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Abstract

This research focuses on the estimation of population mean in two-stage
cluster sampling, where the firs-stage cluster units face unequal probabilities of
random non-response. To address this, regression-type imputation schemes
and estimators are developed, incorporating measurement error parameters for
both the study and auxiliary variables. Analytical derivations and simulations
demonstrate the efficiency of the proposed estimators. As shown in table 1,
the proposed estimators which utilized the second auxiliary variable parameter
outperform the usual mean per unit estimator and the Maji e a/ (2018)
estimator in Case A, both with and without measurement error. Similarly, in
table 2, it can be observed that the suggested estimator (t1,), is more efficient,
that the usual mean per unit estimator without auxiliary information and the
Maji et al. (2018) estimator, while Maji ¢f a/. (2018) estimator performed better
than other estimators in the same scenario when measurement error is absence
for all non-response probability selections. In another scenario, when
measurement is presence, the proposed estimators are more efficient for all
non-response probabilities. These results confirm the practicality and
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robustness of the proposed methods for estimating finite population means in
the presence of non-response and measurement error.

Keywords: First Stage Unit, Regression-type imputation scheme, Regression-
type estimators, Unequal Random Non-Response

Introduction

In field sutrveys, obtaining a comprehensive list of every member of the research
population is frequently impossible, making the practice of selecting a simple random
sample more challenging. Cluster sampling is a viable alternative in these situations because

it is often less expensive and does not necessitate an exhaustive population list [1].

Consider a study effort that tries to analyze patient health outcomes in a large city. In the
lack of a comprehensive registry, it is difficult to sample a single patient. However, you may
typically obtain a list of hospitals in the vicinity. In this situation, a random sample of
hospitals (clusters) may be picked, and a survey may be undertaken with a sample of
patients from each selected hospital. This method, known as two-stage cluster sampling,
begins with the selection of clusters, also known as first-stage units (FSUs), and then selects

a subset of elements, also known as second-stage units (SSUs), inside those clusters.

When compared to simple random sample methods, two-stage cluster sampling can
improve precision. This method samples components within the clusters once they have
been chosen. SSUs are individual components of FSUs, such as patients, households, or
students, whereas FSUs are typically larger institutions, such as schools, hospitals, or

geographic areas.

Survey sampling often presupposes that the observed variables are error-free and that all
relevant data from the research population is collected consistently. However,
measurement error and non-response are two difficulties that frequently cause this

assumption to fail.

Non-response happens when some study participants do not supply the necessary
information due to factors such as rejection, absence, or lack of interest. This difficulty
hampers the data collection, calculation, and estimating operations. [2] were pioneers in
handling non-response in the estimation of finite population means. [3] proposed notions

like Missing at Random (MAR) and Observed at Random (OAR), stating that data are
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MAR when the probability of missing data is independent of the unobserved data values.

[4] distinguished between fully missing at random (MCAR) and MAR.

To deal with missing data, different imputation schemes have been proposed, which
include replacing missing values with specified estimates to allow standard data analysis [5-
14]. For example, regression imputation replaces missing values with a linear function
derived from other variables. However, without a comprehensive list of population units,
simple random sampling is impossible, rendering typical imputation approaches and

estimators ineffective. Thus, this investigation employs two-stage cluster sampling.

Another important issue in survey research is measurement error, which is the difference
between observed and true underlying values. For example, in a household income survey,
respondents may record their incomes incorrectly due to recollection bias or intentional
misreporting, resulting in erroneous results. If not appropriately addressed, these
measurement mistakes can have a major impact on the validity of survey results.
Many researchers have investigated measurement error, usually treating it distinct from
non-response [15-24]. However, in practical survey circumstances, both non-response and
measurement mistakes occur at the same time. The purpose of this work is to overcome

these concerns through the use of two-stage cluster sampling.

Construction of sample structure

Assume ) is a finite population that is divided into N  FSU represented by
(v1,V2, ..., Uy ) such that the number of SSU in each first stage unit is M. Assume thaty;,
X1ij and X,;; are the actual values for the character Y, first supplemental variableX;, and
second supplementary variableX,, respectively. Assumey;jcey, X1ije) and X;j(e) ate the
observed values for Y, X;, X, on the jth second stage units (j = 1, 2,..., M) in the ith
first stage units (i = 1, 2,...,N). LetU;j, V;jand Wjdenote the measurement error (ME)
parameters associated with the study variable, first supplemental variable, and second

supplementary variable, respectively. Measurement errors related with these variables are

thus defined as:

The ME related to the character under study be

Uij = Yij = Yij(e)» Uij~N(0, af) (2.1)

The ME related to the first supplementary variable be
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Vij = %1ij — X1ije)» Vij~N(0, o7) (2.2)
The ME related to the second supplementary variable be
Wij = Xaij = X2ij(e), Wii~N(, afy)  (2.3)

However, in this study, we consider a scenario in which the first supplementary variable
Xyis unknown at the first stage unit level. As a result, information on the first

supplementary variable X; can be obtained using the following strategy:
Strategy:

At the first stage unit level, information on the first supplementary variable x; is acquired,
and a first stage unit sample is selected using the SRSWOR  technique.
Furthermore, the above-mentioned technique will be addressed in clusters with an equal

possibility of random non-response, as shown below.

Clusters with unequal chance of random non-response
Strategy: When supplementary information is gathered at Level of First Stage Unit

We consider a scenario in which the population mean X;  of the first supplemental variable
X is unknown at the first stage unit level, so we employed a two-phase or double sampling
technique to get the estimate. The second supplemental variable,x;, is, nevertheless, known
for each unit of the population. To estimate the population mean of Y, a first phase sample
Sp (S € Q) of size n' first stage unit is taken from the population (1 using the SRSWOR
method, followed by a second phase sample S; of size n FSU (n < n') taken based on the

following two cases using the SRSWOR technique to observe the character under study.

Case A, a subsample of S, (S, =S, ) is used to createS,.
Case B, S, is drawn independently of S , .

To estimate the population mean ofY , a second stage sample S, is obtained by selecting a

portion of m second stage units from M second stage units for each of the n chosen first

stage units in S, using the SRSWOR method.

In the second stage, it is assumed that the study variable y and the first supplemental

variable X; have random non-response, while the sampled unit responds fully to the
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second supplementary variablex;. For such random non-response conditions, we consider

the probability model described in section (2.1.1.1).

Probability of Non-Response Model

We assume that random non-response conditions on the study variable y and the first
supplementary variable x; occur in the second stage sample S, of n first stage units, each
with m second stage units, and that the random non-response varies among the various
first stage units chosen in the second stage sampleS,. Let 1y{r; = 0,1,...,(m — 2);i =
1,2, ...,n} be the number of non-responding second stage units in each first stage unit of
the second stage sample. As a result, we write A and A to denote the collection of

respondent units and non-respondent units, respectively. The observations of the

associated variables in which random non-response occurs could be collected from the
remainder of the (M — 1;) unit of each of the n first stage units of the second stage

sample.

We further assume that if p; represents the chance of random non-response among (m —
2) possible non-response occurrences, and then 7; follows the probability distribution

described in equation (2.4).

P(r) = = (") plig" T for 1y = 0,1, ., (M= 2050 = 1,2, 2.4

mai+2p; \ Ti ‘

For example, consider the work of [25-27], where q; = 1 — p; and (mr—iz) denote the total

number of ways to provide 7; non-response from (m — 2) total non-responses.

The following notations will now be used:

Y = ﬁzlivzl Zﬁil Y;j, Population average of the study variabley.

1 yN yM - .
1. =y L=t > j=1X1ij> Population average of the first supplementary variablex;.
— 1 . .
X, = o Iiv=1 Z?’I:l X5ij, Population average of the second supplementary variablex,.
1

;Z}Zl Yij(e)> Sample average of the character under study on it" FSU inS,.
yl.*(m_r)(e) = ﬁZ}"J Yij(e)> Sample mean of ¥ based on the respondent region of ith

Vieey =

FSU inS,.
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fii(e) = %Z;-n:lxli j(e)> Sample average of the first supplementary variable on it" FSU

inSZ.

Xrim-ry(e) = ﬁZ}":‘f X1ij(e)> Sample mean of x; based on the respondent region of
it" FSU inS,.

Xyi(e) = %Z;n:l X2ij(e)> Sample average of X, on i*" FSU inS,.

— k%

Ynm-r)e) = %Z?zl )7;(6), Sample average of the n FSU of the character under study.

. 1

Xinm-ry(e) = ;Z?:l fii(e), Sample average of the n FSU of the first variable.

o 1

Xonm(e) = ;Z?ﬂ f;i(e% Sample average of the n FSU of the second supplementary

variable.

Proposed Imputation Schemes and Estimators
We assumed that the second supplementary variable was accessible throughout the
population . Inspired by the imputation schemes presented by [28], we suggest the
following regression-type imputation strategies based on responding and non-responding
units of the second stage sample S, to estimate population parameter Y as:

Yijce) » if jeA

.. = V: — + b X - f —
Yijte) = §Yitm-r(e) _yxz(e)( 2. = Tanm(e)) (A% +By,), if jeAc
szxan(e) + Bx

2

(i=12..,n) 2.5)
Where Ay,and By,are available functions of supplementary variable like coefficient of
skewness, kurtosis, variation, standard deviation, byyx,(e) = Xjea Yij(e)/ Ljea X2ij(e)>
by, x,(e) = DjeaX1ij(e)/ DjeaX2ij(e), for; i = 1,2, ..., .
Remark 1: Note that Ay, # By, and Ay, # 0
Under this approach, we derived the sample means of ¥ on the i first stage units in S,

denoted by ;) as:

. 1 1
Vitey = 7 Xj=1Yijee) = 7 [ZjEATi Yije) T ZjEA‘,;‘i yij(e)] (2.6)
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—x 1 ri\ —
Yieey = ;2}”:1 Yije) = (1 - ;) Yitm-rpe) t

m

T Vi(m—r)(e) FPyxa(e)(X2.~Xanm(e))
sz onm(e) +Bx2

(A, Xz + sz)) 2.7)

In S;, the mean of n first stage unit of y is now:

e 1

— % ri\ —
Ynm-rp(e) = ;Z?:l Yite)y = (1 - ;) Ynm-r)(e) T

T (yn(m—ri)(e) +byx,(e) (XZ--_fZHm(e))
m

(Ay, X2 + Bx2)> 2.8)

sz onm(e)"'sz
Likewise, for each unit in the second stage

X1ij(e) » if jeA

X1ij(e) = fli(m—ri)(e)+bx1x2(9)()?2--_f2nm(e)) > . ac
AxyX2nm(e)tBx, (AXZXZH * BXZ), lf]EA

(i=

1,2,..,1) 2.9)

Under this approach, we derived the sample means of x;; on the i*" first stage units in

Spdenoted by Xj;(eyas:
—x 1 1
Xiie) = - Xje1 Xuij(e) = 7 [¥jeaXiijcey + jeac Xaije] (2.10)

- 1 ri\ =
X1i(e) = ;Z;nﬂ X1ije) = (1 - E) X1i(m-rp(e) T

i (fli(m—ri)(e) +bx1x2 (e) ()?2.. _f2nm(e))
m

(A, Xz, + Bx2)> 2.11)

sz onm(e) +Bx2

In 3, the mean of n_first stage unit of Xy, is now:

— k%

1 —x ri\ =
Xin(m-r)(e) = ;Z?ﬂ X1ite) = (1 - g) Xin(m-r(e) T

i (fln(m—ri)(e) +tbx1x,(e) (XZ.. —X nm(e))
m

(A, X + Bx2)> 2.12)

sz X nm(e) +Bx2

Hence the proposed estimator for Y. denoted by tp for p=1,2,..,17, under the above
proposed imputation scheme is obtained as:

— %%

ty = Fnim-rie) T ey (Zan'mee) = Finim-rie)) (2.13)

where aI(e) is a suitable constant chosen so that the proposed estimator t,, mean square

error is as small as possible.
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Properties of the Proposed Estimators t,,
Since t,, is regression-type estimator, it is biased for Y, the bias and mean square of tp up

to the first order of approximations are derived under large sample approximations

(ignoring f.p.c) using the following assumptions:

Vnim-rpee) = Y1+ Ayey), Finim—re) = X1.(1+ Al o)), Zanmcey = X1 (1 + A5),
Xonmeey = X2.(1 4 Ajey)

Such that E(A;) = 0 and |A]| < 1foralli =0,1,2,3.

Express () in terms of errorsAy ey, A1(eys B2 ey B3ce)-
ty =" [1 + Ay — %(5,( + 1A% + %(5)% + 8y + 1Az — (6x + 1)AB<6)A§<6>] +
[ai‘(e)(l + 05 0)) X1 — X1 (1 + A% — I~ —(6x + DAz +— ! (5x + 8y + DA —

6y + DAY A3e )| (2.14)

t; - Y == Y [AO(e) - _(6X + 1)A3(e) + (6X + 6X + 1)A3(e) (6X + 1)A0(6)A3(e)]

+
a3 ey Xi. [AZ(e) Al (e +2 (5)( + DAz — I~ (5X + 8y + DAy +— . —(6x +

DA} e3¢0 215)

AXZXZ..

Where, 8§, = ——2"2
X T Ay, X, +By,

The bias and mean square error of the estimator t; for Cases A and B of the two-phase

sample structure outlined in Section 2 have been calculated individually and are shown

below.

Case A: A subsample of S, (5cS,) is  used to  constructSy.

In this case, we will use the expected values of the sample statistics to calculate the bias and

mean square errofr.

Sy +Su Syl+5ul +Sl’;2

1 b4 > E(Al(e)) ¢1

E(Afey) = 12

Sx11+SV1

1¢4
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sx1+s1, st+s;;,2 1 & S%,+5%
—P3

72
n X5,

E(Az(e)) b= E(A3(e)) 1=

Syx1 53 Syx l'*'suvl " " Syxq +S3
E(8o0)Mie) = b =Fr—+ Z L1 E(AO(e)AZ(e))=¢2%

* * Syx,+Suw 1 Syxy+Suw
E(AgeyAsey) = o1 T2+~ 3 sz E(A(e)se)) = P2

Y X5, n Y.

sx1+s,,

- E (AZ(e)

SxixatSow | 1 Sx1x, +Sow * * _ Sx1x2+Sow
E(liehie) = 1= Fada i, o Flaehie) = ¢35

For simplicity, we will let

Ooce) = E(85(e)): 010y = E(81%e)), O30y = E(A3e)) = E(A1(0)A5e)),
03) = E(83(e)), Bice) = E(Boe)Di(e)): B3(e) = E(Do(e)Dace))s
Osce) = E(Do(e)A3(6)): B7(e) = E(A1(e)A3(e))s O3(e) = E(B3e)D3(e))
2.16)

When measurement error is not considered, the notations and expectations listed below

will be used.

" S3? i " 532 xl
E(Aoz)=¢1% 1¢4Y2> E(Az)—¢1 3 ¢4 ;

sz

* Sx * Sx
E(A3?) = ¢, —zlaE(A32) $13z ¢3

SyX1
Y Xy,

E(A)A3) = ¢ Lyn 1¢4 U E(8503) = o 2

S X X Sx *
E(Ao )_ ¢1 2 ‘¢3 YJ;(Z,E(A1A2) = ¢2 = E(A22)>

* Sx1X2 l §x1x2 * * _ S;le
E(A ) - 1 X1 X + n¢3 XX E(AZ 3) - ¢2 X1 X,

Similarly, for simplicity we let
6 = E(AY), 07 = E(A%),0; = E(A3%) = E(A143),

03 = E(A5%),0; = E(A5A)), 05 = E(A543),
05 = E(80A3),07 = E(A143), 05 = E(Az43)

2.17)
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Whetre

v —iyN v oy —1lyMm v —1IyN g ¥ _1lym 7. —1yN ¥
Y =¥ Vi, Yy = 2 X vy, Xa. = 5 Xima X, Xui = o Xjma Xaij, X2 = S Xina Xai,

— _ 1 M
Xoi. = EZj:l X2ij»

% 1 > > = 1 1 =\2
Syz = EZ{Vzl(Yl - Y.)Za S}% = N Iivzls:)%ia 5331 = ng\il(yl] - le)

_ 1 N [y 7 2 _ 1¢n _ 1 oM 7 \2
Sy = g 2i=1 (X1, - X1)% 8% = § Li=1 5§1i, 5;?11.. = mZizl(xlij —X1;)

22 _ 1 9N (¢ _ % 32 02 19N 2 2 __1 M 7 )2
sz ~ N-1 i=1(X2i. _XZ..) ,sz —E i=1Sx2i,Sx2i. - M_12i=1(x2ij _Xzi.)

. 1 S S, = = 1 1
Syy = 2t (Vi = V) Xy = X1), Syry = X0 Syxy Sy, = 75 2iea (Vi —

Yi.)(xlij - Xu'.)

. 1 e = - 1 1
Syxz = N-1 {Vzl(Yl - Y.)(Xzi. - X3.), Syxz =N §V=1Syx2i, Syxzi = M-1 ﬁl(yij -

17i.)(xzij - Xzi.)

« __1 S\ (¥ 7O\ 7 s _1ynN
Sx1x2 ~ N-1 i=1(X1i. - Xl..)(XZi. - XZ..), Sx1x2 - N i=1Sx1x2i> lexzi

ﬁ IiW=1(x1ij - Xli.)(le'j - X’zi.)

7 =1yN 7 7 —1lymMm 7 —1yN 7 p —1lwyMm 77— LyN
U ==2icaUs, U =2 Yjowy, V=22 Vi, Vi=2Xinavy, W= W,
Wi =~ Xj=1Wij

. 1 4 1 L o,
it = 5 D, ~ D)% 5% = 150 580 SF, = 5 Sy = 00)

2 L SN (7 _7Y2 G2 _1yN ¢2 ¢2 __1 yvMm _ \2
Sp" = g Zima (Vi = V)%, S5 = g Xi=1 Sup, S, = mziﬂ(vu -7)

* 1 iV 4 G L ! 7,)
S;% = EZ?’:KVL -V 85 = NZ?LISEV Sv. = M-1 (v = Vi)

. 1 — — - 1 1 —\2
St = == XL (W = W2, 55 = B, S S =~ Sy (wiy — W)
. 1 = == = = 1 1
Sw = N1 §V=1(Ui. U)WV, —V), Sw = EZIL'V=1 Suvl-, Suvi ~ M-1 ﬁl(uij -
Ui.)(vij = Vi)
. 1 = == = 1 1
Suw = N—1 IiV=1(Ui. - U)W, —w), Suw = NZ?]=1 Suwia Suwi =M1 Iivil(uij -

U )(wij — W)
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1 S ~ 1
N—1 1(V V)(Wl - W), S = Z 1SUWla SUWi = M—1 %Vil(vij -

V) (wi; — W)

Sow =
1 1 _ — \2 1 —
Z LG —Y)? Sh=2% {m (7 — 1) }, Sy =y 2z (Ui —

Sw() = % o1 {ﬁ (Ui - ﬁi.)z}-

b1=(G-3)t=(G-5)9s=G-5) 8= iz )

Taking expectation on both sides of (2.15) and applying the results of (2.16) we obtain the

bias of tyas:
(2.18)

The mean square error (MSE) of t,, is obtained by taking expectation and square on both

sides of (2.15) and applying the results of (2.16)

MSE* (t ) = Y 60(6) + al(e)Xl (61(6) + 02(6))

var(r) + 1
—(6)( + 1) (Y - al(e)Xl ) 93(6)

* X\ * * F 94 94 * 94 * * X/ *
205 Y X1 (640) — Ose)) — ZE (6x + DY (Y. — aj()X1.)0¢ ) — 2050 X2 050y +

T * v V4 * v * *
2—(8x + Daj X1 (Y. — a1 X1.) (07¢) — O3(e)) (2.19)
To obtain expression for that minimize MSE *(t;)l, differentiate (2.19) partially with

respect to a;(e) and equate the result to zero.

)47 7(e)~ 05
7 [var r T(5X+1)293(e)+94(e) 95(6)—m(5x+1)( 6@ t07(e)~ 98(6))]
(8x+1)205 ) —2-— (6x+1)( 7(e)” Hs(e))]

(2.20)

*
alopt(e) - Var(r)+r

%1030 =030+

Substituting the value of @3, in (2.19), gives the minimum value of MSE*(t;)Ias:

var(r)+r

MSEmin(tp), = Y? [98((3) + (8x + 1)*63¢) — 21~ (8x + 1)92(e)] -

* v var(r)+7 * * * T * *
2alopt(e)yt.Xl.. [T (5X + 1)263(9) + 94(9) - 65(6) - ;(6)( + 1)(96(«3) + 97(e) -
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var(r)+r

(Bx + 1?03 — 27 (8x + D(65¢0) —

i) @21)

9§(e))] + aji) X% [Hf(e) — O3y +

The mean square error without measurement error is given by:

MSEmin(t5), = V205 + 252 (8y + 1263 — 2 (85 + 1)65] -
20pe ¥ Xy, [FE (8 + 1)203 + 05 — 63 — — (6 + 1)(05 + 65 — 63)| +
Q2R 0] — 03 + 2T (5 + 1)%0; — 22 (6 + 1D(05 - 6] (222)
where,

[P 5y +1)%65+0;-05-L (55 +1)(05+63-65)]

+PUIONT (5-+1)203-21 (5x+1)(65-63)]

oy 2.23
1ot =, Joioae -

Case B: In this case, S; is drawn independently of Sy,.

E(Az(e)A;(e)) = E(A;(e)A;(e)) = E(A;(B)A’;(e)) = 0, and other expectation are the same

as stated in Case A.

Following the procedure used in Case A, we have obtained the minimum mean square

error of t; as:
* * ¥4 * var(r)+r7 * T *
MSEmin(tp)” = Y..Z [eo(e) + Tz (5)( + 1)293(e) - 2; (5)( + 1)96(e)] -

* 5o [var(r)+r * * T % %
Zalopt(e)Y"XL. [T (5X + 1)293(6) + 94(6) - ; (6X + 1)(96(6) + 97(6))] +

var(r)+r

10 X1, [9f(e) + 630 + (8x + 1?63y — 2 (6x + 1)9;((3)] (2.24)

Where
var(r)+7 *
7 [P (55 +1)%03 ) +030) - =(Bx+ (05 ()+05 ) )|

var(r)+r(6X+1)293(e) 2 (6X+1)67(e)]

(2.25)

*
alopt(e)

b [91(6)+92(6)+

The mean square error without measurement error is given by:

MSEmin(t5),, = V2 [06 + 2 (85 + 1)205 — 22 (8 + 1)6; | -

var(r)+r

205 ope ¥V X1, [ (6x +1)%63 + 65 — (5X + 1)(0¢ + 97)] + “1(e)X1 [91 +6;+

varT:‘z)+r (5y + 1)29; -2 % (6x + 1)9;] (2.26)
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Whetre

L T[T k1?05 +05- L (6x+1)(05+6))]
alopt -

2.27)

var(r)+r
m2

Xy [07+65+ (6x+1)265-22(5x+1)65]

1. Efficiency comparison

To assess the efficiency of the suggested estimators, we compare them to the standard
mean per unit estimator without further information, as well as the [29] population mean
estimators in a two-stage cluster sampling scheme, employing the technique mentioned in
Section 2.1.1.
The mean per unit estimator ty and its variation in the presence of measurement error are

provided by:
to = ynm(e) (2.28)

* 1
V*(to) = $1(Sh + Spwy) + 5 ba(Sk + Sowy) 229

The variance in the absence of measurement error is given by:
1
V(to) = $1S5 + - P3Si; (2.30)

[29] provided the following population estimator and its mean square error for cases A and

B in the absence of measurement error.

tmsp = y;(m—ri) + By (fln’M - JZIn(m—ri)) (2.31)

The MSE in (tyss) for both Case A and Case B are given by:

Case A
MSEmin(tMSB)I
V2 * 1 * *
=Y (90 +Z‘93 - 96)
vV vV 1 * 1 * 1 * 1 * * *
— 2Biope T Ky (05— 505 +505 505 — 03 +6;) +
2 v2 (1% * * * *
B2,y X2 (305 + 61 — 05 + 65— 65) (2.32)
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Where,

v 1 * 1 * 1 * 1 * * *
Y..(zeg —3061308—367-65 +94)

X, (305+6;-05+05-65)

Biopt = (2.33)

Case B

_ 1 __ (1 1 1
MSEpinCtwss ) = V2 (05 +505 = 0) = 2Baop VX, (05505 — 565 +6;) +

v 1« * * *
BZ,pc X2 (565 + 61 — 05 — ;) 234
Where,

7.(505-304307+63)

%y (363+65-05-65)

Blopt =
(2.35)

To compare it to our proposed estimator in the presence of measurement, we incorporate

the contribution of measurement error parameters into the [29] estimators.

The mean square error, accounting for measurement error, in both Case A and Case B is as

follows:
Case A
MSEin(tuse)r
v2 * 1 * *
=Y, (90(e) +7030) ~ 96(e))
— 2Biopt(e) Y X1. (Z O3e) =5 06(e) T 5 08e) =5 07e) ~ 500 F 94(e))
+
2 o2 (1 % * * * *
Biopt(e)Xi. (; O3(e) T O1(e) — O2(e) T O5e) — 97(e)) (2.36)
where,
B _ (5950 73%@ 3% 5% % i) 2.37)
topt(e) %1385 0 0050 a0 070 '
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Case B
MSE i (tmse)nn
=Y (90(e) + 193@) - 06(3))
/1. 1. 1 )
— 2B1opt(e)Y X1 (Z O3¢e) — 596(3) - 597(6’) + 94(e)) +
S 1 % * * *
Blopt(e)Xt. (; O3¢e) T O1(e) ~ O2(e) — 97(e))
2.38)
Where,
V(203 0y =200 (o) —20% () + O
Blopt(e) — --(4 3(e) 276(e) 277(e) 4(9)) (2'39)

S 1% * * *
Xl..(Zeg(e)"-gl(e)_92(6)_97(6’))

To demonstrate the performance of our proposed estimators, we compared their
percentage relative efficiency (PRE) to the traditional mean per unit estimator, which is
based on the standard two-stage design technique without supplemental information, and
[29] estimators. The empirical investigation was conducted using simulated population data

sets.

The PRE of an estimator t relative to the natural mean per unit estimator ¢y is defined as:

_ (V)

Study Using Artificially Generated Population

A key part of simulation is creating a simulation model that replicates the actual system.
Simulation enables the comparison of analytical approaches and helps determine whether a
newly discovered technique is superior to existing ones. Motivated by [6] and [29-30], who

employed artificial population generation techniques.

y=uy+ay(px1y><x’1+ /1—p,%1y><y’)+U

x1=,ux1+0'xl><x’1+V

x2:.ux2+0-x2 (pxlxzxx,1+ ’1_p.7%1x2xyl)+W
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y' =popl, 1], x'y = pop[,2]

U~N(0,3),V~N(0,8), W~N(0,10)
pxly = O7> px1x2 = O6> O-)% = 63 0-9?1 = 12> 0-9?2 = 93 Hy = 20 > .ux1 = 509 :uxz

40

b

N=10,M=10,n"=9,n=4m=7

Numerical lllustration using Artificial Population

Table 1. Percentage Relative Efficiency (PRE) of Estimators without and with

Measurement Error under Case A .

Estimators | Auxiliary Parameters PRE without | PRE with Measurement
Measurement Error. Error.
P1=0.05, p2=0.1, | P1=0.05, p2=0.1, p3=0.15,
p3=0.15, p4=0.2 p4=0.2
to Not applicable 100 100
tuss Not applicable 0.01 0.01
t1 Ay, =1,By, =0 257.25 307.93
t5 Ay, =1, By, = B1(X3) 257.25 307.94
t3 Ay, = 1,By, = B(X3) 257.25 307.96
ts Ay, = 1,By, = Cx, 257.25 307.93
te Ay, =1,By, = S, 257.25 308.11
te Ay, = B1(X2), By, = 257.25 308.44
B,(X3)
ty Ay, = B1(X3), By, = Cy, 257.25 307.94
ts Ay, = B1(X3), By, = Sy, 257.25 308.99
ts Ay, = By(X3), By, = 257.25 307.93
B (X2)
tio Ay, = B2(X3), By, = Cy, 257.25 307.93
ti1 Ay, = By(X3), By, = Sy, 257.31 308.03
tis Ay, = Cx,, By, = B1(X3) 257.34 308.13
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tis Ay, = Cx,, B, = Bo(X3) 257.43 308.39
th, Ay, = Cx,, B, = Sx, 257.84 309.23
tis Ay, = Sy, Bx, = B1(X3) 257.25 307.93
the Ay, = Sx,, By, = B2 (X3) 25725 307.93
t5, Ay, = Sx,» By, = Cx, 25725 307.93

Table 2. Percentage Relative Efficiency (PRE) of Estimators without and with

Measurement Error under Case B.

Estimators | Auxiliary Parameters PRE without | PRE with Measurement
Measurement Error. Error.
P1=0.05, p2=0.1, | P1=0.05, p2=0.1, p3=0.15,
p3=0.15, p4=0.2 p4=0.2
to Not applicable 100 100
tusa Not applicable 289.37 252.69
t1 Ay, =1,By, =0 288.41 254.22
ty Ay, =1, By, = B1(X3) 288.42 254.22
t3 Ay, = 1,By, = B(X3) 288.44 254.22
ta Ay, =1,By, = Cx, 288.41 254.22
te Ay, =1,By, = Sx, 288.54 254.22
te Ay, = B1(X3), By, 288.33 254.22
B,(X2)
ty Ay, = B1(X3), By, = C, 288.41 254.22
tg Ay, = B1(X3), By, = Sx, 288.73 254.22
ts Ay, = By(X3), By, = 288.42 254.22
B, (X3)
tio Ay, = By(X3), By, = Cx, 288.41 254.22
ti1 Ay, = By(X3), By, = Sy, 288.48 254.29
ti, Ay, = Cx,, By, = B1(X3) 288.49 254.26
ti3 Ay, = Cx,, By, = B2(X3) 288.96 254.85
tia Ay, = Cx,, By, = Sx, 289.57 255.54
tis Ay, = Sx,, Bx, = B1(X3) 288.41 254.22
tie Ay, = Sx,, By, = B2(X3) 288.42 254.23
tiy Ay, = Sx,, By, = Cx, 288.41 254.22
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Discussion

The results presented in Tables 1 and 2 confirm the superiority of the proposed regression-
type estimators. Table 1 shows that the proposed estimators which utilized the second
auxiliary variable parameter both in the presence and absence of measurement error, is
more efficient, with higher percentage relative efficiencies (PREs) than the usual mean per
unit estimator (ty) without auxiliary information and the Maji e a/. (2018) estimator (tpsp)
in case A for all choices of probabilities. From table 2, it can be observed that the
suggested estimator (t74), is more efficient, that the usual mean per unit estimator (tg)
without auxiliary information and the Maji ¢f a/ (2018) estimator (tpsp), while Maji ez al.
(2018) estimator (tysp) performed better than other estimators in the same scenario when
measurement error is absence for all non-response probability selections. In another
scenario, when measurement is presence, the family members of the proposed estimator

are more efficient for all non-response probabilities.

These results demonstrate the robustness and applicability of the proposed technique in

real-world survey conditions involving non-response and measurement error.
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