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Abstract 
 

In this study, a new class of fuzzy number sequences is defined using Orlicz 

functions, and various useful classes with a variety of structures have been 

imposed. The behavior of these new classes has been examined as well as their 

topological properties and relationship to other fuzzy sequences. 
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Introduction 

In functional analysis and related mathematical fields, a sequence space is a vector space 

consisting of infinite sequences of real or complex numbers [9]. Let ω be the set of all 

functions from the set of natural numbers ℕ   to the set of real or complex numbers. Then 

ω can be turned into a vector space and the subspace of X of ω is called a sequence space. 

Sequence space is a vector space whose elements are infinite scalars of real or complex 

numbers and is closed under coordinate-wise addition and scalar multiplication. Numerous 

scholars have deeply examined the fuzzy set and fuzzy real numbers in a variety of 

sequence spaces. Zadeh [20] was the first to introduce the idea of fuzzy sets and fuzzy set 

operations. Since then, a number of authors have covered a variety of topics related to the 

theory and applications of fuzzy sets, including fuzzy topology. In the field of pure 

mathematics, a lot of researchers have worked in the field of sequence spaces. Bounded 

and convergent sequences of fuzzy numbers were first proposed by Motolka [5], who also 

looked at some of their characteristics. Nanda [8] defined a new metric for demonstrating 

the completeness of a space of a convergent and bounded sequence of fuzzy real numbers. 

The double convergent sequence of fuzzy numbers was presented and studied by 

Mursaleen[7], who also demonstrated that the space containing all double convergent 

sequences of fuzzy numbers is complete. A few novel sequence spaces of fuzzy numbers 

were produced by Basarir and Mursaleen [ 2 ].                                                                                                                                              

Tripathy [19] and others have researched this further in detail. The idea of convergence in 

probability is strongly connected to statistical convergence. The material that is currently 

available on statistical convergence seems to be limited to real or complex analysis. 

Numerous areas of research in mathematics, management science, and social science have 

effectively used fuzzy sets and fuzzy logic theories. Altay and Basar[1] defined the double 

sequence spaces in 2005 and looked at a few of their characteristics and demonstrated that 

the spaces are complete paranormed or normed spaces. In 2020, Dabbas and Battor 

examined the characteristics of convergent, null, and limited double sequence spaces 

defined by the double Orlicz function. The novel double sequence space formed by the 

Orlicz function is introduced and studied by Paudel et al [ 11], along with some of its 

properties such as linear space structure, completeness, and solidity, using the notion of 

fuzzy real numbers. Similarly in 2023, Paudel [15] defined the difference sequence space 

𝒮( ℱ, 𝑀, 𝛼, 𝑃)  of fuzzy real numbers by using the Orlicz function and examined some of 
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its linear topological features, and showed that it is complete by establishing a new 

paranorm on it. Paudel et al.[13 ] explored the generalized difference sequence space of 

fuzzy real numbers in 2022.  In 2023, with the help of the Orlicz function, Paudel et al [16] 

defined the sequence spaces  𝑙𝑀( 𝑋, 𝜆̅, 𝑝 ̅) and  𝑙𝑀( 𝑋 , 𝜆̅, 𝑝 ̅, 𝐿) and examined some linear 

topological characteristics of the spaces using the concepts of fuzzy sets and fuzzy real 

numbers.  In addition, they have established a paranorm to demonstrate the completion of 

space  𝑙𝑀( 𝑋, 𝜆̅, 𝑝̅, 𝐿). Fuzzy logic and fuzzy set theory are widely used in applicable fields 

of mathematics. Paudel and et al [17 ] have investigated how Sanchez's medical theory may 

be applied in medical diagnostics and developed a fuzzy arithmetic-based system for 

recognizing medical conditions for better treatment. Not only this, Paudel and et al [10]  

applied fuzzy set theory in making decisions while selecting the best candidate from a 

group of individuals in the same environment using  the maximum-minimum composition.  

In this paper a novel class of fuzzy number sequences is developed using Orlicz functions, 

and some of its topological characteristics have been studied. Basic concept and related 

definition related to our work are given below. 

 

Definition and Preliminaries:  

An Orlicz function is a function 𝑀 ∶ [0, ∞) → [ 0, ∞), which is continuous, non-

decreasing, and convex with 𝑀(0) = 0, 𝑀(𝑥) > 0 for x > 0, and 𝑀(𝑥) → 0 as 𝑥 → ∞. If 

the convexity of Orlicz function is replaced by 𝑀(𝑥 + 𝑦) ≤ 𝑀(𝑥) + 𝑀(𝑦), then this 

function is called the modulo function. 

Wladyslaw Orliczfirstly introduced Orlicz space in 1932. Later on, Lindenstrauss and 

Tzafriri [9] used the idea of the Orlicz function to construct the sequence space 

𝑙𝑀 = { 𝑥 ∈ 𝜔: ∑ 𝑀 (
|𝑥𝑘|

𝜌
)

∞

𝑘=1

< ∞ 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0} 

The space 𝑙𝑀 with the norm ‖𝑥‖ is defined by  

‖𝑥‖ = inf { 𝜌 > 0 ∶  ∑ 𝑀 (
|𝑥𝑘|

𝜌
)

∞

𝑘=1

 ≤ 1} 

becomes a Banach space and is called Orlicz sequence space.  
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An Orlicz function M is said to satisfy ∆2 −condition for all values of u if there exists k >0 

such that 𝑀(2𝑢) ≤ 𝑘𝑀(𝑢), 𝑢 ≥ 0. 

Let D be the set of all bounded intervals A= [a, b] on the real line ℝ. Then for any  𝐴, 𝐵 ∈

𝐷   with A = [𝑎1,𝑏1] and 𝐵 = [𝑎2, 𝑏2] then  A ≤ B if  𝑎2 ≤ 𝑎1 and  𝑏1 ≤ b2.  

Define a relation d on D by 𝑑( 𝐴, 𝐵 )  =   𝑚𝑎𝑥 { |𝑎2 − 𝑎1|, |𝑏2 − 𝑏1|} 

Then clearly, d defines a metric in D, and obviously (D, d) is a complete metric space. 

Let U be the universe of discourse and X ⊆ U. A fuzzy set  𝑋 in U is defined as the 

collection of order pair ( x, 𝜇𝑋(𝑥)) where 𝜇𝑋 : U →[0, 1 ] and x ∈ U.   Here 𝜇𝑋(x) is called 

the degree of membership of x.        

A fuzzy number is a very set on the real axis, i.e.  a mapping 𝑋 ∶  ℝ → [ 0, 1 ]which 

satisfies the following four conditions  

i. X  is normal  i. e.  there exists 𝑥𝑜 ∈ ℝ such that  𝑋(𝑥𝑜) = 1; 

ii. X is fuzzy convex i. e. for 𝑥, 𝑦 ∈ ℝ and 0 ≤ α ≤ 1, 𝑋(𝛼𝑥 + (1 − 𝛼)𝑦) ≥

min[𝑋(𝑥), 𝑋(𝑦)] 

iii. X is upper semi-continuous ; 

iv. The closure of the  set C(ℝ) = {𝑥 ∈ ℝ: 𝑋(𝑥) ≥ 0}  is compact, and the set has 

a linear structure introduced by operators  

A + B =  {𝑎 + 𝑏: 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}   and        γ𝐴 =  {𝛾 𝑎 ∶ 𝑎 ∈ 𝐴 } 

For A, B ∈ C(ℝ) and γ ∈ ℝ,the Hausdroff  distance between A and B of C(ℝ) is defined 

as  

δ∞( 𝐴 , 𝐵) = max {sup
𝑎∈𝐴

inf
𝑏∈𝐵

‖𝑎 − 𝑏‖ , sup
𝑏∈𝐵

inf
𝑎∈𝐴

‖𝑎 − 𝑏‖} 

where,‖. ‖ denotes the usual Euclidean norm on ℝ. It is well known that (C(ℝ), δ∞) is 

complete metric space. 

Let λ ∈ (λ𝑚𝑛) be a non-decreasing sequence of  positive real numbers tending to infinite 

such that  

λ𝑚+1,𝑛 ≤ λ𝑚,𝑛+1 , λ𝑚,𝑛+1 ≤ λ𝑚+1,𝑛 

                                                         λ𝑚,𝑛 − λ𝑚+1,𝑛  ≤ λ𝑚,𝑛+1 − λ𝑚+1,𝑛+1 , 𝑚1,1 = 1  
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And  

I𝑚,𝑛 =  {(𝑘, 𝑙) ∶ 𝑚 − λ𝑚,𝑛+1 ≤ 𝑘 ≤ 𝑚, 𝑛 − λ𝑚,𝑛+1 ≤ 𝑙 ≤ 𝑛} 

The generalized double Delvalle-Poussin  mean is defined by  

t𝑚,𝑛 = 𝑡𝑚,𝑛(λ𝑘 , 1) =
1

 λ𝑚,𝑛
∑ (𝑋𝑘,𝑙)

(𝑘,𝑙)∈I𝑚,𝑛 

 

A double sequence of fuzzy numbers X = ( Xk,l ) is a function form  X: ℕ x ℕ → ℝ(I), the 

set of fuzzy real numbers. The fuzzy number Xk,l is the value of the function at the point 

( k, l ) ∈ ℕx ℕ and is called ( k, l )- term of the double sequence. Let S′′(𝐹) denote the set 

of all double sequences of fuzzy numbers. 

A double sequence 𝑋 = (𝑋𝑘,𝑙) of fuzzy number is said to be convergent in the Pring 

Sheims  sense or P- convergent to a  fuzzy number 𝑋𝑜 if for every ε > 0, there exists ℕ ∈

Z+ such that 𝑑(𝑋𝑘,𝑙 , 𝑋𝑜) < ε for all 𝑘, 𝑙 ≥ ℕ, and we write P-lim 𝑋 = 𝑋𝑜. The number  

𝑋𝑜 is called  Pring-Sheims limit of  (𝑋𝑘,𝑙). More exactly, we say that a double sequence 

(𝑋𝑘,𝑙) converges to a finite number 𝑋𝑜 if  𝑋𝑘,𝑙 tends to 𝑋𝑜 as both k and l to ∞ 

independently of one other. 

A double sequence 𝑋 = (𝑋𝑘,𝑙) of fuzzy number is said to be λ −statistically convergent to 

𝑋𝑜 provided that for every ε > 0, 

P − lim
𝑚,𝑛

  
1

𝑚, 𝑛
|{(𝑗, 𝑘): 𝑗 ≤ 𝑚 and 𝑘 ≤ 𝑛 ∶ 𝑑(𝑋𝑘,𝑙 , 𝑋𝑜) ≥ 𝜀}| = 0 

We denote the set of all double λ −statistically convergent sequence of fuzzy numbers is 

denoted by S′′(λ)𝐹. 

Let 𝑀 = ( 𝑀𝑘,𝑙)be a sequence of Orlicz functions, 𝑃 = (𝑝𝑘) be a bounded sequence of 

positive real numbers, and u = (u𝑘) be a sequence of strictly positive real numbers. We 

define the following classes for sequences     

 ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = {𝑋 = (𝑋𝑘,𝑙) ∈

𝑆′′(𝐹): lim
𝑚,𝑛→∞

1

λ𝑚,𝑛
∑

𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋𝑘,𝑙),𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

=  0,   

𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑎𝑙𝑦 𝑖𝑛 𝑚, 𝑛 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0
𝑘,𝑙∈𝐼𝑚,𝑛

} 
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ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹

= {𝑋 = (𝑋𝑘,𝑙)

∈ 𝑆′′(𝐹): lim
𝑚,𝑛→∞

1

λ𝑚,𝑛
∑

𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋𝑘,𝑙), 0̅)

𝜌
)]

𝑝𝑘,𝑙

=  0,   

𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑎𝑙𝑦 𝑖𝑛 𝑚, 𝑛 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0𝑘,𝑙∈𝐼𝑚,𝑛

} 

ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹

= {𝑋 = (𝑋𝑘,𝑙)

∈ 𝑆′′(𝐹): sup
𝑚,𝑛

1

λ𝑚,𝑛
∑

𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋𝑘,𝑙), 0̅)

𝜌
)]

𝑝𝑘,𝑙

<  ∞   

𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑎𝑙𝑦𝑖𝑛 𝑚, 𝑛 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0𝑘,𝑙∈𝐼𝑚,𝑛

} 

 

where, 0̅(𝑡) =  {
    1      𝑡 = ( 0, 0, 0, … … … … ,0)
   0                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒           

  

If X ∈ ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹, we say that X  is strongly almost λ −convergent with respect to 

the Orlilcz function. In this case we write 𝑋𝑘,𝑙 → 𝑋. 

The following   classes are defined by giving particular values of M, u, P, and λ 

(i) For λ𝑚𝑛 = 1, we write  

ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( 𝑀 , 𝑢, 𝑃)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′( 𝑀 , 𝑢, 𝑃)𝐹, and 

 ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω∞

′′ ( 𝑀 , 𝑢, 𝑃)𝐹 

(ii) If 𝑀 = (𝑀𝑘,𝑙)(𝑥) = 𝑥 for all values of  k, l  we write 

ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( λ, 𝑢, 𝑃)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′( λ, 𝑢, 𝑃)𝐹 and  

                  ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω∞

′′ ( λ, 𝑢, 𝑃)𝐹 

(iii) If 𝑝𝑘,𝑙 = 1 for all 𝑘, 𝑙 ∈ ℕ ,then 

 ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( λ, 𝑀, 𝑢)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′( λ, 𝑀, 𝑢)𝐹 and  

                  ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω∞

′′ ( λ, 𝑀, 𝑢)𝐹 

(iv) If 𝑀 = 𝑀𝑘,𝑙(𝑥) = 𝑥 , 𝑝𝑘,𝑙 = 1 for all 𝑘, 𝑙 ∈ ℕ ,then we write 

       ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( λ, 𝑢)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′( λ, 𝑢)𝐹 and  
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            ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω∞

′′ ( λ, 𝑢)𝐹 

(v) If 𝑝𝑘,𝑙 = 1 , 𝑢𝑘,𝑙 = 1 for all  𝑘, 𝑙 ∈ ℕ then we write  

ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( λ, 𝑀)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′(λ, 𝑀 )𝐹, and 

 ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω∞

′′ ( λ, 𝑀 )𝐹 

(vi) If   𝑀 = 𝑀𝑘,𝑙(𝑥) = 𝑥,     𝑝𝑘,𝑙 = 1 , 𝑢𝑘,𝑙 = 1 for all  𝑘, 𝑙 ∈ ℕ then we wri 

ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω"( λ)𝐹, ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 = ω𝑜

′′(λ)𝐹, and  ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹 =

ω∞
′′ ( λ )𝐹 

In this paper following inequality will be used  

Let P = (𝑝𝑘,𝑙) be a double sequence of positive real numbers with 0 < 𝑝𝑘,𝑙 ≤

 sup
𝑘,𝑙

𝑝𝑘,𝑙 = 𝐻 and let 𝐷 = max{1, 2𝐻−1}. Then, for the factorial sequences 𝑎𝑘 and 𝑏𝑘 of 

scalars, we have   

|𝑎𝑘,𝑙 + 𝑏𝑘,𝑙|
𝑝𝑘,𝑙

≤ 𝐷(|𝑎𝑘,𝑙|
𝑝𝑘,𝑙

+ |𝑎𝑘,𝑙|
𝑝𝑘,𝑙

) 

Main Result  

Theorem 1:  Suppose 𝑀 = (𝑀𝑘,𝑙) be a sequence of Orlicz function , P = (𝑝𝑘,𝑙) be a 

bounded sequence of positive real numbers and 𝑢 = (𝑢𝑘,𝑙) be a sequence of positive 

numbers, then ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 ⊂ ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 ⊂ ω∞

′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹.  

Proof: The relation ω𝑜
′′( λ, 𝑀 , 𝑢, 𝑃)𝐹 ⊂ ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 is obvious. Let  𝑋 ∈

ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹 then we get, 

1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

2𝜌
)]

𝑝𝑘,𝑙

≤ 

𝑘

λ𝑚,𝑛
∑

1

2 𝑝𝑘,𝑙
𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

+ 

𝑘

λ𝑚,𝑛
∑

1

2 𝑝𝑘,𝑙
𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑 ( 𝑋 , 0̅)

𝜌
)]

𝑝𝑘,𝑙

 

≤
𝑘

λ𝑚,𝑛
∑

1

2 𝑝𝑘,𝑙
𝑢𝑘,𝑙𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

+ 

k max
𝑘,𝑙∈𝐼𝑚𝑛

{max {1, sup 𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (
𝑑(𝑋𝑜,0̅)

𝜌
)]

𝐻1

}} 
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where, sup
𝑘,𝑙

𝑝𝑘,𝑙 = 𝐻1 and 𝑘 = max(1, 2𝐻1−1). Thus 𝑋 ∈ ω∞
′′ ( λ, 𝑀 , 𝑢, 𝑃)𝐹. 

Theorem 2: Suppose 𝑀 = (𝑀𝑘,𝑙) be a sequence of Orlicz function 𝑃 = (𝑝𝑘,𝑙 ) be a 

bounded sequence of positive real numbers and 𝑢 = (𝑢𝑘) be a sequence of positive 

real numbers then, the classes ω𝑜
′′( λ, 𝑀, 𝑢, 𝑃)𝐹 , ω"( λ, 𝑀, 𝑢, 𝑃)𝐹, ω∞

′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹 

are linear. 

Proof : Let 𝑋 = (𝑋𝑘,𝑙) and  𝑌 = (𝑌𝑘,𝑙) are the elements of ω∞
′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹 and α, β 

are scalars. Then there exists 𝜌1 > 0,   𝜌2 > 0 such that  

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌1
)]

𝑝𝑘,𝑙

< ∞ uniformly in 𝑚 , 𝑛 

and 

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑌), 0̅)

𝜌2
)]

𝑝𝑘,𝑙

< ∞ uniformly in 𝑚 , 𝑛 

 Define 𝜌3 = max(2|𝛼|𝜌1 , 2|𝛽|𝜌2). Since, 𝑀 = (𝑀𝑘,𝑙) is non-decreasing and 

convex, we have  

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝛼 𝑑(𝑡𝑚𝑛(𝑋), 0̅) + (𝛽 𝑑(𝑡𝑚𝑛(𝑌), 0̅)

𝜌3
)]

𝑝𝑘,𝑙

 

               ≤ sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
( 𝛼 𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌3
)

+ 𝑀𝑘,𝑙 (
(𝛽 𝑑(𝑡𝑚𝑛(𝑌), 0̅)

𝜌3
)]

𝑝𝑘,𝑙

 

≤
1

2
sup𝑚,𝑛  

1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌1
)]

𝑝𝑘,𝑙

+
1

2
sup𝑚,𝑛  

1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑌), 0̅)

𝜌2
)]

𝑝𝑘,𝑙

<  ∞ 

⟹ α X +  β Y ∈ ω∞
′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹. This proves that the class ω∞

′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹 is a 

linear space. Similarly we can prove for other class as linear space. 
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Theorem 3:  If 0 ≤ 𝑝𝑘,𝑙 ≤ 𝑟𝑘,𝑙 for all 𝑘, 𝑙 ∈ ℕ and (
𝑝𝑘,𝑙

𝑟𝑘,𝑙
) bounded the         

ω∞
′′ ( λ, 𝑀, 𝑢, 𝑟)𝐹 ⊆ ω∞

′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹. 

Proof:  𝑋 = (𝑋𝑘,𝑙) ∈ ω∞
′′ ( λ, 𝑀, 𝑢, 𝑟)𝐹 then,  

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑝𝑘,𝑙

< ∞ uniformly in 𝑚 , 𝑛 

Let     s𝑘,𝑙 =  sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋),0̅)

𝜌
)]

𝑝𝑘,𝑙

  and λ𝑘,𝑙 =
𝑝𝑘,𝑙

𝑟𝑘,𝑙
 

Since 𝑝𝑘,𝑙 ≤ 𝑟𝑘,𝑙 we have 0 ≤ λ𝑘,𝑙 ≤ 1. Take 0 < λ < λ𝑘,𝑙 

Define, 𝑢𝑘,𝑙 = {
𝑠𝑘,𝑙                 𝑖𝑓  𝑠𝑘,𝑙  ≥ 1 

0                  𝑖𝑓  𝑠𝑘,𝑙 < 1  
  and   𝑣𝑘,𝑙 = {

0                 𝑖𝑓  𝑠𝑘,𝑙  ≥ 1 

   𝑠𝑘,𝑙                  𝑖𝑓  𝑠𝑘,𝑙 < 1  
 

Then    𝑠𝑘,𝑙 = 𝑢𝑘,𝑙 +  𝑣𝑘,𝑙  ,  𝑠𝑘,𝑙

𝜆𝑘,𝑙 = 𝑢𝑘,𝑙

𝜆𝑘,𝑙 +  𝑣𝑘,𝑙

𝜆𝑘,𝑙 

It follows that, 

𝑢𝑘,𝑙

𝜆𝑘,𝑙 ≤ 𝑢𝑘,𝑙 ≤ 𝑠𝑘,𝑙  ,    𝑣𝑘,𝑙

𝜆𝑘,𝑙 ≤ 𝑣𝑘,𝑙
𝜆    

Since, 𝑠𝑘,𝑙

𝜆𝑘,𝑙 = 𝑢𝑘,𝑙

𝜆𝑘,𝑙 + 𝑣𝑘,𝑙

𝜆𝑘,𝑙 then 𝑠𝑘,𝑙

𝜆𝑘,𝑙 = 𝑠𝑘,𝑙 +  𝑣𝑘,𝑙
𝜆  

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)

𝑟𝑘,𝑙

]

𝜆𝑘,𝑙

 

≤ sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑟𝑘,𝑙

 

⟹ sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)

𝑟𝑘,𝑙

]

𝑝𝑘,𝑙
𝑟𝑘,𝑙

 

≤   sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑟𝑘,𝑙

 

⟹   sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑝𝑘,𝑙
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≤   sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑟𝑘,𝑙

 

But, 

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑟𝑘,𝑙

< ∞ uniformaly in 𝑚, 𝑛 

Therefor, 

sup𝑚,𝑛  
1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅)

𝜌
)]

𝑝𝑘,𝑙

< ∞ uniformaly in 𝑚, 𝑛 

And hence 𝑋 ∈ ω∞
′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹. Thus, ω∞

′′ ( λ, 𝑀, 𝑢, 𝑟)𝐹 ⊆ ω∞
′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹. 

Proved 

 

Theorem4: Suppose 𝑀 = (𝑀𝑘,𝑙) be a sequence of Orlicz function, P = (𝑝𝑘,𝑙) be a 

bounded sequence of positive real numbers and 𝑢 = (𝑢𝑘,𝑙)be a sequence of strictly 

positive real numbers. If sup
𝑘,𝑙

(𝑀𝑘,𝑙(𝑥))
𝑝𝑘,𝑙

< ∞ for all fixed x >0 ω"( λ, 𝑀, 𝑢, 𝑃)𝐹 ⊂

ω∞
′′ ( λ, 𝑀, 𝑢, 𝑃)𝐹 

 

Theorem 5: Let 𝑀 = (𝑀𝑘) be a sequence of Orlicz functions, 𝑋 = (𝑋𝑘,𝑙) be a 

double bounded sequence of fuzzy numbers and 0 < ℎ = inf 𝑝𝑘,𝑙 ≤ sup 𝑝𝑘,𝑙 = 𝐻1 <

∞. Then s′′(𝜆)𝐹 ⊂ 𝜔′′(𝜆 , 𝑀, 𝑢 , 𝑃)𝐹. 

Proof: Suppose that  𝑋 ∈ 𝑙∞
𝐹  and 𝑋𝑘,𝑙 ⟶ 𝑋𝑜(𝑠′′(𝜆))𝐹. Since  𝑋 ∈ 𝑙∞

𝐹 , there exists a 

constant K > 0 such that 𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜) < 𝐾 for all 𝑚, 𝑛 ∈ ℕ . 

Let, ε > 0 be given. We have  

1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

 

1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)≥𝜀

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅))

𝜌
)]

𝑝𝑘,𝑙

+ 
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1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)<𝜀

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 0̅))

𝜌
)]

𝑝𝑘,𝑙

 

 

1

λ𝑚,𝑛
    ∑ 𝑚𝑎𝑥 {𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (

𝐾′

𝜌
)]

ℎ

, 𝑢𝑘,𝑙 [𝑀𝑘,𝑙 (
𝐾′

𝜌
)

𝐻1

]}

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)≥𝜀

     + 

1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,(𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)<𝜀

[𝑀𝑘,𝑙 (
𝜀

𝜌
)]

𝑝𝑘,𝑙

 

≤ max
𝑘,𝑙∈𝐼𝑚,𝑛

{𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝑇)]
ℎ

, 𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝑇)𝐻1]} 
1

𝜆𝑚𝑛
|{(𝑘, 𝑙) ∈ 𝐼𝑚,𝑛 ∶ 𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

≥ 𝜀 }|         

   + max
𝑘,𝑙∈𝐼𝑚,𝑛

{𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)]
ℎ

, 𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)]
𝐻1

} 

 

where, T =
𝐾′

𝜌
 ,

𝜀

𝜌
= ε1 and hence 𝑋 ∈ ω"( λ, 𝑀 , 𝑢, 𝑃)𝐹. This completes the proof. 

 

Theorem 6: Let 𝑀 = (𝑀𝑘) be a sequence of Orlicz functions, 𝑋 = (𝑋𝑘,𝑙) be a 

double bounded sequence of fuzzy numbers and 0 < ℎ = inf 𝑝𝑘,𝑙 ≤ 𝑝𝑘,𝑙 ≤

sup 𝑝𝑘,𝑙 = 𝐻1 < ∞. Then ′′(𝜆 , 𝑀, 𝑢 , 𝑃)𝐹 ⊂ s′′(𝜆)𝐹. 

Proof : The proof of the theorem follows from the following inequality  

1

λ𝑚,𝑛
∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛

[𝑀𝑘,𝑙 (
(𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

 

=  
1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)≥𝜀

[𝑀𝑘,𝑙 (
𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

+ 

1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)<𝜀

[𝑀𝑘,𝑙 (
𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙

 

≥  
1

λ𝑚,𝑛
    ∑ 𝑢𝑘,𝑙

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)≥𝜀

[𝑀𝑘,𝑙 (
𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜)

𝜌
)]

𝑝𝑘,𝑙
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≥
1

λ𝑚,𝑛
    ∑ min {𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)]

ℎ1
, 𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)𝐻1]}

𝑘,𝑙∈𝐼𝑚,𝑛,𝑑(𝑡𝑚𝑛(𝑋),𝑋𝑜)≥𝜀

   

≥
1

𝜆𝑚𝑛
|{(𝑘, 𝑙) ∈ 𝐼𝑚,𝑛 ∶ 𝑑(𝑡𝑚𝑛(𝑋), 𝑋𝑜) ≥ 𝜀 }|   

+ min
𝑘,𝑙∈𝐼𝑚,𝑛

{𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)]
ℎ

, 𝑢𝑘,𝑙[𝑀𝑘,𝑙(𝜀1)]
𝐻1

} 

where,  
𝜀

𝜌
= ε1. 

 

References 

1. Altay, B., &Başar, F. (2005). Some new spaces of double sequences. Journal of 
Mathematical Analysis and Applications, 309(1), 70-90. 

2. Başarir, M., & Mursaleen, M. (2004). Some difference sequence spaces of fuzzy 
number. J. Fuzzy Math, 12(1), 1-6. 

3. Dabbas, A. F., & Battor, A. H.: Convergent double sequence of fuzzy real numbers 
defined by double Orilz function, International Journal of Academic and Applied 
Research, 4(6) (2020),22-31.  

4. Hardy, G. H. (1904). On the Convergence of Certain Multiple Series Proc. London 
Math. Soc, 1, 124-128. 

5. Mansoor, M. M., &Battor, A. H. (2021, March). Some New Double Sequence 
Spaces of Fuzzy Numbers Defined by Double Orlicz Functions Using A Fuzzy 
Metric. In Journal of Physics: Conference Series (Vol. 1818, No. 1, p. 012092). IOP 
Publishing. 

6. Matloka,  M.  (1986)  Sequence  of  fuzzy  numbers,  Busefal,  28:  28-37 
7. Mursaleen, M., Mohiuddine, S. A., & Edely, O. H. (2010). On the ideal 

convergence of double sequences in intuitionistic fuzzy normed spaces, Computers 
& mathematics with applications, 59(2), 603-611. 

8. Nanda, S. (1989).On sequences of fuzzy numbers. Fuzzy Sets and System, 33; 123-
126. 

9. Pahari, N. P. (2014).  On normed space valued total paranormed Orlicz space of 
null sequences and its topological structures, International Journal of Mathematics 
Trends and Technology, 6, 105-112. 

10. Paudel, G. P., Pahari, N. P., & Kumar, S. : Application of fuzzy logic through the 
Bellmen-Zadeh maximin method, Journal of Nepal Mathematical Society, 5(1) 
(2022), 41-47. 

11. Paudel, G. P., Pahari, N. P., & Kumar, S. (2022). Double sequence space of Fuzzy 
real numbers defined by Orlicz function. The Nepali Mathematical Sciences 
Report, 39(2), 85-94. 

12. Paudel, G. P., Pahari, N. P., & Kumar, S. (2022). Generalized form of p-bounded 
variation of sequences of fuzzy real numbers. Pure and Applied Mathematics 
journal, 11(3), 47-50. 

13. Paudel, G. P., Sahani, S. K., & Pahari, N. P. (2022). On Generalized Form of 
Difference Sequence Space of Fuzzy Real Numbers Defined by Orlicz 
Function. Nepal Journal of Mathematical Sciences, 3(2), 31-38. 



Gyan Prasad Paudel, Kesar Singh Rana, Nirak Kumar Shahi, Aasis Baral 

 Mikailalsys Journal of Advanced Engineering International 144 

14. Paudel, G. P., Sahani, S. K., & Pahari, N. P. (2022). Generalized Form of 
Difference Sequence Space of Fuzzy Real Numbers Defined by Orlicz 
Function. Nepal Journal of Mathematical Sciences, 3(2). 

15. Paudel, G. P., Pahari, N. P., & Kuimar, S. (2023). Topological Properties  of 
Difference Sequence Space Through Orlicz-Paranorm function, Advances and 
Applications in Mathematical Sciences, 22(8), 1689-1703. 

16. Paudel, G. P., Pahari, N. P., & Kumar, S. (2022): On sequence space of fuzzy real 
numbers defined by Orlicz functioin and paranorm, Jilin Daxue Xuebao 
(Gongxueban)/Journal of Jilin University (Engineering and Technology Edition), 
42(2-2023)(2023), 494-509. 

17. Paudel, G. P., Upadhyay, P. K., & Baral, A. : Fuzzy arithmetic–based algorithm for 
identifying medical conditions for better treatment, Mikailalsys Journal of 
Mathematics and Statistics, 1(1), 35-46, 2023. 

18. Savas, E., & Patterson, R. F. (2007). Double sequence spaces are defined by Orlicz 
functions. Iranian Journal of Science and Technology (Sciences), 31(2), 183-188. 

19. Tripathy, B.C. and Sharma B. (2008). Sequences of fuzzy numbers defined by orlicz 
function. MathematicSlovaca,58,621-628 

20. Zadeh, L. A. (2008). Is there a need for fuzzy logic? .Information 
Sciences, 178(13), 2751-2779.  


