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Abstract

The Covid-19 outbreak and the subsequent emergence of different viral strains
posed a serious global public health challenge. This study proposes a
mathematical model to analyze the transmission dynamics of two different
Covid-19 strains and examine the effect of awareness on disease control. The
study established the basic mathematical properties of the model, analyzed the
disease-free and disease-endemic equilibria for both strains, conducted stability
analysis, and computed the basic reproduction number, defined as Ro = max(Ry,
R;). Stability conditions were examined for the strain-specific reproduction
numbers, including cases in which R; < 1 while R; > 1 and R; < 1 while Ry >
1. Numerical simulations were also conducted to support the analytical results
and further illustrate the model dynamics. The findings show that increased
awareness enhances vaccination uptake and reduces the basic reproduction
number, thereby contributing to the control of disease transmission. The study
concludes that awareness-based interventions play an important role in
controlling the spread of Covid-19 strains through improved vaccination
behavior and reduced transmission potential. These findings contribute to

mathematical epidemiology by demonstrating the relevance of awareness-driven
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vaccination strategies in multi-strain infectious disease models and provide
practical implications for public health authorities in strengthening awareness
campaigns through media and social gatherings.

Keywords: Awareness; Basic Reproduction Number; Covid-19; Multi-Strain

Model; Vaccination

Introduction

Covid-19 is the latest epidemic that ravaged the world. It is a viral disease caused by
the “Severe Acute Respiratory Syndrome Corona virus 2” (SARS-COV-2 virus). The first
detected case was in ‘Wuhan’, China in December 2019 [1]. The disease started as an
outbreak of pneumonia of unknown cause and quickly became a disturbing epidemic which
spread to over 210 countries across the globe causing serious burden to public health and

socio-economic activities burden globally [2,3].

The disease became a source of serious concern not only because of the high
mortality and transmission rate but also the rate at which it mutates. The new strains
sometimes have characteristics different from existing ones in terms of the rates of
transmission and death [4]. This has been a cause of serious worty as the development of
drugs and vaccines have not proved to be capable of eliminating the disease. Covid-19 virus
has various strains, in fact thousands of them after the first strain was discovered in the year

2019 [5].

Daniel (2020) model his work for the transmission of Covid-19 with non-linear
forces of infection and the need for prevention measures in Nigeria [6]. Owhanda et. al.
(2021) work was on the role of awareness in the control of Covid-19 in South-South Nigeria
as presented in their paper titled "Awareness, Perception and Practices of Covid-19
prevention among residents of a state in South-South region of Nigeria [7]. Egunjobi and
Makinde analysed two strains of Covid-19 disease without awareness. Musa et al carried out
their work on the role of awareness program on the control of the pandemic. Their result

shows that proper information can lead to the control of the disease [8].

This work is designed to study the dynamics of the spread two strains and study the
role of awareness program in its control. This will be done by modifying the work of Musa

et al, who worked on a single model with awareness.
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The rest of this paper is structured as follows: The model is formulated in section 2,
section 3 considers the model’s well-possedness and boundedness. The analysis of the
equilibrium points are presented in section 4 while the fifth section present the basic
reproduction number and stability analysis. The model simulation and interpretation are

presented in the sixth section, and the conclusion and recommendation are in section 7.

Materials and Methods

Our proposed model consist of seven mutually exclusive compartments. Table 1
gives the model State variables while table 2 gives the model parameters and their

descriptions as used in this work.

Model Equations:
sy,
E:A—(a717+a212+9+ﬂ)5u, (1)
dSq _ (el asl,
e = 0Sut IR (7+91, tore, TOT ,u) Sa, @
Z—Z =wS, — (t+pV, )
dl I
2= %Sa +a,S,— (6, +B,+d,+wl,,.. )
dil, arl
m =1V + 1461, Sq + a8, — (62 +p,+d,+ #)12) ®)
dH
= = 0il; + 8L — (¢ +d; +WwH, ©)
dR
- = Bily + Bol; + ¢H — (v + )R ¥

with the initial conditions, S,,(0) = A+ 5,,0,5Sa(0) = Sg(0),V (0) = Vo, 1;(0) =11 4,1,(0) =
L0, H(0) = Ho,R(0) = Ry
Our model also assumed the following; that no individual is infected with both strains of the

virus, there is possibility of reinfection after recovery and waning of the vaccine is also a

possibility.

Table 1: Model State variables and their descriptions

State Variables | Description
Su Susceptible unaware population
S, Susceptible aware population
%4 Vaccinated population
I Population infected by first strain
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I, Population infected by second strain
H Hospitalised Population
R Recovered population

Table 2: Model parameters and their descriptions

Parameter Description
A Recruitment rate into S,
@ Awareness parameter
a, Infection rate of strain 1
a, Infection rate of strain 2
0 Vaccination rate of .S,
B1 Natural recovery rate against I
B Natural recovery rate against I
T Loss of immunity rate of vaccinated
61 Rate at which [; get hospitalised
I Rate at which I» get hospitalised
y Rate at which recovered population move to S,
[0} Recovery rate of hospitalised population
w Vaccination rate
u Natural death rate
A Death due to first strain
V23 Death due to second strain
s Death due to first or second strain

Positivity and Boundedness of the Solution
For the positivity of the model, we shall use the following theorem

Theoteml: Let S,(0) > 0,5,(0) =0,V (0) = 0,1,(0) = 0,1,(0) = 0, H(0) >
0O,R(0)=0€T,

then the solution S, (t) , S, (t),V (t), [,(t), L(t), H(t),R(t) <« 0,allt > 0.

Proof: To prove that S, (t) > 0, we note from equation (1) that since A is positive the

ds,

dt 2 —(CZ7I7 + a212 + 9 + M)Su

InSy, = —[a;l;+a)l, + 6 + ult + k
Implies Su(t) = elaii+azl+0+u]t+k

Now at t = 0, we obtain S, (0) > e*

Thus our general solution becomes
Sy (t) = S, (0)elarli+azl+0+u]t

Notice that S(0) = e* > 0and e~ laiita+0+u]t -
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Implies S, (0)e 1@+ @l+0+ut >
Thus we have Su(t) > 0as reqiured
Same was done for other state variables.

Boundedness: In order to show that the model behave predictably and the solution
do not grow without bound as time progresses, we need to show that it is bounded. This will

be done by proving the following theorem.

Theorem 1: The model system is bounded in

Q:{&ﬂmﬁhbHﬁeRyNg%+UW@—$WM}
Proof: The total population N() = S,() + S.() + 7 () + L(?) + L) + H() + R()
C)

Ditferentiating (16) w.r.t 7, we’ve

AN _dS, , dS, , dV , dI; , dl, | dH , dR o)
de — dr dt dt dt dt dt de T

Substitute (1) — (7) into (9) and simplifying we have

dN
EZA_'U,N_d7I7_d212_d3HSA_’U,N

Implies that Z—IZ < A—uN

(10)

In order to find the solution set of (10), we first solve the differential equation

ar AN —uN
GtV = A a1
Multiply (11) LF.=eJ #dt = gt 304 solve to obtain N(t) = % + ce™H
With the initial condition t = 0 we have from (10), we have  N(t) < % +
(V@) =3
Taking the limit as t = 0, we have gl_r}goN ) < %

Thus,
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o< (N(o) _ é) eht
dt U
Also, taking the limsup we have
gl_r){.lo sup (S, (t) + S () + V(t) + [,(t) + L(t) + H(t) + R(t))
Hence the feasible region for the system is
Q= {Su(t) > 0,5,(8) = 0.V(®) = 0,1,(t) = 0,1,(¢) = 0,H(t) = 0,R(¢)

A
=>0and N(t) < ;}

Hence we conclude that the system is bounded in .
L . . . . . A
Epidemiologically, it means the peak infection level is attained at o
Equilibriums

In this section we analyse the disease free, Strain1 disease endemic and Strain2 disease

endemic equilibriums.

ey - . ds, ds dv dI dl dH dR
At equilibrium point(s) we have, Y = —=—=—=—2=—=—=
dt dt dt dt dt dt dt

We shall use this fact to find the equilibrium points for our model

Disease Free Equilibrium DFE

At DFE, [,(t) = I,(t) = 0 as well as H(t) = R(t) = 0, while S, (t) # 0,5,(t) #
o,V(t)+0

Thus DFE, E’ = {S,,%,5,°,V?,0,0,0,0}.

Now we solve (1)-(3) for S,’, §.”and 17" to obtain

0_( A A6 wlu
TN+ O+ (@+ ) T+ + W (w+ )

Strain 1 Disease Endemic Equilibrium (DEE 1)

0,0,0, 0)

For strainl DEE, I, # 0,1, = 0
The strain 1 DEE is given as E* = {S,,", S, ", V*,I,*,0,H*,R*}

Next we shall express the state variables in terms of I, and the parameters and find

a general solution to I;"in terms of the parameters.
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Solving S, = 0 from (1), i.c.

A — (a717 + aZIZ + 0 +,U,)Su* =0

* A

Su =0»’717+—9+.u (12)

Doing same for (2) to (7), we have a quadratic equation in I;” which can be expressed as
PGV +P(1) +P=0_ (13)

Where

Py =Aja’=a @+ B +d; +u

Pr=alt it dt o+ w —y0+w - Mo+ 0+ ],

Ps=a;(0+ it dit+ @+ = p0+uw) — Mo+ 0+ w)).

Thus the general solution to (13) is given by

=P+ \/(P; — 4P, P3)

I*
! 2P,
1y = SRRV ARD) P PR ARD)
This solutions are ' 2P, 01,2 %

Obsetve that I; ," is not biologically feasible as the value will always negative
Forl} , to be biologically feasible, v —4P1Ps > —P;
4P,P; < 0

Thus, strain 1 disease endemic equilibrium is attained if the terms in P; <0 or P; <0,

where P;, P>and Psare functions of the parameters as described above.
Strain 2 Disease Endemic Equilibrium (DEE 2)
Strain 2 DEE occurs when I, # 0,1; = 0. It is given by
B = (87, 82,V [3*,0, H**, Q")
To determine S,,”, we equate Su' =0

A

S** - =
. al3*+ 0+

We do same for (2) to (7) and solve to obtain the polynomial

Boo(I2*)? + By (I3*)? + Boa(I3*) + Bay = 0 (14)
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Whetre

Bay = a30(82 B 2+ da + p)(n+ p)(w + p)
By — az((r+ud atétdolrwty(tp)[rHi 24dda
2 (v+n)(T+p)

Bay = (0 + p) % + OA(TwO + (74 ) (02 B 2+ da + p))| + (7 + p)(w + p)[02 ¥ 2 +da + p+ az/]

Bag = 0Atw — (7 + p)(0 + p) (62 8 2+ do + p) (e + O2(w + 1))

In order to obtain the general solution of (14), we apply the Cardan’s formula [9] for

cubic equation to obtain the solution by following the steps below;

Step 1: we reduce the coefficient of (/2*)” to unity to obtain

(12**)3 + C7(12**)2 + CQ(IZ**) + C3 =0 .u (15)

Where C7 21 C7 322 C7 323

By

Step 2: We express (15) in the standard Cardian equation;

(I3*)3 + mI™ =n (16)
Where 1 = ¢ — %12!,,, _ _(g — QG | o)

Step 3: The Cardan solution to (16) is given as

e 3T n? m3 s ="
Br=\g Vg Tar

’.'R

For the equation to be biologically feasible, T %

e 3

Thus, strain 2 endemic equilibrium is attained it T - > 27

Basic Reproduction Number Ry and Stability analysis

R, is a measure of the transmissibility of a viral disease and defined as the “expected
number of secondary cases produced, in a completely susceptible population by a typical
infected individual”. It is a very important parameter in epidemiology. We shall use the “Next

Generation Matrix” NGM method for its computation [10].

The infected compartments are equations (4) and (5). From where we the obtain new

Infection for I; denoted as Fiis given as

051[1
S 115,
110, oo (15)

1 P
While the new Infection for I, denoted as Fis

I
a2’ S{z + QQIQSH

F =
T 140 (16)

The transition rates for I; and I, are respectively V; = (6; + f; +d; + u)I; and
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V,=(06,+B,+d, +wl,

The Jacobian matrix J(F) of the new infection IF and J(V) transition rates V are

. . al al al al
detived using  J(F) = a_F; a_FZ ,J(V) = a_V; 6_1/22
617 612 611 612
(7+917)a15a—62Z19175a + a7Su 0
F) _ (1+01;)
]( - 0 (1+60L)asSg—a,01,S, + S
(1+61,)? A2ou
At disease free i.e. I, = I, = 0, we have J(F’) = F as
F= (“75(1 + a;Sy 0 )
B 0 a,S, + a,S,
B 0 5+ B, +d,+pu
a;(Sq+Su) 0
_ -7 _ 57+ﬁ7+d7+ﬂ
The K = FV~' = ) (S +Sy)
82+ﬁ2+d2+,u
a7§ a2§

Solving det(K — AI) = 0, for A, we have 1 = S4B +d i’ S+ Botdotp

The basic reproduction number R is defined as the dominant esgenvalue for two strain
disease given by Ry = max(R;, R))

aAotpt+)

a arA(o+pt+0)
, A
(61+B1+d+w)(0+pw)(w+p)

T OB (0 (@H)

Where R; = dR,

Stability Analysis: In order to determine the behaviour of the system in future, we
to need to find the stability points. Stability analysis primarily focuses on the equilibrium
point i.e. state where a system does not change with time. We shall use the Gershgorin Circle

theorem to establish the local stability conditions [11, 12].

Theorem 3.6.1 The Disease Free Equilibrium is locally asymptotically stable if Ro < 1 and
unstable if Ro > 1

Proof: For the prove we shall

i. derive the Jacobian matrix [, , for the system

ii. derive the Jacobian matrix for the disease free
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iii. compute the Gershgorin disc D;, with centre ¢; and radius 73 for i row (where ¢; = J ii

and 1; = X ||
iv. apply (iii) to the Jacobian matrix
v. the necessary condition for stability using the Gershgorin Circle theorem is ¢; + 13 < 0.

The Jacobian matrix is given as

as, as, o8s, 0s, 0S, 08S, 89S,
as, 9s, ov  al, odl, OH 4R

89S, 9S, 9S, 08Sq 0S, 0S, 0S4
89S, 9S, oV  dl dl, O8H OR

v.ooav v v v v v

s, s, adv  al, 9, OH 4R
j=| aa e a ey e ey a7
s, 8Ss, ov al, A4, OH OR
ar, 4L, oL, aL, a4, a1 oL
ds, 0sg v dl, A, OH OR
dH' 0H 9H' O9H  OH OH OH
0s, 0s, v a1, 0, OH OR
R oK R o oK R o

aS, 8Sq oV dl, dl, OH OR

Applying (17) in (1)-(7), we have

M7 0 0 - a7Su - azsu 0 0
0 M, 0 M, M, 0 vy
0 w —(t+uwp 0o 0 0 0
a2, Mg T 0 Q—B 0 0
o 0 0 B B ¢ -+
(18)
alll azlz alsa
Where M1 = —((1111 + (1212 +0 + ,U), MZ = - (m 161, +w+ ,[l) M3 = m,

_ azsa _ 0.'111 _ 0.'212
4T 1+61,)2” TS T 1401, 0 T 1461

A=014¥B 1+p+d),B=(024 o+pu+ds), P = (1+91 T+01)° + 1 5,.Q = (1{_:_291 & + a25,
The Jacobian matrix J(E?) of the model at disease free equilibrium is obtained by

substituting I; = I, = 0 into (18) to give
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—(0 + ) 0 0 00 0 0
0 —(w+p) 0 00 0y
0 w —-0@+w o0 0 0 0
JEN=| o 0 0 —A 0 0 0
0 0 T 0 -B 0 0
0 0 0 6 6 —(p+d;+u)o
0 0 0 B B> ¢ —(+uw

Next we compute the discs D;'s
D;: Centre ¢, = —(0 + ), radius r; = |0
For stability, —(60 + u) < 0

We do same for other rows and found that all D;'s lie to the left half plane. Thus we

have local stability at disease free equilibrium.

Strain 1 Disease Endemic Equilibrium E* will be shown using the following

theorem and applying the Gershgorin Circle theorem.

Theorem 3.6.2: The strain 1 disease endemic equilibrium E*is locally asymptotically

stable if Ro<1, Ry >1

Proof: In order to prove this theorem, we substitute I, = 0, into (18), while I; # 0 to

obtain the following matrix

—(O‘]I] +9+IU) 0 0 _Oé'lsu 0 0 0
ayl a1Sa
0 w —(T+ 0 0 0 0
J(E*) = s s 0 P-A 0 0 0
0 0 T 0 -B 0 0
0 0 0 o1 0 *(@+#+d3) 0
0 0 0 B 0 @ —(v+p)

However, we shall also investigate the stability using the Gershgorin Circle theorem

as above, to investigate the stability.

a;l a;S
D7Z C7 = _(a717 + 6 + ﬂ), 7‘7 = a7Su, D22 C2 = — (7+19;1 +w + ,u.), TZ == U#ﬂt)z
D}i C; = _(T+‘U), r; = W, D4: Cy = P_A,T'4 = a717 +%, D5: Cs = —B,T‘; =

Dycy=—@+pu+d;),r,=6,Dr¢c,=—(y+n),r,=5,+0

We observe that all the disks except Dysatisties the gergoshin condition. For D,to

satisfy the condition P — A4 < 0.
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Howevet,ifP—A>0i.e(7TTSIa)2+ a,S,— (6, +B,+d,+u)>0and 6 =0
7

(no awareness on I;), we have
a15a+a75u_(67+ﬁ7+d7+ﬂ) >0
a;(Sqg+Sy) > (6, + B +d; + 1)

CZ7(Sa +Su)
(6 +B+d;+ )

R, >1
Thus, we conclude that strain 1 E*is locally asymptotically stable if R, < 7 and R; > 1.
Same proof for strain 2 disease endemic equilibrium
Simulation & Interpretation of the Dynamics

Here we present some graphical representation of our system and some relationship between

the variables contained in the model

4000 4 300000
—— Susceptible Unaware (Su)
250000 4 —— Susceptible Aware (Sa)
c 3000 1 —— Vaccinated (V)
=] ¢ 200000 " — jpfected 11
+ o
'_=° 2000 E 150000 1 InfecFed(IZ
E 3 —— Hospitalized (H)
| —— Recovered (R)
1000 4 &€ 100000
50000 -
01 —=
T T T T T 04—+
0 0 100 150 200 0 25 50 75 100 125 150 175 200
Time (Days) Time
Figure 1: System dynamics Figure 2: Influence of 8 on the system

Figure 1 present the dynamics of the model which indicate a fall in susceptible
unaware class as they move into the susceptible aware class and other classes with the highest
being the recovery class. Figure 2 shows the influence of awareness on the system dynamics.
We observe that awareness parameter 8 only has significant effect on the susceptible aware,

vaccinated and those who get effected with the second strain of the virus.
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Effect of parameter 6 on infection dynamics

5
2 ?g — 11,6=001
: 5 |--128=0m
% > A 807 — 11,801
31001 S e 2,6=01
L § g — L1805
8 | 3 BV _-..::::::.:::::‘.:::
§ o Cgh' -;—w‘-ﬂ-?f,:_:: ===
[ SO I E dmcot =  A
[+3
v 251 8
01 g ol
T T T T T T T T T e | | i I I I
0 25 % B 10 15 150 175 200 E 20 © A - o
Time Time (Days)
Figure 3: Effect of 6 on Vaccination Figure 4: Effect of 8 on I, and I,

Figure 3 clearly indicates that as the awareness increases, the population of vaccinated
individuals also increase at any particular time. Thus, indicating that awareness plays a
positive role in vaccination. Figure 4 shows the influence of awareness on the infectious
class. While awareness flattened the curve (reduces) infection of strain 2 with time, the

population infected with strain 1 continue to grow with time.

3.0

— RuB)
— Ra(6)
== Ro(6)

=)

[
)

Basic Reproduction Number
-
&

05

0.0

0.0 02 0.4 0.6 0.8 10
Awareness rate (8)

Figure 5: Effect of awareness on R
Figure 5 shows that as awareness has negative effect on the reproduction number.
This indicates that increasing awareness will cause the disease to out. This is because more

people will take precautionary measures that will reduce the disease transmission.

Conclusion

The study of two or more strains of Covid-19 is very relevant considering the fact
that the disease mutate thus producing new strains. Awareness reduces infection rate and
basic reproduction number. It also increases vaccination rate. Thus, we recommend that

effective awareness campaign should be promoted in order to control the disease. This can
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be done through the media, religious institutions and other social gatherings. Vaccines should

also be made available and promoted.
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