* - ( )

Where ¢ |z| =1

Equate the denominator of integrant, ie. equationSto zero in other to find the

singularity(pole).

ie 2az* +bz* -b =0,
letz> =1 2204 +bA* —b=bA*+2al-b=0
—b+b* —4ac

By formular

5

2a

wherea =b, b=2a, c=-b

_2asJ(2a) 4(b)(b) 2ax\aE 1 ap

2(b) B 2b

B 2a+2\Ja* +b* 3 —a+~d*+b*
2b b

—at++a’+b*

A=
b
But z? =4 =>z=+ ﬂ;takezl:\/z, 22:—\/1
o [ 2 32
Let 4 = %ab,with roots z, = \/Z s z, == A, which are simple poles inside

our unit circle.

2z

To compute the residue of f ( ) PR
az” +bz" -

,wherez =2z,z, =vA,—V A, are two

poles inside the unit circle respectively.

Also, let f(Z) = g(z) ,Whereg(z) =2z, h(zo) = (bz4 +2az’ —b) =0 and h‘(zo) #0

h(z)
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Res,_. f (z)=22"=; wete z,is a simple pole.

Note, if: g(z)=2z, h(z)=2az,’ +bz' —b, = h(z)=4bz +4az, =4z, (bzl2 + a)
Residue at z, = \/Z

This implies that,

2z, 2 1

T4z (b2 +a) 4(bz+a) 2(bz+a)

—a+~a’ +b’

b

Res__, f(z)

Note: 212 =A=

Therefore,

_ [ 2 2
bz]z+at:b£a—i-—a+b}+a:—a+\/az+b2 +a=\a’ +b’

b
Hence,
Res _. f(z) = ;;
| Wa +b?
Also,
Residue at z, = —/ 4 =—z

Then, g(2,) =27, =2z,
H(e) =202 4 byt =, = I(z) = dbe, + daz, =4z, (b2 + a) =4(-2,) (b2 + )

-2z 2 1
Reszzzzf(z) - —4z, (bzl21 +a) - 4(b212 + a) - 2(b212 + a) - Resz:z‘

—a+~Na’ +b’

b

Recall 222 =A= 212 =

Therefore,
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b

_ [ 2 42
b222+a:b[a+—a+b]+a=—a+\/a2+b2 +a=~a +b’

Hence,

1

Res._. f(2)=———:
e /()= s

Now, the generalize residue theorem of f'(z)becomes:

J- f(2)dz =27i.Y residdues inside;

1 1 2 2ir

ie. f(z)dz:?_m'[ + J:27n’[ J:

Jc. Wa+b*  2Wa + b WNa*+b* ) a’+b’

Therefore,

2ir
I=]|f(z)dz =—F—=;
'! ( ) Ja’ + b’
Application of contour integration reveals closed-form solutions in certain potential fields,
particular in fluid dynamics, complex potential theory is utilized to describe flow around

obstacles. These results are validated against existing analytical solutions and demonstrate

consistency with classical models.
In this work, we use complex analysis to drive the velocity potential (CD) for a uniform flow

past a cylinder of radius (R) using the complex potential.

Example 2: The equation governing the potentials flow in the complex plane is given by

Y(a)):V(a)+R—2j (1)

0]

Where w ell,

a)| > R,and V is uniform flow speed (velocity magnitude) at infinity.

Solution.

By theory of potential flow in a complex plane.

Y(@)=®+i¥ -(2)
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Whetre.

@ is the velocity potential

Y is the stream function.

R is the cylindrical radius
Letw = re”, -.(3)
Were,

|a)| = r; distance from the origin

01is the angle

Substituting equation 3 into 1. We have,

2 2
Y(w)= V(rei‘g + R—e—”] =r(cos@+isinf)+ R—(cos(—@) + isin(—&))

r r
R2
(rcosHJr—cosHjJr (z’rsin@—i—sin@]
r
2
(r+—}cos«9+z(r—R—js1n9
r
2 2
Y(a))=V{(V+R—jcose+i[r—R—Jsin9} .(4)
r r

2
the potential velocity @ = V[r + R—J cos@
r

Now,

b

2
the stream function ¥ =V (r - R—j sin @
r

Therefore,
r r

Y(a))=(I)(r+R—2]cost9+i‘P(r—R—2jsin0 (5)
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Example 3:

Evaluate the integral using the residue theorem, which appears in the energy normalization

of certain wavefunctions.

1= q>0 (l)

;[) o + qz
Solution

We are to evaluate the definite integral using residue theorem in a complex @ — plane.

iy

Let f(0)=—— -(2)

w0 +q
Note that the function has two singularities at @ = tig
lLe. w=1iq, or o =-iq
Therefore,

iy

e
0 +q (w+iq)(w—iq)

Since y > 0, in the upper half-plane, then the pole is atw = iq.

let Cpbe a line from—R fo R,a semicircle of radius R, centered at the origin, in the upper

half-plane denoted as y,.

so that,

Ifw)dw I

da)+.[ ——do (3)

a)+q a)+q

Apply the residue theorem in equation 3, it shows thatC,, f (a))is analytic inside the
contour except at@ = iq.
Residue atw =iq

iy

e

Res,,_, [ (@)= }E‘E}](a’_ iq)'(a)+ iq)(w—iq)
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_ o' i(iq)y
= lim =

o @ +ig  iq+iq - 2ig

e

Therefore, by residue theorem, we have

e*}"]

c{ f(o)o=2xiRes, , f(®)=27i. e =§e” (4)

Now we ate to show that, the integral arc vanishes as R — o0, by estimating the modulus.

) e
If ]lelm ﬁa’ ow=0
el 0 +q

Were, @ = Re", at6 e [0,72'], so that dw =iRe"” do.

Then:
i V4 1Re q
j 0| < [| 57— iRe" dO
i0
o’ +q o|R7€e +q°

By Euler,

‘eiReigy — ‘eiRcosﬁye—RsinHy‘ < e—RsinHy
As x>0,sinx >0 on [0,72'], so is e ™" 50;50 also is the denominator

‘0)2 +q2‘ 0 R* — oo
Hence, the integrand goes to 0, as R — o0 on the arc.

Atq <0, same procedure.

Therefore,
© iwg B T 7y‘q‘ ll l
J‘ﬁda)——e , for all real q.
L0 +q q

Conclusion

This paper explores the pivotal role of Cauchy's integral formula and residue theorem on
contour integration in solving complex-valued integrals; and the author(s) discusses

difference kind of problems of residues inboth complex analysis and applied mathematics.

330 Mikailalsys Journal of Advanced Engineering International




Ndam George Shehu, Manjak Nibron Haggai, Adamu Muhammad Sanda, Babawuro Zuwaira

Not only that, this paper introduces basic knowledge of the residue theorem and several

points of mathematical applications to difference fields.

Residue theorem is a fundamental concept in the concept in the complex variable functions.
Its offer an efficient method of resolving a variety of improper integrals issues involving real
variable integrands. With help of residue theorem, people could evaluate complex integrals
by just identifying the singularities of the function in the complex plane and then utilizing
the residue theorem. Thus the residue theorem provides a useful tool for resolving complex
problems that may be very difficult to approach using traditional approaches. But with its
assistance, integrals can be calculated in a simple and more convenient manna. Above all, this
work is useful for the method and it gives an in-depth expansion of improper integral
calculation and promotes the effective solution in real-world problems as the examples given

in the paper.
Recommendations

Future research directions may include computational implementation of these techniques

and exploration of higher-dimensional analogs.
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