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Abstract

In this study, a new class of fuzzy number sequences is defined using Orlicz
functions, and various useful classes with a variety of structures have been
imposed. The behavior of these new classes has been examined as well as their
topological properties and relationship to other fuzzy sequences.
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Introduction

In functional analysis and related mathematical fields, a sequence space is a vector space
consisting of infinite sequences of real or complex numbers [9]. Let w be the set of all
functions from the set of natural numbers N to the set of real or complex numbers. Then
w can be turned into a vector space and the subspace of X of w is called a sequence space.
Sequence space is a vector space whose elements are infinite scalars of real or complex
numbers and is closed under coordinate-wise addition and scalar multiplication. Numerous
scholars have deeply examined the fuzzy set and fuzzy real numbers in a variety of
sequence spaces. Zadeh [20] was the first to introduce the idea of fuzzy sets and fuzzy set
operations. Since then, a number of authors have covered a variety of topics related to the
theory and applications of fuzzy sets, including fuzzy topology. In the field of pure
mathematics, a lot of researchers have worked in the field of sequence spaces. Bounded
and convergent sequences of fuzzy numbers were first proposed by Motolka [5], who also
looked at some of their characteristics. Nanda [8] defined a new metric for demonstrating
the completeness of a space of a convergent and bounded sequence of fuzzy real numbers.
The double convergent sequence of fuzzy numbers was presented and studied by
Mursaleen[7], who also demonstrated that the space containing all double convergent
sequences of fuzzy numbers is complete. A few novel sequence spaces of fuzzy numbers

were produced by Basarir and Mursaleen [ 2 ].

Tripathy [19] and others have researched this further in detail. The idea of convergence in
probability is strongly connected to statistical convergence. The material that is currently
available on statistical convergence seems to be limited to real or complex analysis.
Numerous areas of research in mathematics, management science, and social science have
effectively used fuzzy sets and fuzzy logic theories. Altay and Basar[1] defined the double
sequence spaces in 2005 and looked at a few of their characteristics and demonstrated that
the spaces are complete paranormed or normed spaces. In 2020, Dabbas and Battor
examined the characteristics of convergent, null, and limited double sequence spaces
defined by the double Otlicz function. The novel double sequence space formed by the
Ortlicz function is introduced and studied by Paudel et al [ 11], along with some of its
properties such as linear space structure, completeness, and solidity, using the notion of
fuzzy real numbers. Similarly in 2023, Paudel [15] defined the difference sequence space

S(F,M,a, P) of fuzzy real numbers by using the Otlicz function and examined some of
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its linear topological features, and showed that it is complete by establishing a new
paranorm on it. Paudel et al.[13 | explored the generalized difference sequence space of
fuzzy real numbers in 2022. In 2023, with the help of the Orlicz function, Paudel et al [16]
defined the sequence spaces lM( X, A, D ) and lM( X, D, L) and examined some linear
topological characteristics of the spaces using the concepts of fuzzy sets and fuzzy real
numbers. In addition, they have established a paranorm to demonstrate the completion of
space lM( X, A, P, L). Fuzzy logic and fuzzy set theory are widely used in applicable fields
of mathematics. Paudel and et al [17 | have investigated how Sanchez's medical theory may
be applied in medical diagnostics and developed a fuzzy arithmetic-based system for
recognizing medical conditions for better treatment. Not only this, Paudel and et al [10]
applied fuzzy set theory in making decisions while selecting the best candidate from a

group of individuals in the same environment using the maximum-minimum composition.

In this paper a novel class of fuzzy number sequences is developed using Orlicz functions,
and some of its topological characteristics have been studied. Basic concept and related

definition related to our work are given below.

Definition and Preliminaries:

An Orlicz function is a function M : [0,00) — [ 0, o), which is continuous, non-
decreasing, and convex with M(0) = 0, M(x) > 0 for x> 0, and M(x) = 0 as x = oo. If
the convexity of Otlicz function is replaced by M(x + y) < M(x) + M(y), then this

function is called the modulo function.

Wladyslaw Otliczfirstly introduced Otlicz space in 1932. Later on, Lindenstrauss and

Tzafriri [9] used the idea of the Otlicz function to construct the sequence space

X
ly=1x €w: ZM<M><OOforsomep>0
k=1 P
The space Iy with the norm ||x|| is defined by
X
lxll = inf] p >0 : ZM<M> <1
k=1 p

becomes a Banach space and is called Otlicz sequence space.
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An Otlicz function M is said to satisfy A, —condition for all values of # if there exists £ >0

such that M (2u) < kM (u),u = 0.

Let D be the set of all bounded intervals A= [a, b] on the real line R. Then for any A4,B €
D Wlth A = [al,bl] and B - [az, bz] then A S B lf az S a1 and bl S bZ.

Define a relation don Dby d( A, B) = max {|a, — a4l,|b, — by|}
Then clearly, d defines a metric in D, and obviously (D, d) is a complete metric space.

Let U be the universe of discourse and X € U. A fuzzy set X in U is defined as the

collection of order pair (x, iy (x)) where pix : U =[0, 1] and x € U. Here puy(x) is called

the degree of membership of x.

A fuzzy number is a very set on the real axis, i.e. a mapping X : R = [0, 1 Jwhich

satisfies the following four conditions

I X is normal i.e. there exists x° € R such that X(x°) = 1;

ii. Xis fuzzy convexi.e. forx,y ERand0 <a <1, X(ax+ (1 —a)y) =
min[X(x), X(¥)]

iii. X is upper semi-continuous ;

iv. The closure of the set C(R) = {x € R: X(x) = 0} is compact, and the set has
a linear structure introduced by operators

A+B= {a+b:a€AbeB} and YA={ya:a€A}

For A,B € C(R) and y € R,the Hausdroff distance between A and B of C(R) is defined

as
5,(4,B) = max|sup nflla - bl ,sup nflla - bl
where,||. || denotes the usual Euclidean norm on R. It is well known that (C(R), &) is

complete metric space.

Let A € (Ajn) be a non-decreasing sequence of positive real numbers tending to infinite

such that
}\m+1,n < }\m,n+1 r)\m,n+1 < )\m+1,n

7\m,n - )\m+1,n < 7\m,n+1 - }\m+1,n+1 yMyq1 = 1
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And
Ipn={k,D):m—-Appy1 Sk<m  n—Apyp <1 <n}

The generalized double Delvalle-Poussin mean is defined by

(Xk1)

1

tmn = tm,n()\kv 1) = 2
mn
" (kDELy

A double sequence of fuzzy numbers X = ( Xi,) is a function form X:N x N — R(I), the
set of fuzzy real numbers. The fuzzy number X, is the value of the function at the point
(k, /) € Nx N and is called (k, /)- term of the double sequence. Let S (F) denote the set

of all double sequences of fuzzy numbers.

A double sequence X = (X}, ;) of fuzzy number is said to be convergent in the Pring
Sheims sense or P- convergent to a fuzzy number X, if for every € > 0, there exists N €
Z such that d(Xy;,X,) < € forall k,l > N, and we write P-lim X = X,,. The number
X, is called Pring-Sheims limit of (X k,l)- More exactly, we say that a double sequence
(Xy1) converges to a finite number X, if X ; tends to X, as both k and /to oo

independently of one other.

A double sequence X = (Xj ;) of fuzzy number is said to be A —statistically convergent to

X, provided that for every € > 0,

1
m,n

P —lim {G,k):j <mandk <n:d(Xy;,X,)=¢}| =0

We denote the set of all double A —statistically convergent sequence of fuzzy numbers is
denoted by S"” (A)F.

Let M = ( My ;)be a sequence of Otlicz functions, P = (p) be a bounded sequence of
positive real numbers, and u = (uy) be a sequence of strictly positive real numbers. We

define the following classes for sequences
0" (MM, u,P)F =X =(X;,) €

(d(tmn(Xk l):Xo) Pkl
" . M _ = 0,
S"(F): lim }L—l Dk l€lnn uk,z[ k.l( o )] 0

mmn—oo Am, . .
oo smn uniformaly inm,n for some p > 0
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Wy (MM ,u, P)F

=4X = (Xk,l)

= 0,

d(Emn (X 2), O\

1 ( mn\2k,l

ES”(F) ml‘}lrgml_ Z U1 le.l< P) l
mn

kl€lmn uniformaly inm,n for somep >0

wi (A M ,u, P)f

=X = (Xp1)

€ S"(F): sup

mn )\m,n

p
kl€hmn uniformalyinm,n for some p > 0

Z Uy le,l <(d(tmn(Xk,l)‘ 5)>rk_l .

1 t=(0,0,0,........,0)

where, 0(t) = { 0 otherwise

IfX € w"(MM,u,P)F, we say that X is strongly almost A —convergent with respect to

the Orlilcz function. In this case we write X ; — X.

The following classes ate defined by giving particular values of M, #, P, and A
@) For Ay = 1, we write
w"(AM,u, P)f = w"(M,u, P)Y, ) (AM,u,P)F = w)(M,u,P)F, an
won (LM, u,P)F = ol (M,u, P)F
(if) If M = (My,;)(x) = x for all values of 4,/ we write
®"(AM,u, P)F = w"(Au, P)F, o) (A, M,u, P)F = w) (A u,P)f and
whn (MM ,u, P)F = wl (A u, P)F
(i)  Ifpg, =1forallk,l €N jthen
®"(AM,u, P)F = "(AM,0)F, w)(M,M,u, P)F = o) (A M,u)F and
wn(AMM,u, P)F = ol (AM,u)f
(v) IfM=My,;(x)=x, pp; =1forallk,l €N jthen we write
®"(AM,u, P)F = o"(LWF, o) (LM, u, P)F = w, (A u)f and
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W (AM,u, P)F = wl (A uw)f

) Ifpr; =1, ug; = 1forall k,I €N then we write
®"(AM,u, P)F = 0" (L M)F, o) (LM ,u, P)F = o) (A,M)F an

wo(AM,u, P)F = wl,(A,M)F

vi)y If M=My,(x)=x, px;=1, ug; =1forall k,l €N then we wri
®"(AM,u, P)F = 0"(DF, w) (AM,u, P)F = w)(D)F, and win(MM,u, P)F =
wi(A)F
In this paper following inequality will be used
LetP = (pk,l) be a double sequence of positive real numbers with 0 < py; <

suppy; = H and let D = max{1, 2#71}. Then, for the factorial sequences ay and by of
k,l
scalars, we have
Pkl Pk, Pk
|k + biea| ™ < D(|awa| ™ + aws[ ™)
Main Result

Theorem 1: Suppose M = (My, ;) be a sequence of Otlicz function , P = (Pk,l) be a

bounded sequence of positive real numbers and u = (uk l) be a sequence of positive

numbers, then @) (AL, M ,u, P)f c o"(AM,u, P)f c wl,(A,M,u, P)F.

Proof: The relation wy (A, M ,u, P)F cw'(AM,uy, P)F is obvious. Let X €
w"(AM,u, P)F then we get,

1 d(tn (X), 0\ ]
o Z e IM"'1<( - 2;5 : )>_

kl€ly
[ Dk,
o (Lm0

AN

pkl
m"kle1mn2 P
> ()
2Pt Ykl
mnklelmnz p
Kk 1 (d(tmn (X).X0)\ Pkl
< mZk,lEIm‘ank,l [Mk,l (%)] +
(%]
kk‘rlré:;l;(n {max{l, Sup Uy [Mk,l( . )] }}
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where, sup py,; = Hy and k = max(1, 2#171). Thus X € we, (A, M, u, P)F.
k1

Theorem 2: Suppose M = (M ;) be a sequence of Otlicz function P = (py; ) be a
bounded sequence of positive real numbers and u = (uy) be a sequence of positive
real numbers then, the classes wl) (A, M, u, P)F |, w"(A, M, u, P)F, wis (A, M, u, P)F
are linear.

Proof: Let X = (Xi;) and Y = (Yy) are the elements of wi (A, M, u, P)F and o, B

are scalars. Then there exists p; > 0, p, > 0 such that

1 (d(tyn(X),0)
SUPmn Uy [My | ————

Pk,
) >l < oo uniformly inm ,n
1

L =T

and

1
SUPmn )\_ Z Ug,1

mn
K,1€ln

Pk
)l < oo uniformly inm ,n
P2

d(tmn(¥),0
Mk,l<( (tmn (Y),0)

Define p3 = max(2|alp; , 2|f1pz). Since, M = (M) is non-decreasing and

convex, we have

1 Z
Supm,n A uk,l M
m

™ K l€lmn

<(a A(trmn(X),0) + (B d(tmn (V) 6))]”""
fol P3

<( a d(tmn(X), 6))
k.l

1
SSupm,n K z U1 M D3

™ K l€lnn

(B dtma(Y), 6))}”’”
P3

+ Mk,l <

1 1 d(tmn (X), 0)\ ]
= > SUPmn Z Ug,1 [Mk,l <M>l

A
mn e P

1 1 d(tmn (), D\

m,n K, 1€ n P2

= aX+ BY€E wy(AM,u,P)F. This proves that the class we, (A, M, u, P)fisa

linear space. Similarly we can prove for other class as linear space.
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Theorem 3: 1f 0 < py; < 7y, forall k, I € N and (%) bounded the
won(AM,u,7)F € wy (A M,u, P)F.

Proof: X = (Xj,;) € we (A M, u,7)F then,
SUPsm,n }\L Z U1 [Mk,l (M)

T ki€l n

Pk,
< oo uniformly inm ,n

. 1 (d(tmn (X),00\PH! Pkl
Let  Ski1 = SUPmn 3 Lkl€hny Ukl [Mk,l (— and Ay = ==
mn ’ p Tkl

Since py; < Ty we have 0 < Ay < 1. Take 0 < A <Ay,

Define, uy; = {Sk’l Y ose 2 1 and v —{ 0 Y Sk 21
> Tkl 0 lf Sk,l <1 kil Sk,l lf Sk,l <1
_ Akt _ Akt Ak
Then Sk,l = uk,l + vk,l s Sk,l = Uy + Uk,l
It follows that,
Akl Akl A
uk,l < Ug,1 = Skl > vk,l < Uk
. Al Ak Akl Akt _ A
Since, Spl = U + Uyl then Spl = Skt + v,
=\ Tk Ml
1 (d(tmn(X),0)
SUPm,n X U | My | —————
MRl P
€L n
S5\ 17k
- 1 (d(tmn(X), 0)
= SUPmn P U | My | —————
m,n p
K€Ly n
Pl

1 (d(tn (X),0)) 175t
= SUPmn S U1 M, —p
mn

1 d(tmn (X),0)\]
< SUPmn 3 Z Up,1 [Mk,l (Mﬂ

mmn p

1 d(tmn (X), 00\
= SUPmp 37— Z Up,1 [Mk,l (W)l
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1 d(tmn (X),0)\]
< SUPmn 3—— 2 Ug,1 [Mk,l (%)l

A T

But

5

1 d (b (X), 0)\]
SUPsn Z Uy 1 [Mk,l (%)l < oo uniformaly in m, n

A
S =T

Therefor,

1 d(t,,(X),0
SUPm,n -~ z U1 [Mk,l (W)

™ ki€l n

Pk,
< oo uniformaly inm,n

And hence X € wi (A, M, u, P)F. Thus, wi (A, M,u,7)F € wi, (A, M,u, P)F.

Proved

Theorem4: Suppose M = (Mk,l) be a sequence of Orlicz function, P = (pk,l) be a
bounded sequence of positive real numbers and u = (uk,l)be a sequence of strictly

positive real numbers. If Sup(Mk,l(x))pk'l < oo for all fixed x >0 w"( A, M, u, P)F c
k1l

wio (A M,u, P)f

Theorem 5: Let M = (M) be a sequence of Otlicz functions, X = (Xk'l) be a
double bounded sequence of fuzzy numbers and 0 < h = infpy; < suppy,; = H; <
0. Then s”" ()f c w"'(1, M,u,P)F.

Proof: Suppose that X € 15 and X;; — X,(s"” (1))F. Since X € IF,, there exists a

constant K > 0 such that d(t,;,,(X),X,) < K forallm,n € N.

Let, € > 0 be given. We have

1 d(tmn (X), X )\7 ¥
Z uk,l[Mk,l<( (Emn (X) ))I

T ki€l n p

n Pk,
1 (d(tmn(X),0))
Upe,1 (M, +
m,n P
kl€Imn,d(tmn (X).X0)2e
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1

(d(tmn(X),ﬁ))ﬂ”"'l

Up1 IM Kl < )

)‘m,n
kL€ d(d(tmn (X)X 0)<e

D) ()] s s (5)
max {u —1| ,u —
Yowm k1 [ M1 P k1 | Mk, P

k'ZEIm,n,d(tmn(X),Xo)zs

b

1 z [ E\ 1Pkl
e M ()
)\m,n k,l k1l D

kL€l n,(d(tmn (X)X 0)<e

1
= [max {uk,l[Mk,l(T)]htuk,l[Mk,l(T)Hl]} . (K, D) € Ly ¢+ d(Emn (XD, Xo)
) mn mn

.
h Hq
+k,fl‘fé?n>f’n {uk,l[Mk,l(€1)] :uk,l[Mk,l(gl)] }
where, T = % ,% = g, and hence X € w"(A, M ,u, P)F. This completes the proof.

Theorem 6: Let M = (M},) be a sequence of Orlicz functions, X = (Xk,l) be a
double bounded sequence of fuzzy numbers and 0 < h = infpy; < pg,; <

suppyg; = Hy < . Then"(A, M,u,P)F cs"(D)F.
Proof : The proof of the theorem follows from the following inequality

1 d(tmn (X), X )\T7
— Z us) le11<( (¢ p() ))l

K,1€Lmn

1 d(tmn (X)), X )\]7X
LY (M

mmn P

kL€l nd(tmn (%).X0)2e

1 d(tmn (X)), X,)\7*
Y L )

mn P

kL€l n,d(tmn (X0),X 0)<e

1 d(tmn (X)), X,)\]7<
N L G ey

mn P

v

k€I nd(tmn (X),X0)2e
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1 h
= T min {uk,l[Mk,l(€1)] y uk,l[Mk,z(€1)H1]}

M el

HEIMnd(tmn(X),Xo)ze

1
2 —|{(k, D) € Inn : d(tmn (XD, Xo) = € }]

mn

h H
+ krlrel},r,:n {uk,l[Mk,l(gl)] Ut [ My (e1)] 1}

where, i = &.
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