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Abstract 
 

This article explores the generalized K-Fibonacci sequence derived from 

matrices, extending the classical Fibonacci sequence to matrix representations. 

The properties and its applications are also described. The interplay of matrix 

algebra and generalized Fibonacci sequences offers insights into advanced 

sequence theory. 
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Introduction  

The Fibonacci sequence is a cornerstone of mathematical study with applications ranging 

from number theory to computer science. Its generalized versions, such as the K-Fibonacci 

sequence, allow for broader exploration of recurrence relations. 
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Numerous intriguing characteristics and uses of the Fibonacci numbers may be found in 

both science and the arts [1]. For their amazing qualities and uses, a variety of papers have 

been shown. One benefit of Fibonacci numbers is their generalizability [2-4]. The 

Fibonacci sequence may therefore be modified in a number of ways, and these generalized 

forms—such as matrix methods—have a number of intriguing characteristics. Numerous 

generalizations of these figures have been offered in different formats [5,6]. This is the 

most popular method for analyzing the Fibonacci sequence, and the so-called Fibonacci Q-

matrix was recently defined [7, 8,17,18]: 

𝑄1 = (
1 1
1 0

)  so that 𝑄𝑛 = (
𝐹𝑛+1 𝐹𝑛

𝐹𝑛 𝐹𝑛−1
)       (1) 

where 𝐹𝑛+1 = 𝐹𝑛 + 𝐹𝑛−1 with the initial conditions; 𝐹1 = 1 and 𝐹0 = 0.  

The 'Lucas Matrix,' introduced by Brenner, illustrates the initial application of the Q-matrix 

[15,16]. Charles H. King originally introduced the term "Q-matrix" in his 1960 master's 

thesis, "Some properties of the Fibonacci numbers," at San Jose State College [9]. Basin 

and Hoggatt [10] at least mention this source, and among Fibonacci enthusiasts, the idea 

took off like wildfire. 

Following its quarterly publication by a number of distinguished authors, researchers, and 

academics, the Q-matrix technique emerged as a crucial instrument in the study of 

Fibonacci characteristics [14]. Gould [7] introduced the Q-matrix's history and higher 

dimensional difficulties. Using the matrix approach, Silvester et al. [11–13] recorded a few 

characteristics. 

Definition 1. Let 𝑘 and 𝑚 be any positive real and fixed positive integer for 𝑛 ≥ 2, then 

the generalized 𝑘-Fibonacci sequence is given by 

𝑄𝑘,𝑛 = 𝑘𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−2 with initial conditions 𝑄𝑘,0 = 𝑚, 𝑄𝑘,1 = 𝑘𝑚  

Two matrix representations of 𝑄1 and 𝑄2 for 𝑄𝑘,𝑛  can be defined as 

𝑄1 = [𝑘2 + 1 𝑘
𝑘 1

]  and 𝑄2 = [
𝑘 1
1 0

]        (2) 

The generalized 𝒌-Fibonacci sequence for 𝑸𝟏 matrix  

Theorem 1. Let n be a positive integer, then  𝑄1 is defined as  

𝑄1
𝑛 = 𝑚−1 [

𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
]         (3) 
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Proof. Let 𝑛 = 1, we have 

𝑄1 = 𝑚−1 [
𝑄𝑘,2 𝑄𝑘,1

𝑄𝑘,1 𝑄𝑘,0
] = [𝑘2 + 1 𝑘

𝑘 1
]  

Let this result is true for 𝑛,  also we will show for 𝑛 + 1 also. 

𝑄1
𝑛+1 = 𝑄1

𝑛𝑄1

 = 𝑚−1 [
𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
] [𝑘2 + 1 𝑘

𝑘 1
]

 = 𝑚−1 [
𝑘2𝑄𝑘,2𝑛 + 𝑄𝑘,2𝑛 + 𝑘𝑄𝑘,2𝑛−1 𝑘𝑄𝑘,2𝑛 + 𝑄𝑘,2𝑛−1

𝑘2𝑄𝑘,2𝑛−1 + 𝑄𝑘,2𝑛−1 + 𝑘𝑄𝑘,2𝑛−2 𝑘𝑄𝑘,2𝑛−1 + 𝑄𝑘,2𝑛−2

]

 = 𝑚−1 [
𝑘(𝑘𝑄𝑘,2𝑛 + 𝑄𝑘,2𝑛−1) + 𝑄𝑘,2𝑛 𝑄𝑘,2𝑛+1

𝑘(𝑘𝑄𝑘,2𝑛−1 + 𝑄𝑘,2𝑛−2) + 𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛

]

 = 𝑚−1 [
𝑄𝑘,2𝑛+2 𝑄𝑘,2𝑛+1

𝑄𝑘,2𝑛+1 𝑄𝑘,2𝑛
]

  

Theorem 2. [16] 

𝑚𝑄𝑘,2𝑛 = 𝑄𝑘,𝑛
2 + 𝑄𝑘,𝑛−1

2 , 𝑛 ≥ 1

𝑚𝑄𝑘,2𝑛−1 = 𝑄𝑘,𝑛𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−1𝑄𝑘,𝑛−2, 𝑛 ≥ 2
  

    

𝑄1
𝑛  =  𝑄

n

2   𝑄
n

2

 = 𝑚−2 [
𝑄,k,𝑛 𝑄𝑘,𝑛−1

𝑄𝑘,𝑛−1 𝑄𝑘,𝑛−2
] [

𝑄𝑘,𝑛 𝑄𝑘,𝑛−1

𝑄𝑘,𝑛−1 𝑄𝑘,𝑛−2
]

 = 𝑚−2 [
𝑄𝑘,𝑛

2 + 𝑄𝑘,𝑛−1
2 𝑄𝑘,𝑛𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−1𝑄𝑘,𝑛−2

𝑄𝑘,𝑛𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−2𝑄𝑘,𝑛−1 𝑄𝑘,𝑛
2 + 𝑄𝑘,𝑛−2

2 ] .

  

     Theorem 1.  has defined, 

       𝑄1
𝑛  = 𝑚−1 [

𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
]  

  On comparing these two matrices then 

𝑚−1𝑄𝑘,2𝑛 = 𝑚−2(𝑄𝑘,𝑛
2 + 𝑄𝑘,𝑛−1

2 )

𝑚𝑄𝑘,2𝑛 = 𝑄𝑘,𝑛
2 + 𝑄𝑘,𝑛−1

2 n 

and 

𝑚−1𝑄𝑘,2𝑛−1 = 𝑚−2(𝑄𝑘,𝑛𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−2𝑄𝑘,𝑛−1)

𝑚𝑄𝑘,2𝑛−1 = 𝑄𝑘,𝑛𝑄𝑘,𝑛−1 + 𝑄𝑘,𝑛−2𝑄𝑘,𝑛−1

  

Theorem 3. For the integers 𝑛 and 𝑟, 
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𝑚𝑄𝑘,2𝑛+2𝑟 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1, 𝑛, 𝑟 ≥ 1

𝑚𝑄𝑘,2𝑛+2𝑟−1 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−1 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−2, 𝑛, 𝑟 ≥ 1
  

Proof.  𝑄1
𝑛+𝑟  has its summation form [16] 

𝑄1
𝑛+𝑟 = 𝑄1

𝑛𝑄1
𝑟

 = 𝑚−2 [
𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
] [

𝑄𝑘,2𝑟 𝑄𝑘,2𝑟−1

𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟−2
]
  

From Theorem 1.  

𝑄1
𝑛+𝑟 = 𝑚−1 [

𝑄𝑘,2𝑛+2𝑟 𝑄𝑘,2𝑛+2𝑟−1

𝑄𝑘,2𝑛+2𝑟−1 𝑄𝑘,2𝑛+2𝑟−2
]  

 Equating these two matrices, 

𝑚−1𝑄𝑘,2𝑛+2𝑟 = 𝑚−2(𝑄𝑘,2𝑛𝑄𝑘,2𝑟 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1)

𝑚𝑄𝑘,2𝑛+2𝑟 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1

  

and 

𝑚−1𝑄𝑘,2𝑛+2𝑟−1 = 𝑚−2(𝑄𝑘,2𝑛𝑄𝑘,2𝑟−1 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−2)

𝑚𝑄𝑘,2𝑛+2𝑟−1 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−1 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−2

  

Theorem 4. 𝑚𝑄𝑘,2𝑛−2𝑟 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−2 − 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1 and 

𝑚𝑄𝑘,2𝑛−2𝑟−1 = 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟 − 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−1, where 𝑛 ≥ 1, 𝑟 ≥ 1 and 𝑛 ≥ 𝑟  

Proof.  

𝑄1
𝑛−𝑟 = 𝑄1

𝑛(𝑄1)−𝑟

 = 𝑚−1 [
𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
] 𝑚 [

𝑄𝑘,2𝑟 𝑄𝑘,2𝑟−1

𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟−2
]

−1

 = [
𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−1 𝑄𝑘,2𝑛−2
]

1

𝑄𝑘,2𝑠𝑄𝑘,2𝑟−2−𝑄𝑘,2𝑟−1
2 [

𝑄𝑘,2𝑟−2 −𝑄𝑘,2𝑟−1

−𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟
]

 =
1

𝑚2 [
𝑄𝑘,2𝑛𝑄2𝑟−2 − 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1 −𝑄𝑘,2𝑛𝑄2𝑟−1 + 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟

𝑄𝑘,2𝑛−1𝑄2𝑟−2 − 𝑄𝑘,2𝑛−2𝑄𝑘,2𝑟−1 −𝑄𝑘,2𝑛−1𝑄2𝑟−1 + 𝑄𝑘,2𝑛−2𝑄𝑘,2𝑟
] .

  

From Theorem 1. we have 

𝑄1
𝑛−𝑟 = 𝑚−1 [

𝑄𝑘,2𝑛−2𝑟 𝑄𝑘,2𝑛−2𝑟−1

𝑄𝑘,2𝑛−2𝑟−1 𝑄𝑘,2𝑛−2𝑟−2
]  

Therefore, by equating these two matrices, we have 

𝑚−1𝑄𝑘,2𝑛−2𝑟 =
1

𝑚2 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−2 − 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1,

𝑚𝑄𝑘,2𝑛−2𝑟 = 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−2 − 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟−1
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and 

𝑚−1𝑄𝑘,2𝑛−2𝑟−1 =
1

𝑚2
𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟 − 𝑄𝑘,2𝑛𝑄2𝑟−1

𝑚𝑄𝑘,2𝑛−2𝑟−1 = 𝑄𝑘,2𝑛−1𝑄𝑘,2𝑟 − 𝑄𝑘,2𝑛𝑄𝑘,2𝑟−1

  

Theorem 5. For the integers 𝑛 and 𝑟, 

𝑄𝑘,2𝑛 = 𝑚
𝑄𝑘,2𝑛+2𝑟+𝑄𝑘,2𝑛−2𝑟

𝑄𝑘,2𝑟+𝑄𝑘,2𝑟−2
, 𝑛, 𝑟 ≥ 1, 𝑛 ≥ 𝑟  

Proof. From theorem 4  

𝑚𝑄1
𝑛+𝑟 + 𝑚𝑄1

𝑛−𝑟 = 𝑄1
𝑛(𝑚𝑄1

𝑟 + 𝑚𝑄1
−𝑟)   

=𝑄1
𝑛 [𝑚𝑚−1 (

𝑄𝑘,2𝑟 𝑄𝑘,2𝑟−1

𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟−2
) + 𝑚(𝑚−1)−1 (

𝑄𝑘,2𝑟 𝑄𝑘,2𝑟−1

𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟−2
)

−1

]
  

= 𝑚𝑄1
𝑛+𝑟 + 𝑚𝑄1

𝑛−𝑟 = 𝑄1
𝑛(𝑚𝑄1

𝑟 + 𝑚𝑄1
−𝑟)  [16] 

= 𝑚𝑄1
𝑛+𝑟 + 𝑚𝑄1

𝑛−𝑟 = 𝑄1
𝑛(𝑚𝑄1

𝑟 + 𝑚𝑄1
−𝑟)   

But by using Theorem 1.1 and equating two matrices, we have 

𝑚−1𝑄𝑘,2𝑛(𝑄𝑘,2𝑟 + 𝑄𝑘,2𝑟−2) = 𝑄𝑘,2𝑛+2𝑟 + 𝑄𝑘,2𝑛−2𝑟

𝑄𝑘,2𝑛 = 𝑚
𝑄𝑘,2𝑛+2𝑟+𝑄𝑘,2𝑛−2𝑟

𝑄𝑘,2𝑟+𝑄𝑘,2𝑟−2

  

Theorem 6. Let some positive integers n, we have 

 [
𝑄𝑘,2𝑛+1

𝑄𝑘,2𝑛
] = [𝑘2 + 1 𝑘

𝑘 1
] [

𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−2
] 

Proof. For 𝑛 = 1, the result is insignificant. Let this is true for 𝑛. Then we can able to 

show that it is also true for 𝑛 + 1. 

[
𝑄𝑘,2𝑛+3

𝑄𝑘,2𝑛+2
] = [

𝑘(𝑘𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑛) + 𝑄𝑘,2𝑛+1

𝑄𝑘,2𝑛+2
]

 = [
𝑘2𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑛+1 + 𝑘𝑄𝑘,2𝑛

𝑘𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑛
]

 = [𝑘2 + 1 𝑘
𝑘 1

] [𝑘2 + 1 𝑘
𝑘 1

] [
𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑛−2
]

 = [𝑘2 + 1 𝑘
𝑘 1

] [
𝑄𝑘,2𝑛+1

𝑄𝑘,2𝑛
]
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Theorem 7. 

𝑚𝑄𝑘,2𝑛+2𝑟+1 = 𝑄𝑘,2𝑟𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛, 𝑛 ≥ 0, 𝑟 ≥ 1

𝑚𝑄𝑘,2𝑛+2𝑟 = 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−2𝑄𝑘,2𝑛, 𝑛 ≥ 0, 𝑟 ≥ 1
  

Proof. 

𝑄1

𝑛+𝑟+
1

2 = 𝑄1
𝑟𝑄1

𝑛+
1

2

 = 𝑚−2 [
𝑄𝑘,2𝑟 𝑄𝑘,2𝑟−1

𝑄𝑘,2𝑟−1 𝑄𝑘,2𝑟−2
] [

𝑄𝑘,2𝑛+1 𝑄𝑘,2𝑛

𝑄𝑘,2𝑛 𝑄𝑘,2𝑛−1
]

 = 𝑚−2 [
𝑄𝑘,2𝑟𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛 𝑄𝑘,2𝑟𝑄𝑘,2𝑛 + 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛−1

𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−2𝑄𝑘,2𝑛 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛 + 𝑄𝑘,2𝑟−2𝑄𝑘,2𝑟−1
]

  

 

From Theorem 1.1 

𝑄1

𝑛+𝑟+
1

2 = 𝑚−1 [
𝑄𝑘,2𝑛+2𝑟+1 𝑄𝑘,2𝑛+2𝑟

𝑄𝑘,2𝑛+2𝑟 𝑄𝑘,2𝑛+2𝑟−1
]  

 Equating these two matrices,  

𝑚−1𝑄𝑘,2𝑛+2𝑟+1 = 𝑚−2(𝑄𝑘,2𝑟𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛)

𝑚𝑄𝑘,2𝑛+2𝑟+1 = 𝑄𝑘,2𝑟𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛

  

and 

𝑚−1𝑄𝑘,2𝑛+2𝑟 = 𝑚−2(𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−2𝑄𝑘,2𝑛)

𝑚𝑄𝑘,2𝑛+2𝑟 = 𝑄𝑘,2𝑟−1𝑄𝑘,2𝑛+1 + 𝑄𝑘,2𝑟−2𝑄𝑘,2𝑛 [16]
  

Properties of the Generalized K-Fibonacci Sequence [19] 

Closed-form Expression: The sequence can be expressed using eigenvalues and 

eigenvectors. 

Matrix Trace Relationship: The trace of matrix provides a direct link to the growth 

factor: 

 Applications: 

Algorithm Optimization: The generalized sequence has applications in optimizing 

recursive algorithms, particularly in scenarios involving exponential growth. 

Cryptography: The unpredictability of matrix-based sequences finds utility in 

cryptographic key generation. 
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Modeling Natural Phenomena: Extended Fibonacci sequences model branching 

patterns and population dynamics with customized growth rates. 

 

Conclusion 

 The generalized K-Fibonacci sequence of and matrices extends classical Fibonacci theory 

into matrix algebra, uncovering rich mathematical structures and practical applications. 

Future work may explore higher-dimensional matrix generalizations and their implications 

in computational mathematics. 
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