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Abstract

Corona virus disease is the most dreaded infectious disease all over the whole
wortld. The outburst of the disease made many researchers to step up with
research so as to find solution of eradication of the disease. Jummy et al (2021)
developed a compartmental differential equation models which they used in
studying direct and indirect transmission of COVID-19.We discovered that
their model did not consider quarantine, vaccination and partial immunity. We
then incorporated quarantine, vaccination and partial immunity into their
models to come up with a modified version of Jummy et al model equations.
In this research work, we investigated the positivity of the solution of the
modified model, the existence and the uniqueness of the solution. The essence

of doing these is to be sure that our models can conform to reality in solving
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the problem of eradication of COVID-19. We discovered that the solution

exist, bounded, unique and positive.

Keywords: Invariant region, Existence, Positivity, Uniqueness of the solution

Introduction

Corona virus (popularly called COVID-19) has subjected the whole world into worry
considering its rapid spread. It was declared a pandemic by the World Health Organization
(WHO) on March 11, 2020(WHO,2020). Corona virus disease is seen as a dreaded disease
all over the world. This has prompted many researchers to carry out a series of research
works on COVID-19. For instance, Jummy et al (2021);In their work, the studied COVID-
19 by considering the impact of direct and indirect transmission of the disease. They

observed that indirect transmission has great impact compared to the direct transmission.

The COVID-19 virus spreads to a large extent between people in close contact with each
other (within approximately 2 metres). The common incubation period ranges from 1 to 14
days (WHO,2020). In the absence of a definitive treatment modality like a vaccine, physical
distancing has been accepted globally as the most efficient strategy for reducing the severity
of the disease and gaining control over the disease (Ferguson et al,2020). COVs are
widespread among birds and mammals with cemented bats forming the major evolutionary
reservoir and ecological drivers of COV diversity (Li et al, 2005). The COV has posed
frequent challenges during its course ranging from virus isolation, detection, and
prevention to vaccine development (Guan et al,2019). COVID-19 has presented itself as a
global pandemic in a short period resulting in a rapid curve shift of infected patients,
increasing death rates, a huge global economic burden and widespread mobilization of
medical resources across the globe. Being a novel disease (Umakanthan et al,2020).
COVID-19 initially has been divided into four types: mild, moderate, severe, and critical

cases (National Centre for Disease Control ,2020).

The corona virus is found both in humans and animals and it causes diarrhoea in human
beings. COVID-2019 emerged from China in late December. It follows two other corona
virus outbreaks, the SARS-CoV and the MERS-CoV. Corona viruses usually circulate

among animals but sometimes can jump to humans (Holstein,2020).
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The COVID-19 outbreak has generated significant pandemic worry. Pandemic worry refers
to the constant, uncontrollable, and unwanted negative thoughts about the future

outcomes of disease (Scherr et al, 2017).

Rsearch Methodology

Here, we modified Jummy et al (2021) model and come up with a new compartmental
model which is governed by a set of differential equations. The differential equations are
formulated by adding two compartments on the models by Jummy et al. (2021). The two
compartments are vaccination and Quarantine compartments. We then check our model
equations to see how robust our model is by finding the invariant region, positivity of the

solution, existence and uniqueness of the solution.

The Equations of the modified model

?j—f=7r—(1— Pl)(IBZIA+Sﬁ3IS)S—(1—PZ)SIBl\/ +ZV_+nQ+

Rwl—(l“+,ul)8 (1>
- P(Boat B )8+ - PISBY -G p1)E ”
dI—A:(l—r)éE—( +v + .+ U)|

dt IOA 7/A W lul A 3)
dls
E:ré‘E_(ps+/l’ls+7/s+a)2+lul)|S @)
di,

dt :aAyAIA-i_asj/SIS+V|W_(pH+ILlH+ILll)IH ©)

|

dt :(1—CZA)7/A| A+(1_as)?/sl s+mQ_(V+,OW+/uW+,Lll)IW ©)
drR
E:pAIA+ps|S+pHIH+pWIW_(wl+1u1)R )
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dv
EZOLI At .l S—(¢+/[1)V ®)
aQ B
E_ZD-ZE (n+m+ 14)Q o)
dV
C=IS—(Z+
dt ( ’ul)vc (10)

Existence of Positive Invariant Region
It is important to show that all the state variables of COVID 19 model of system (1) to (10)

are non-negative for all t>0 and so the positive invariant region of the model can be

obtained on Theorem 1.

Theorem 1:

Solution of the COVID-19 model of equations (1)-(10) is feasible for all time t=0

0 10
provided that they fall within the invariant region = <R

Proof:

10
Let Q:{S’E’ [ olsl H’IW’R’V’Q"V C} <R

equations (10)-(19) such that

be any solution of the system of

(S 20E"20,],20,],20,],20,], >0,
R>0V>0,Q20\/ =0).

In the absence of disease, that is
(E:IA’ISZIH: IW:V:O)

the total population becomes

N(t)=St)+EM)+],)+ 1)+ ], +],+RE+V )+ +V ()
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d N,
—_— = — N
dt £ h (11)
dN, (12
0 + U, N, <7 »
The integrating factors of the above is e
t
Multiplying both sides of the equation (21) by €
dN
A h A
™ (— tHN)=7e™
dt H Ny (13)
d )2 t U t
_(N he 1) < ﬂe 1
dt
t t
d(Nheﬂl)gﬁeﬂl (14)
Integrating both side of (14)
[d(N,e*) < [ze!dt
N helult < ie/u1t+c
. (15)
M
Dividing through equation (15) by €
N, < T ic e'ult
H, (16)
Applying the initial condition N.©=N,0att=0
We have;
N,(0) <Z+cC
! (17)
= N,(0)-Z=<cC
. (18)

292 Kwaghe International Journal of Sciences and Technology




Okorie Charity Ebelechukwu, Haruna Yusuf, Hina Aliyu Danladi

Substituting (18) into (16)
N, < Z (N (0 et
H, 1 (19)

By the theorem of differential inequality (Birkhoff and Rota, 1989), we conclude

0<N, <
ll’ll ast—)oo' (20)

Therefore, ) is positively invariant

Positivity of the solution
The system in equation (1)-(10) is given below;

ds
E=n—(1— pl)sﬁDA| (- Pl)SﬂDJ — (- pz)sﬂlv +2Z\/ +NnQ+

R, — T+ 11)S

G0 PISBLL 0PSB+ PISBY ~0E-Eqr,- uE

d

%zc-_r)é‘E_(pA_i_}/A)l A_(C()1+,Ul)| A

d

#zrdE—(ps+ﬂs+7/s)| s~ (@, ) s

d
c!tH =aA7/AI A+05373| S+V|W—(IOH+,LlH+ILl1)I y
l

dt :(1_aA)7/AIA+(1_a5)7s|S_(V+pw+ﬂw+/’ll)lw+mQ

dR
EszIA+psls+pHIH+pWIW_(w1+ILl1)R

dv

E:COJ A+a)2| s_,Lllv
dQ
E:sz—(n+m+lul)Q
d

%:FS_(Z"',LQ)VC

For the model (1) — (10) to be mathematically and epidemiologically well posed, we need

to prove that all the state variables are non-negative for all t = 0.
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Theorem 2: Suppose that the initial data are given as

{(S z0E>0,20],20,],20],,20,
R>0V 20,Q20\/ 20)3}eQ

SELwlolwlwRV.QV .}

Then, the solution of the set{ of the system of the

model (1)-(9) is positive for all 1> 0
Proof

Considering the first equations given as

Z_?:”_(l_ Pl)SﬁDAI A_(l_ Pl)S,BDSI s_(l_ Pz)sﬂlv +Z\/c+nQ+
RZD'1_(F+1U1)S’

We have that

L > (@-PI Bl - -PIB ol —a-PYBY T+ p1)s

(21)

By the method of separation of variable, we have that

%S > (1-P)S. 1, A-P)S_ | ~A-P)BY T+ )t

(22)

Integrating both sides of the above equation, will give
)2 -0-P)B, | ~-P)B | ~-PIBY T ppec

Where C is the constant of integration.

Taking exponential of both sides, we obtain

-@-pP) =Py PO V-(C+py Nt+C
S(t)ZG P IBDAI P ﬁDSI P ﬂl H, (24)

S(t) > ei((lfpl)ﬂDAl Ai(lipl)lB s | S—(l—Pz)ﬂl\/—(rJrﬂl))t X ec
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S(t) > e‘((l‘Pl)ﬂDd WPl P BYTr t e

(25)
c
Where k is equal to K=e .
At the initial condition, equation (25) becomes
S(0)> K. 26
Substituting equation (26) into (25), we have
“@-PYB | PSP, BVt
S(t)ZS(O)e P IBDAI P ﬁDSI P ﬁl M, >0 (27)

From the second equation

E :(1_ pl)SﬁDAI A+(1_ pl)SﬂDSI S+(1_ pZ)Sﬂl\/ _5E_sz_ﬂlE (28)

d
d—fz-[5+lul+wz}E )

Applying the method of separation of variables to (29)

dEE > _[5+ﬂ1+w2]dt

(30)
Integrating (30), we have
LnE>—[6+ 14 + t
b+ b e (31)
Taking exponential of (31)
E> efl&”ﬂvzh C
That is
E>p b Hemd g o e’ =K
=€ e , where
Exg " Himl ek (32)
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Applying the initial condition, ¢ 0w (32) gives

E=E(0) e*l‘”ﬂﬁwzlt >0

From the third model equation
(34)

IA:(l_r)ﬁ_(ijL]/A) I A_(a)l—i_lul) I A

dl,
?Z—(IOA+]/A)IA_(Q)1+/11)IA (35)

Applying the method of separation of variables to (44)

‘ IAZ_[f)A+7/A)+a)l+ILll}jt
(36)

| A

Integrating (36), we have
Ln] AZ—LOA+7/A) | A—(a)1+,u1J+C 67

Taking exponential of (37)
(o 7 o) ¢ AC
|,z 7o

Cc

i'el Aze{pA T IUJ[. K ,WhereK =€

| > ke P doril -

Applying the initial condition, t = 0 gives

1,0 >K a9

Substituting (39) into (38)

7|:pA+}/A)+a)1+/'l1
1,21 8 k>0 0

From the forth model equation
(41)

IS:r&E_(ps-'-lLls-l_ys)IS_(a)1+lLl1)|5
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%2—[/)8+ﬂ8+7/s+a)1+lul]|s )
Applying the method of separation of variables to (42)

d ISZ—[,O U AV @ +Iu]dt

I S L 43)

Integrating (43) , we have
Ln |32—ups+lus+}/s+a)1+/ul”+c (4
Taking exponential of (44)
.2 o PHT O |
That is
[.> e{psws+7s+m1+ﬂj_ec
.z PO
1.€
.2k e{pswsw;wﬁﬂjt s
Appling the initial condition,! =0 to (45), gives

|.(0)>K »
Substituting (46) into (45), gives

1.21.0) IR AT )
From the fifth model equation

le=any datasy st h—(o,+u, + 1)l (48)
dﬁ >—( P U+ lu) |

dt HO TR (49)
Applying the method of separation of variables to (49)
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eelp,op, v

(50)
Integrating (50), we have
Ln|H2—[pH+luH+luJ+C 51
Taking exponential of (51)
- + + C
I " Ze lpH Hy lullge
|, 2p Prtithek
pope o)
Isze PutHy :u1t (52)
Applying the initial condition, { = 0w (52), gives
MOEIN 53)
Substituting (53) into (52), gives
e’[PH“’H*/"l]
l.21.0Qe t=0 (54
From the sixth model equation
IW:(l_aA))/AIN—'-(l_aS)]/S IS_(V+pW+ILlW) IW_ILl1IW+mQ
I—W:(l— )Y 1 u+t Q- 7. | +mQ—[(v+ + 1)+ ]|
dt (04 7/A Al s 7/3 S pw luw lul W (55)
dl,
—HA>_Av+p + +
dt [( IOW luw) lul]l w (56)
Applying the method of separation of variables to (56)
ol I
1. > oo+ Put 1) +,U1]dt
w (57)
Integrating (57), we have
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Ln],, 2—[(v+pw +/uW)+IulJ+C
Taking exponential of (58)

-v+p0 +1 )+ C
IWZe[ PutH, /u1J.e

S e-[<v+pw+ﬂw>+ujt oK

=

|, =k e_l(”p VAL

Applying the initial condition t=0 ¢ (59), gives
2K
Substituting (6) into (59), gives
—|(v+ + )+
l,21,0e | Pu*Hy, MJtZO

From the seventh model equation

R:pAIA+pSIS+pHIH+pWIW_(w1+lLll)R

(il—lf > —[wl+ lul]R

Applying the method of separation of variables to (63)
drR [ZD' h
? >— 1 + ILll t

Integrating (64), gives

LnR > —[@-1+ IulJ+C

Taking exponential of (65)

R> e’[@%L C

R > e_|.ZU1+/u1Jt ° ec
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Rzeﬁmw&oK

‘lZUf’ 1]
R>kg Hil (66)

Applying the initial condition t=0 ¢ (66), gives
R>K ©7)

Substituting (67) into (66), gives

Rzmme%WMhzo (69)

From the eight model equation

dv

—= + -uVv
dt 0)1|A a)zls ,Lll (69)

dv

—>-yV
a - M (70)

Applying the method of separation of variables to (70)

dv

—2>—ydt
vV H (71)

Integrating (71), gives
LnV > |-/ |+C
Taking exponential of (72)

V>a#iC

(73)

Applying the initial condition t=0 ¢ (73) gives
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V >K (74)

Substituting (74) into (73) gives

V>V (O)e[‘ﬂjt >0

(75)
From the nine model equation
=, E—-(nQ+mQ +
Q=g7,E-(MQ+mQ+ £1)Q -
dQ
—>—(n+m+ 4 )Q
dt # w
Applying the method of separation of variable to (77)
aQ >—(n+ m+lul)dt
© 79)
Integrating (78), we have
LnQ=—(n+m+ f4)+C
Q= M) 79
Taking exponential of (79)
Q > e—(n+m+lu1) 4 C
—(n+m+¢4) Cc
Q > e—(n+m+ﬂ1) . K
—(n+m+¢¢)
Qzkg "/ (80)
Applying the initial condition t=0¢ (80) gives
Substituting (81) into (80)
—(n+m+ ¢4 )
Q>Q(0)g >0 )
From the ten model equation
Volume 1, Issue 1, July 2024 301
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dV/ .
T:SF_ZVC_,LﬂVc

dVv

_VC>s_(7-

praE Cay ALV

Applying the method of separation of variables to (84)

d\/
—C>(Z - gy)dt
Y, (Z-u)

C

Integrating (85), gives

Ln\/ > ~(Z - 1) +C

Taking exponential of (86)

Voze “#+C

V.ze e

Vozke Tt

Applying the initial condition 1= 0 into (87) gives

V2K

Substituting (88) into (87) gives

V.2V 0 “Ht=0

From  the  solutions  obtained in  equations

SElalsl H’IW’R’V’Q’VC)>0,foraHt>0.

-,

we

(83)

(84)

(85)

(80)

(87)

(88)

(89)

see that

Thus, we have established that COVID-19 model has positive invariant region and

solution.
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Existence and uniqueness of the solution of the modified model

In this study, we formulate a theorem on existence and uniqueness of solution for the

model system in equation (1)-(10) below.

‘;f_n (1- p)sIB —(1—p1)s,3DS|5—(1—p2)sﬂ1v+zvc+nQ+

wl— (F+ ﬂl)s

=PSBl - P)S B+ DS BY ~E—Eqp,~ U

d
L anse—(p,y )@ )1,

d
#:raE—(p;y;%)l s~ (@, + ) s
d

=) darasy sl (o )l

d
C!'[W :(1‘0(A)7A| A+(l_as)7/s| s_(v+pw+/uw+lul)lw+mQ

dR
EszIA+pSIS+pHIH+pWIW_(ZD-l+ILll)R

dv

at =l +0)2|s_,ulv
dQ

ot sz—(n+m+lu)Q
Vc

=IS-(Z+u )\ .

Theorem 3: Considering the system of equation (1)-(10);

The model system(1) — (10), defined as

df
—L fori=j
dx;

Should be write in compact form as

x, = f (t,x),x(t,) = %,, forsetof function f,

for all =T.T ... herei=12,3,...... n
f=f f .. wherei 0

where,
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X:(S,E,IA,IS, IH,IW,R,V,Q,VC).
And

F&,0) = (fi(t, %), (6, %), o, fro (£, %))

_ds _dE _dle
h=g =g o ="g
If D’ denotes the region

|t_t0|£a’ |X_X0|£b' X= (X%, Xy ), XO:(Xlo'XZO""X“O)'And suppose  that

f(t,x,) [F(tx) = f (%) < K|x, =X, |

f(t,x,)

satisfies the Lipshitz Condition

f(t,x

whenever the pair

and 2) belong to D'where k is positive constant, then there exists a constant

6 > Oguch that there exists a unique continuous vector solution X(t) of the system x' =

—ty|<5

. . t .
f(t, x), as defined above, in the interval | . It is important to note that the

condition is satisfied by

M ijo12..

the requirement that =~ J be continuous and bonded in D'

The existence and uniqueness of solution

Considering our model defined in equation (1)-(10), we are interested in the region

l<a<R and we look for a bounded solution of the form

0<R<w

Theorem 4

0<a<R

Let D denotes the region ' then each of the equations of the system (1)-(10) have

a unique solution which is bounded in the region D (Egbetade and Ibrahim,2012).
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Proof:

i, 1,]=12,3,4,56,7,8,9,10
We are saddled with the responsibility to show that X; are

continuous and bounded in D in order to be able to prove the existence and uniqueness of

solution for the system of equations obtainable in our model.

From equations (1)

f i(S’E’ I A'I s’ I H? I W’R’V’Q’V c)

of

P =(S,E,|A.|S,|H,|W,R,V,D,Q,Vc)=7r—(1—Pl)SIBDA|A
-1- Pl)SIBDJS—(l—PZ)Sﬂl\/+Z\/C+nQ+Rw—l—(F+Iu1)S
:_(1_ Pl)ﬁDAIA_(l_ Pl)ﬁDSIS_(l_ Pz)ﬁl\/ —(F+/,[1)

af1
oS

“Fa-PIB1.-a-P)B, N -Q-P)BY - T+ pr)]<

O
Also, from (2)

fSELadellwRY.QV)
f ZZ(S'E' I A'I s’ I H’Iw’R’V’Q’Vc)

of
8E2 = (- pl)SﬁDAI A+(1_ pl)SIBDSI S+(1_ pz)Sﬂl\/ _§E_sz_ﬂ1E
_5_w2_ll'l1

af2

Lbo-oufe

92)
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From equation (3)

fSEldolwlwRY.QV)
of

al ::(1—I’)5E—(IOA+7/A)| A_(a)1+ll’ll)| A
(Tt )
of
aIA

:‘_(pA+7/A+a)l+/Lll) ‘<oo

93)

From equation (4)

fGELdolelwRY.QV )

of

o| 34:r5E_(ps+ﬂs+7s)l S_(a)2+/u1)| S
_(ps+ﬂs+7/s+a)2+lu1)
of,
o]

:‘_(ps+ﬂs+7/s+a)2+lu1)<oo‘
o4

From equation (5)

fSE L loll RV.QV)
of

W::a;\ﬂ/d A+as)/5| S+V|W_(pH+,uH+,ul)| H
=Pt 1)

of .
o

=, )<=
95)

From equation (6)
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f G(S'E' I A'I s? I H’ Iw’R’V’Q'V c)

of
o] =0yl Cady s - ot )]+ mQ
=+ P+,
of .
ST )<
! 96)
From equation (7)
fUSE el lRV.QV)
of
a—RszIA+ps|S+pHIH+pWIW_(ZU1+ILll)R
=@, + 1)
of
| M@ )<
O7)
From equation (8)
fGELdolal RY.QV)
of
8—V:a)1IA+0)2|s_/u1V
-TH,
of
o'l
98)
From equation (9)
307
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f SEldolwleRY.QV)
of

a—(;:sz—(n+m+ﬂl)Q

:—(n+m+/ul)
of
Q

= ‘—(n +m+ lul)‘ <00
99)

From equation (10)

flo(S'E’ I A'I s? I H'Iw'R’V'Q'V C)

ot IS—(Z+ 1)
=IS—(Z+
W ,LI1VC

C

=@+ u)

a.I:ll
Y2 = ‘—(Z +,u1)‘<oo

(100)

Hence, since clearly the Partial Derivatives for the set of function

f i:1,2,3,4,5,6,7,8,9,10 GElclolwlRV.QV )

with respect to , created

from equation (1)-(10) are continuous and they exist for the system of the model equations
proposed; and they are also bounded, then we can remark according to Theorems 3 and 4
that, there exists a unique solution for the system of equations of our model in (1)-(10) in

the region D as defined.

From the above test, it is proven that the model equation has a unique solution and that

the model exists.

Results

Here, we present the findings on the basic properties of the model equations (1)-(10) as

follows;
Basic properties of the model

(1) The close-set{) of the model is shown to be positively invariant (Theorem 1).
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(if) The state variables of the model (1)-(10) are proved to be non-negative for all t =

0 (Theorem 2).

(i)  The existence and uniqueness of solution of the model is established and shown to

stay in the region () for all t = 0 (Theorem 3 and Theorem 4).

Conclusion

COVID-19 started with massive death all over the world which made people think that
the world has come to an end. From this study, we investigated the positivity, existence and
uniqueness of the modified COVID-19 model. We present the existence, uniqueness and
positivity of the model solution. It is proved that the solution exists and that the solution
is unique. This shows that the modified model is mathematically and epidemiologically wee

posed, meaning that it is a good model for studying COVID-19.
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