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Abstract

This study introduces the Poisson Xrama Distribution, a model for analyzing
count data that exhibits overdispersion. By combining the Poisson distribution
with the Xrama distribution, this model addresses the limitations of traditional
Poisson models, which assume equidispersion. The Poisson Xrama
Distribution offers enhanced flexibility in handling variance inflation, making it
suitable for scenarios where standard Poisson models are insufficient. Key
statistical properties, including moments, variance, skewness, kurtosis and
index of dispersion measures are derived. Maximum likelihood estimation is
employed for parameter estimation, providing a robust framework for practical
applications. This distribution is particularly useful in fields where count data
often display overdispersion, such as biology and economics, offering a
promising alternative to existing distribution models.
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INTRODUCTION

Count data, representing the frequency of events or items, are prevalent across numerous
scientific disciplines, including biology, economics, and social sciences. Such data often
display dispersion characteristics: overdispersion, where the variance surpasses the mean,
and underdispersion, where the variance is less than the mean. The Poisson distribution is a
common tool for modeling count data due to its simplicity and its assumption of
equidispersion, where the mean equals the variance. However, this assumption frequently
proves inadequate, particularly in instances of overdispersion. As noted by Bektashi et al.
(2022), overdispersion diminishes the effectiveness of the Poisson distribution,
necessitating alternative models like the Negative Binomial (NB) distribution. The NB
model introduces a dispersion parameter to account for variability beyond the Poisson

model's assumptions, rendering it a popular choice for overdispersed data.

In addition to NB models, Exponential dispersion models and Conway-Maxwell-Poisson
(COM-Poisson)  distribution ~ further  extend  flexibility = by accommodating
both overdispersion and underdispersion in count data (Shmueli etal., 2005; Musa &
Nweze, 2021). For underdispersed data, specialized models like Generalized Poisson
regression are effective. This model introduces a dispersion parameter that can handle both
underdispersion and overdispersion (Famoye et al., 1997). Another robust option is the
COM-Poisson model, which independently adjusts mean and variance to accommodate
underdispersed scenarios (Shmueli et al., 2005). The discrete Weibull distribution model
also provides adaptive capabilities for handling various dispersions relative to Poisson

regression (MDPI, 2021).

Various models have been proposed to address overdispersion across different fields. For
instance, the Poisson-Lindley distribution introduced by Sankaran (1970), the Poisson-
Ishita distribution (PID) by Shukla and Shanker (2019), and the Poisson-Samade
distribution by Aderoju et al. (2023). Additionally, Shanker and Tekie (2014) developed a
quasi Poisson-Lindley distribution by compounding the Poisson distribution with a quasi
Lindley distribution introduced by Shanker and Amanuel (2013). Furthermore, Nedjar and
Zeghdoudi (2020) and Zeghdoudi and Nedjar (2017) introduced two compound Poisson
distributions—the Poisson gamma Lindley and Poisson pseudo-Lindley distributions—by
compounding the Poisson distribution with the gamma Lindley and pseudo-Lindley

distributions, respectively, both proposed by Zeghdoudi and Nedjar (2016). In this
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research, a novel distribution tailored for overdispersed count data is introduced by
compounding the Poisson distribution with the Xrama distribution. The study delves into

the statistical characteristics of this new Poisson-Xrama mixture distribution.

METHODS
Poisson Xrama Distribution

The Xrama distribution is a one parameter

Ify~P (9 ) , then the probability mass function (pmf) of Poisson distribution is given by

6Ve™’
y!

f(yl0)= y=123,.. 6>0

Consequently, Xrama Distribution proposed by Harrison ez a/, (2023) is given by

f(y;ﬁ):('m’BT)z(ﬂ%GyﬁlZ)eﬁy y>0, B>0 1)

If the parameter @ is assume to follow Xrama Distribution given as

f(@/ﬂ):ﬁ(ﬂﬂeeuu)ew 0>0, B>0 )

Therefore, Poisson Xrama Distribution ( PXrD(y; B )) is as follows

P (v)=] (y/0)t(015)do

S

B | B (1+B) +6y° +36y° +66y+36+12(1+ )

PY (y) = +
(5 +6) (1+8)"
y=012,..; >0 3)
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Cumulative Density Function (CDF) of PXrD ( y; B ) is obtained as:

F(y)=3R(1) 2

~ Zy:{ (1+ B) +12(1+ﬂ)3+6t3+36t2+66t+36}
(8 +6) a+p) & (L+5)

+54 %y +156 8%y +180y® +126 Sy + 216 5 + 36y +144
(8°+6) (p+1)"

[ﬂs +387 +3B° +134° +368* +368° +156 8° + 6 4°y° }36_
®)

RESULTS

Statistical Properties of PXrD ( y; S )
Moments of PXrD ( Y; ﬂ)

r'" moment of PXrD(y;ﬂ) denoted by ,U(,)' is:

Ho'=E(Y )= 2 YR (Y) ©)

N 1+ﬂ) +6y3+36y2+66y+36+12(1+,3)3
/ur 4zy y
(ﬂ +6) (1+ ) v (1+5)

)

for r=12,3,4 in equation (7), first four moments about mean of the PXrD(y; ﬁ) are

obtained below

_pPH12f° +144
BB +6)
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_ B +2p° 125 + 248 +144 8+ 720
B2 (B +6)

2

_SE+65T +68° +125° + 728" + T2 8° +14487 + 21608 + 4320
B (5 +6)

3

_ B +148° +36" +368° +1688° + 432 3" + 432 8° +5040 8% + 25920 3 + 30240
- 2
B (B +6)

4

The Vatiance of PXrD ( y; ) is derived as:

L2+ [ +245" +245° +324 8" +6483° +21605°
2 +60483° +5184 5 +5184

Var (y)=o? =, —(14) ﬁz(ﬂ3+6)4

Standard deviation is given by:

o BB+ B2 +248° + 24° + 32487 +6483° + 21603 +60483° + 51843+ 5184
- 2
ﬁ(ﬁs +6)

Coefficient of Variation (CV)

Vo' _

CV = g
TR

oV = JBE + B2+ 245° + 245° + 32457 +648/5° + 21605° +6048/3° + 51845 + 5184
B°+12/8° +144

Index of Dispersion (ID) is obtained as

H 2
ID = Variance _o°
Mean yA

+51843+5184
B(S°+6) (5° +125° +144)

[ BY+ B2+ 248 +248° + 32487 +6483° + 2160 3* +6048ﬂ3j
ID =
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Coefficient of Kurtosis (k) is given by

(/° +14/8° +365" +364° +168/3° + 432/3° + 4323° + 50408 + 259203 + 30240 (/3° +6)°

S

13 12 10 9 7 6 4 3 2
(B"+ 8% +24p° +24° +324 87 +6483° + 21608 +6048/3° + 51483 +5184)

Coefficient of Skewness (0 ) is given by

5: 1u3

3

(11,)?

(ﬂs +68" +64° +125° + T2 +7258° +144 3% + 2160,B+4320) (B° +6)*

5= -
(B2 + B+ 248 +24° + 32457 +648/5° + 21603° +6048° + 51483 + 5184)4

Generating Functions of PXrD ( y; P )

The probability generating function (R, (t)), moment generating function (M, ('[)) and

cumulative generating function (C, (t)) of PXrD are obtained through the following.

Probability Generating Function (P, (t))

If Y ~ PXrD( ) then the P, (t) is defined as:

y=0
0 5 i y(ﬂ3(1+ﬁ)3+6y3+36y2+66y+36+12(1+ﬂ)3)
P (t)= t
' (,83 + 6)2 (1+ ,8)4 y=0 (1+ ﬂ)y
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_(ﬂ6+3,6’5+3ﬂ4+13,83+36ﬁ2+36ﬂ+48) (3,6’5+6,B4—3,B3—36,6’2—72ﬂ—36)t_
+

(ﬂ—t+1)4 (,B—t+1)4
(38 +34° +368+36)t" (p°+12)t°
+ —
(,6’—t+1)4 (ﬁ—t+1)4

(8)

Moment Generating Function (M, (t))

Moment generating function denoted by M, (t) is:

Mv<t>=§ewa<

y)

[(B°+35° +35° +13/° +365° +365+48) (3/°+65* —3° ~36/5° =725 -36)e'
4 + 4
M, (1)=—2° (B-e+1) (B¢ +1)
(e +(3ﬁ“+3ﬁ3+36ﬁ+36)e2‘_(ﬁ3+12)e3t
(ﬂ—e‘+1)4 (ﬂ—e‘+1)4 _
)

Cumulative generating function denoted by C, (t) is:

C, (t)=4(it)
B
&)= (,33+6)2
532

'(ﬂf’ +3° +3p* +13° +36/3° + 363+ 48) . (38°+6°~38°~36> - 72336 )" ]
(ﬁ—e“+1)4 (ﬁ’—e“+1)4
(38 +38° +368+36)e™  (p°+12)e™
’ (p-e"+1) _(,B—e“+1)4
(10)
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Maximum Likelihood Estimation (MLE) of PXrD(y; j)

Suppose Y, Ypyeen Y, is a random sample of size N for PXrD(y;,B) given by

o Bt | B (L+ B) + 6y +36Y2 + 66y +36+12(1+ )’
L(B/y. )=
(#7%) 1i_ll(ﬁ3+6)2 (1+5)""

log likelihood function is given by
InL(A/y,)="4nIng-2nin(° +6)+Zn: In(ﬂ3 (1+ )’ +6y,2 +36y,2 +66Y, +36+12(1+,B)3)

—ém((uﬁ)““)

Differentiate w.r.t. to f, we get

on(ply)_4n_ 6np’ 3 3(1+B) (28°+ p* +12)
op B (B +6) F| p(1+B) +6y°+36y2+66y, +36+12(1+ B)’
x| Yité4n
ale)
)
. olnL(Bly) . , . . ,
Substituting —————— =0 in equation (11), This non-linear equation can be solved by

op

any numerical iteration methods to get @, .

CONCLUSION

This study introduces the Poisson Xrama Distribution as a novel approach to modeling
overdispersed count data, addressing the limitations of traditional Poisson models. The
distribution's  statistical properties, including variance, standard deviation, index of
dispersion, coefficient of variation, skewness, and kurtosis, are thoroughly analyzed.
Maximum likelihood estimation is employed for parameter estimation. The Poisson Xrama
Distribution offers enhanced flexibility in handling variance inflation, making it a valuable

tool for scenarios where traditional models fall short.
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