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Abstract 
 

In this paper, we defined relatively compactness on hyperspaces CL(X) and 

C(X) of Riemannian metric space 𝑋 and relatively compactness theorem about 

metric spaces in the Gromov sense. Some classes of Riemannian manifolds as 

applications were defined. 
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INTRODUCTION 

In this section, we follow idea of (Knox, K. S. 2013) to discuss relatively compactness 

theorem on hyperspaces CL(X) and C(X) of Riemannian metric space 𝑋. Relatively 

compactness theorem is of two types, this first is about metric spaces and the other is 
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about Riemannian manifolds as an application. These theorems are very important in 

studying universal Riemannian geometry. Also, we are going to make use of (Sergio, A. 

2011) notions to deal with applications of those notions to Riemannian manifolds. 

Some Important Definitions  

Definition 2.1(Dong, C., and Gabjin, Y. 2000): Suppose 𝑋 is a compact metric space and 

for 𝜖 > 0, we define 𝐶𝑜𝑣(𝑋, 𝜖) as  minimal number of closed 𝜖 –balls needed to cover 

metric space 𝑋  and 𝐶𝑎𝑝(𝑋, 𝜖) as maximal number of disjoint 𝜖 – balls in 𝑋 . 𝐶𝑜𝑣(𝑋, 𝜖) is 

called 𝜖 − 𝑐𝑜𝑣𝑒𝑟𝑖𝑛𝑔 and 𝐶𝑎𝑝(𝑋, 𝜖) is called 𝜖 − 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 of 𝑋 . 

Definition2.2(Gromov, M. 1954): Given a metric space 𝑋, then it is totally bounded if for 

any 𝜖 > 0, there is a finite neighbourhood 𝑁𝜖 of  𝜖 − 𝑏𝑎𝑙𝑙𝑠 {𝐵𝑖 = 𝐵(𝑥𝑖 , 𝜖)}
𝑖=1
𝑁𝜖 

 which 

cover 𝑋. 

Definition 2.3(Hanche &  Holden, 2010): A topological space 𝑋 is said to be paracompact, 

if every open cover of 𝑋 has a locally finite open refinement. 

Definition 2.4(Heinonen, 2001): A topological space 𝑋 is said to be first countable space, 

if there is a countable neighborhood base at each of its points. 

Definition 2.5(Hemingsen, 1946): A topological space 𝑋 is finite if dim (𝑋) < ∞. 

Definition 2.6(Hendrinkson, 1999): A metric space 𝑋 is complete if there is a sequence  

𝑥𝑛 in 𝑋 such that 𝑥𝑛 → 𝐿 ∈ 𝑋. 

Definition 2.7(Herman, 1990): A function 𝑓: 𝑋 → 𝑌 is continuous, if for 𝑂 ∈

𝑌, 𝑓−1(𝑂) ∈ 𝑋. 

Definition 2.8(Khovanskii, 2013): A topological space 𝑋 is locally compact if every point 

𝑥 ∈ 𝑋 has a compact neighborhood of 𝑋. 
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Definition 2.9(Van, 1998): A topological space 𝑋  is everywhere dense in 𝑌 if and only if  

𝑐𝑙(𝑋) = 𝑌. 

Definition 2.10(Engelking, R., and Siekluchi, K. 1992): A topological space 𝑋 is called a 

Riemannia manifold, if Riemannian metric is defined on it. 

Definition 2.11(Engelking, R., and Siekluchi, K. 1992): A topological space of infinite 

dimensional is called an infinite dimensional topological space. 

Definition 2.12(Monsuru & Kiltho, 2020): A topological space 𝑋 is extremely 

disconnected if the closure of every open set in 𝑋 is open. 

Definition 2.13(Wallace, A. H. 2007): A family ℱ ⊆ 𝑍(𝑋) is called cofinal in 𝑍(𝑋) if for 

any 𝑍 ⊆ 𝑍(𝑋), ∃𝑍∗ ∈ ℱ such that 𝑍 ⊆ 𝑍∗. 

Definition 2.14(Willard, S. 2004): A metric space 𝑋 is uniformly bounded, if it is uniformly 

bounded below and above. 

Definition 2.15(Willard, S. 2004): A topological space 𝑋 is separable if it has a countable 

everywhere dense subset. 

Definition 2.16(Shanti and Raisinganian, 2008): A function 𝑓: 𝑋 → 𝑌 is called 𝜀 −

𝑖𝑠𝑜𝑚𝑒𝑡𝑟𝑦 if  |𝑑𝑌(𝑓(𝑥) − 𝑓(𝑦)) − 𝑑𝑋(𝑥, 𝑦)| < 𝜀 for every 𝑥, 𝑦 ∈ 𝑋. 

Definition 2.17(Watson, 1981): A Hausdorff space is hemi – closed, if there exist a 

countable subfamily ℱ ⊆ 𝑍(𝑋) that is cofinal in 𝑍(𝑋). 

Definition 2.18(Shanti & Raisinganian, 2008): A function 𝑓: 𝑋 → 𝑌 is called 𝛿 −

𝑖𝑠𝑜𝑚𝑒𝑡𝑟𝑦 if  |𝑑𝑌(𝑓(𝑥) − 𝑓(𝑦)) − 𝑑𝑋(𝑥, 𝑦)| < 𝛿 for every 𝑥, 𝑦 ∈ 𝑋. 
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Definition 2.19(Shanti & Raisinganian, 2008): A function 𝑓: 𝑋 → 𝑌 is called an 𝑖𝑠𝑜𝑚𝑒𝑡𝑟𝑦 

if 𝑑𝑌(𝑓(𝑥) − 𝑓(𝑦))  ≤ 𝑑𝑋(𝑥, 𝑦), for every 𝑥, 𝑦 ∈ 𝑋. 

Definition 2.20(Shanti & Raisinganian, 2008): A map 𝑖: 𝑋 → 𝑌 is an isometric, if  𝑋 and 𝑌 

are isometry space. 

Definition 2.21(Roydon, 2000): The Collection of Borel sets is the smallest 𝜎 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 

which contains all of the open sets. 

Definition 2.22(Fremlin, 2000): A set which is countable union of closed set is called 𝐹𝜎 (F 

for closed , 𝜎 for sum). 

Definition 2.23(Roydon, H.L. 2000): Suppose 𝑋 is a metric space and 𝑥 ∈ 𝑋 is  fixes point 

if  𝑓(𝑥) = 𝑥. 

Definition 2.24(Roydon, H.L. 2000): A net is a mapping of a directed system into a 

topological space. 

Definition 2.25(Paige, D. 2022): A topological space 𝑋 is Hausdorff if for 𝐴, 𝐵 ∈
𝑋, 𝐴⋂𝐵 = ∅. 

 

MATERIALS AND METHODS 

By (Ahmadu & Monsuru, 2020), (Sergio et.al., 2022) and (Jingling et.al., 2021); if 𝑋 is a 

topological space, the following represents the collection of 𝒜 − 𝑠𝑢𝑏𝑠𝑒𝑡 of  𝑋,  collection 

of 𝒜 − 𝑐𝑙𝑜𝑠𝑒𝑑 subset of  𝑋, collection of closed subsets of 𝑋, hyperspace of sub continua 

of a continuum 𝑋 and hyperspace of finite unions of convergent sequences in a Hausdorff 

space 𝑋 respectively. 

1. 𝒜(𝑋) represents the collection of all 𝒜 − 𝑠𝑢𝑏𝑠𝑒𝑡 of  𝑋. 

2. 𝒜𝑐(𝑋) represents the collection of all 𝒜 − 𝑐𝑙𝑜𝑠𝑒𝑑 subset of  𝑋. 
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3. 𝐶𝐿(𝑋) represents the collection of closed subsets of 𝑋 

4. 𝐶(𝑋) is called the hyperspace of sub continua of a continuum 𝑋. 

5. 𝑆(𝑋) is called the hyperspace of finite unions of convergent sequences in a 

Hausdorff space 𝑋 

By (Victor, 2021), all these are being derived from fundamental notion of collection of 

subsets of metric space, which is usually designated as 𝐶𝐿(𝑋), which reads collection of 

closed subset of metric or topological space 𝑋, which is known as hyperspace in a general 

sense. This hyperspace can be defined as follows; 

Note that according to (Ahmadu & Monsuru, 2020), hyperspace of metric space 𝑋 can be 

generated in the following ways: 

If 𝐶𝐿(𝑋1) is the collection of closed nonempty subsets of 𝑋1, for each 𝑥1 ∈ 𝑋1 and 𝑋2 ⊂

𝑋1, 𝑑(𝑥1, 𝑌) = inf {𝑑(𝑥1, 𝑥2): 𝑥2 ∈ 𝑋2}. Note that for 𝑋1 and 𝑋2 in hyperspace 𝐶𝐿(𝑋1) 

and any point 𝑥1 ∈ 𝑋1, there is a point 𝑦 ∈ 𝑋2 such that 𝑑(𝑥1, 𝑥2 ) ≤ 𝑑𝐻(𝑥1, 𝑥2), this 

claim is true due to the following facts (i) point 𝑥1 ∈ 𝑌 only if 𝑥1 = 𝑥2 and 𝑑(𝑥1, 𝑥2) =

0 ≤ 𝑑𝐻(𝑥1, 𝑥2) or (ii)  {𝑥} and 𝑋2 are compact sets that are disjoint in 𝑋1, and there is a 

point 𝑥2 ∈ 𝑋2 such that 𝑑(𝑥1, 𝑥2) = 𝑑(𝑥1, 𝑥2) ⟹ 𝑑𝐻(𝑥1, 𝑥2) = 𝑑𝐻(𝑥1, 𝑥2). Then, 

𝑑𝐻(𝑋1, 𝑋2) ≥ 𝑆(𝑋1, 𝑋2) ≥  𝑑𝐻(𝑥, 𝑋2) =  𝑑(𝑥1, 𝑥2). 

So, we make use of the notion of collection of closed subsets of metric spaces we defined 

above with the help of (Ahmad & Takashi, 2018), (Beshimou & Savarova, 2019), (Monsuru 

et.al., 2020), (Fell, 1962), (Di caprio et.al., 2000), (Murray University, 2021), (Mehdi & 

Hossein ,2012), (Jerolina et.al., 2022), (Marc, 2009), (Richmond et.al., 2022) and (Lee, 2018) 

to establish relatively compactness theorem between the hyperspaces. 

 



Monsuru A Morawo 

Volume 3, Issue 2, 2025 447 

RESULTS 

Here, we prove relatively compactness theorem about metric spaces and some classes of 

Riemannian manifolds as its application. 

Lemma 4.1(Dong, M. 2018): For a compact metric space  𝑋  and for each 𝜖 > 0, 

𝐶𝑜𝑣(𝑋, 2𝜖) ≤  𝐶𝑎𝑝(𝑋, 𝜖). 

Now, we are going to use Lemma 4.1 above to prove the Theorem 4.1 below. 

Theorem 4.1: Suppose 𝑋 and 𝑌 are compact spaces and CL(X), CL(Y) are hyperspaces of 

𝑋 and 𝑌 respectively. If 𝑑𝐺𝐻(CL(X), CL(Y)) < 𝛿, then for any 𝜖 > 0,  one has the 

following estimates: 

     (i)  𝐶𝑜𝑣(CL(X), 𝜖) ≥ 𝑐𝑜𝑣(CL(Y), 𝜖 + 2𝛿), and  

(ii)  𝐶𝑎𝑝(CL(X), 𝜖) ≥ 𝐶𝑎𝑝(CL(Y), 𝜖 + 2𝛿). 

Proof: (i) Suppose the hyperspace CL(X) is covered by N 𝜖 – balls , say {𝐵𝑖 = 𝐵(𝑥𝑖 , 𝜖)}𝑖=1
𝑁  

so that 𝑁 =Cov(CL(X), 𝜖). By assumption, we have  a 𝛿 – Hausdorff approximation 

𝑓: CL(X) → CL(Y). Then the balls {𝐵(𝑓(𝑥𝑖), 𝜖 + 2𝛿)} of radius 𝜖 + 2𝛿 about 𝑓(𝑥𝑖) 

covers CL(Y). This prove that 𝐶𝑜𝑣(CL(X), 𝜖) ≥ 𝑐𝑜𝑣(CL(Y), 𝜖 + 2𝛿). 

(ii) To provide a proof for the second inequality, we have to adopt that the hyperspace 

CL(X) has maximal number of disjoint N 𝜖 – balls , say {𝐵𝑖 = 𝐵(𝑥𝑖 , 𝜖)}𝑖=1
𝑁  so that 𝑁 

=Cap(CL(X), 𝜖), that mean there must be 𝛿 – Hausdorff approximation 𝑓: CL(X) → 

CL(Y) such that the balls {𝐵(𝑓(𝑥𝑖), 𝜖 + 2𝛿)} of radius 𝜖 + 2𝛿 about 𝑓(𝑥𝑖) has maximal 

number of disjoint N 𝜖 – balls in CL(Y). This proves that  

𝐶𝑎𝑝(CL(X), 𝜖) ≥ 𝐶𝑎𝑝(CL(Y), 𝜖 + 2𝛿) ∎ 

Let  (CL(X), 𝑑𝐺𝐻 ) be the set of hyperspaces of every isometric classes of compact metric 

spaces by means of Gromov – Hausdorff distance. One of the most important properties 

of Gromov – Hausdorff topology is convergence of a sequence in metric spaces or 
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Riemannian manifold in hyperspace CL(X). In the next result, we shall use Cauchy criterion 

to show that the hyperspace CL(X) is complete through the Gromov – Hausdorff distance 

𝑑𝐺𝐻. 

Lemma 4.2: Let 𝑋1  be a metric space and 𝑋2 be nonempty subspace of 𝑋1. Then, the 

following are satisfy; 

(i)     𝑋2 is relatively compact 

(ii) In every sequence in 𝑋2 there is a subsequence which converges in 𝑋1 

(iii) 𝑋2 is totally bounded and every Cauchy sequence in 𝑋2 converges in 𝑋1. 

Lemma 4.3: If 𝑋1 is a nonempty set and 𝑇: 𝑋1 → 2𝑋 is a map that assign to each element 

𝑥 ∈ 𝑋1 a nonempty subset 𝒜(𝑥) ∈ 𝑋1, then there is a sequence 𝑥𝑛 ∈ 𝑋1 such that 𝑥𝑛+1 ∈

 𝒜(𝑥), ∀𝑛 ∈ ℕ. 

Theorem 4.2: If the hyperspace (CL(X), 𝑑𝐺𝐻 ) is complete, then it is relatively compact. 

Proof: We begin this proof by firstly prove for the completeness of the space 

(CL(X), 𝑑𝐺𝐻 ) by Letting {𝑋𝑛} be a Cauchy sequence. It suits to prove  that some 

subsequence of the Cauchy sequence {𝑋𝑛} converges, so that we can assume without loss 

of detail that 𝑑𝐺𝐻(𝑋𝑛, 𝑋𝑛+1) < 2−𝑛 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 = 1,2, …. Then, choose metrics 𝑑𝑛,𝑛+1  on 

𝑋𝑛 ⋃ 𝑋𝑛+1 such that 𝑑𝐻
𝑛,𝑛+1(𝑋𝑛, 𝑋𝑛+1) <  2−𝑛 . With these choice, we can construct 

metrics 𝑑𝑛,𝑚 on 𝑋𝑛 ⋃ 𝑋𝑚 ,where 𝑛 < 𝑚 as follow; 

𝑑𝑛,𝑚 (𝑥, 𝑦) = 𝑖𝑛𝑓 { ∑ 𝑑𝑖,𝑖+1

𝑚−1

𝑖=1

(𝑥𝑖 , 𝑥𝑖+1): 𝑥𝑖 ∈ 𝑋𝑖  𝑎𝑛𝑑 𝑥𝑛 = 𝑥, 𝑥𝑚 = 𝑦}. 

This metrics clearly satisfy 

    𝑑𝑛,𝑖 (𝑥𝑛, 𝑥𝑖) ≤ 𝑑𝑛,𝑚 (𝑥𝑛, 𝑥𝑚) + 𝑑𝑚,𝑖(𝑥𝑚, 𝑥𝑖) 

Suppose 𝑛 ≤ 𝑚 ≤ 𝑖 𝑎𝑛𝑑 𝑥𝑛 ∈ 𝑋𝑛, 𝑥𝑚 ∈ 𝑋𝑚,𝑥𝑖 ∈ 𝑋𝑖. Therefore, 

𝑑𝐻
𝑛,𝑚(𝑋𝑛, 𝑋𝑚) ≤ ∑ 𝑑𝐻

𝑖,𝑖+1(𝑋𝑖 , 𝑋𝑖+1) ≤ 2−𝑛+1  𝑖𝑓 𝑛 ≤ 𝑚𝑚−1
𝑖=1 . 
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Let 𝑋̂ = {(𝑥𝑚): 𝑥𝑚 ∈ 𝑋𝑚𝑎𝑛𝑑 𝑑𝑛,𝑚 (𝑥𝑛, 𝑥𝑚) → 0 𝑎𝑠 𝑛, 𝑚 → 0 }. So, there is a 

psuedometric on 𝑋̂  defined by 𝑑(𝑥𝑚, 𝑦𝑚) = lim
𝑚→∞

𝑑(𝑥𝑚, 𝑦𝑚). We contend that metric 

spaces 𝑋, obtained from 𝑋̂ by identifying points which have zero distance, is the limit of 

{𝑋𝑛}. 

Construct a metric 𝑑𝑛 on 𝑋𝑛 ⋃ 𝑋 by 𝑑𝑛 (𝑦, 𝑥𝑚) = lim
𝑗→∞

𝑠𝑢𝑝 𝑑𝑛,𝑚 (𝑦, 𝑥𝑚), where 𝑦 ∈ 𝑋𝑛 

and (𝑥𝑛) represents an elements in 𝑋. This is easily seen to give a well-defined metric on 

𝑋𝑛 ⋃ 𝑋. We claim that 𝑑𝐺𝐻
𝑛 (𝑋, 𝑋𝑛) ≤ 2−𝑛+2. Let (𝑥𝑚) represent an element of 𝑋. Choose 

𝑟 ≥ 𝑛 such that 𝑑𝑟(𝑥𝑟 , 𝑥𝑚) < 2−𝑛, and 𝑦 ∈ 𝑋𝑛 with 𝑑𝑟(𝑦, 𝑥𝑟) ≤ 2−𝑛+2.  

Thus,  

𝑑𝑛(𝑦, 𝑥𝑚) = lim
𝑗→∞

𝑠𝑢𝑝𝑑𝑛,𝑚(𝑦, 𝑥𝑚) ≤ lim
𝑚→∞

𝑠𝑢𝑝𝑑𝑛,𝑟(𝑦, 𝑥𝑛) +

𝑑𝑟,𝑚(𝑥𝑛, 𝑥𝑚) ≤ 𝑑𝑛,𝑟(𝑦, 𝑥𝑛) + 𝑑𝑟(𝑥𝑟 , 𝑥𝑚) ≤ 2−𝑛 + 2−𝑛+1 ≤ 2−𝑛+2. 

Conversely, suppose 𝑦 ∈ 𝑋𝑛. We can successifully find 𝑥𝑚 ∈ 𝑋𝑚, 𝑚 ≥ 𝑛 and 𝑦 = 𝑥𝑛 and 

𝑑𝑚,𝑚+1 (𝑥𝑚,𝑥𝑚+1) < 2−𝑚. Then, the  sequence (𝑥𝑚) defined an element in 𝑋 and by 

construction 

𝑑𝑛(𝑦, 𝑥𝑛) = lim
𝑚→∞

𝑠𝑢𝑝𝑑𝑛,𝑚(𝑦, 𝑥𝑚) ≤ lim
𝑗→∞

∑ 2−𝑖𝑚−1
𝑖=𝑛 = 2−𝑛+1. 

Assume that 𝑋1 and 𝑋2 are nonempty subsets of 𝑅𝑛  and CL(𝑋1, 𝑋2) be the collection of 

compact subsets of 𝑋1 and 𝑋2. Let (𝑥𝑛) be a dense sequence in 𝑋1 and (𝑦𝑛) be a sequence 

in 𝑆 ⊂  CL(𝑋1, 𝑋2). We are going to provides proof of this in three steps as follows, that 

the sequence (𝑦𝑛) has a convergent sequence. 

Step I : There is a subsequence (𝑝𝑛) of (𝑦𝑛) such that the sequence ((𝑝𝑛(𝑦𝑛)) converges 

in 𝑋2 for all 𝑛 ∈ 𝑁. Provided that 𝑆((𝑥𝑛)) is relatively compact, it follow from Lemma 4.3 

above that there is a sequence of subsequence (𝑦𝑛𝑡
, 𝑖) and (𝑦𝑛,𝑡+1

, 𝑖) is a subsequence of 
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(𝑦𝑛𝑡
, 𝑖) and the sequence  (𝑦𝑛,𝑡,1

, (𝑥𝑛)) converges in 𝑋2. Thus, the diagonal subsequence 

(𝑝𝑖) =  (𝑦𝑛𝑡
, 𝑖), this satisfy the requirement of Step I. 

Step II: Let (𝑝𝑖) be as we defined it in Step I above. Then, (𝑝𝑖) is a Cauchy sequence in 

CL(𝑋1, 𝑋2). Then, by equicontinuity, there is a constant  𝛿 > 0 such that for all 𝑔 ∈ 𝒜 

and all 𝑥1,𝑥2 ∈ 𝑋1, we have 𝑑𝑋1
(𝑥1,𝑥2 ) <  𝛿 ⟹ 𝑑𝑋2

(𝑔(𝑥1 ), 𝑔(𝑥2 )) <
𝜖

3
. Since the open 

ball 𝐵𝛿((𝑥𝑛) form an open cover of 𝑋1, there is 𝑘 ∈ ℕ such that 𝑋1 = ⋃ 𝐵𝛿((𝑥𝑛)𝑘
𝑛=1 . 

Provided that (𝑝𝑖(𝑥𝑛)) is Cauchy sequence for each 𝑛 ∈ ℕ,  there is 𝐾 ∈ ℕ such that for 

all 𝑖, 𝑗, 𝑙 ∈ ℕ, we get 1 ≤ 𝑙 ≤ 𝑘, 𝑖, 𝑗 ≥ 𝐾 ⟹ 𝑑𝑋2
(𝑝𝑖(𝑥𝑛), 𝑝𝑗(𝑥𝑛)) <

𝜖

3
 

………………………(1) 

Then, we shall prove that 𝑑(𝑝𝑖 , 𝑝𝑗)  < 𝜖 for all 𝑖, 𝑗 ≥  ℕ by letting 𝑥1, ∈ 𝑋1 such that 

𝑑𝑋1
(𝑥1,𝑥𝑛 ) <  𝛿 for the existence of index 𝑘 ∈ {1,2 … . , 𝑘}. This implies from equation 

(1) that 𝑑𝑋2
(𝑝𝑖(𝑥1), 𝑝𝑗(𝑥𝑛)) <

𝜖

3
 , ∀𝑖 ∈ ℕ. …………………………….(2) 

So, from equation  (1) and (2) above, we get 𝑑𝑋2
(𝑝𝑖(𝑥1), 𝑝𝑗(𝑥1))  ≤

𝑑𝑋2
(𝑝𝑖(𝑥1), 𝑝𝑗(𝑥𝑛)) +  𝑑𝑋2

(𝑝𝑖(𝑥𝑛), 𝑝𝑗(𝑥𝑛)) + 𝑑𝑋2
(𝑝𝑗(𝑥𝑛), 𝑝𝑗(𝑥1))  <

𝜖

3
 + 

𝜖

3
 + 

𝜖

3
= 𝜖, 

∀𝑖, 𝑗 ≥  𝐾………………(3) 

From equation (1) above, we have 𝑑(𝑝𝑖 , 𝑝𝑗) = 𝑚𝑎𝑥𝑑𝑋2
(𝑝𝑖(𝑥1), 𝑝𝑗(𝑥1)) <  𝜖, ∀𝑖, 𝑗 ≥  𝐾, 

showing proof of Step II. 

Step III: The subsequence (𝑝𝑖) in step 1 converges in CL(𝑋1, 𝑋2). Let 𝑥1 ∈ 𝑋1, from step 

II , (𝑝𝑖(𝑥1)) is a Cauchy sequence in hyperspace 𝒜(𝑥). Provided that 𝒜(𝑥) is relatively 

compact subset of 𝑋2, then the sequence (𝑝𝑖(𝑥)) has a convergent subsequence and hence 

converges in 𝑋2. 



Monsuru A Morawo 

Volume 3, Issue 2, 2025 451 

Let lim
𝑖→∞

𝑝𝑖(𝑥) = 𝑝(𝑥) so that the sequence 𝑝𝑖(𝑥) converges uniformly to 𝑝(𝑥) as we can 

see in step II above, so , 𝑝 ∈ CL(𝑋1, 𝑋2). This shows that every sequence in 𝒜 has a 

subsequence that converges to 𝑥 ∈ CL(𝑋1, 𝑋2). This shows that the set 𝒜 is precompact 

by Lemma 4.2 above. 

By (Olaf, M, 2021), note that a subspace of a metric space which is relatively compact is 

totally bounded. 

Through this notion, one has the following results; 

Theorem 4.3: Suppose 𝐶(𝑋) is a closed and bounded subset of metric space 𝑋. Then, 

𝐶(𝑋) is totally bounded if and only if  for any 𝜖 > 0, there exists a finite 𝜖 − 𝑛𝑒𝑡 in 𝐶(𝑋). 

Proof: Suppose 𝑋 is isometry compact metric space and the Gromov – Hausdorff distance 

𝑑𝐺𝐻 becomes a metric on it. 

If 𝐶(𝑋) is totally bounded. Then, for any 𝜖 > 0, there is a finite number 𝑁𝜖 of  𝜖 − 𝑏𝑎𝑙𝑙𝑠 

{𝐵𝑛 = 𝐵𝐺𝐻(𝑋𝑛, 𝜖)}𝑛=1
𝑁𝜖 

 which cover 𝐶(𝑋), where 𝑋𝑛 ∈  𝐶(𝑋) and 𝐵𝐺𝐻(𝑋𝑛, 𝜖) =

{𝑌 ∈ 𝐶: 𝑑𝐺𝐻(𝑋𝑛, 𝑌) < 𝜖}. Thus, {𝑋𝑛}𝑛=1
𝑁  is an 𝜖 − 𝑛𝑒𝑡 in 𝐶(𝑋).  

Conversely, for any given 𝜖 > 0. There exist a finite 
𝜖

2
− 𝑛𝑒𝑡 {𝑋𝑛}𝑛=1

𝑁  such that for a finite 

number 𝑁𝜖 of  𝜖 − 𝑏𝑎𝑙𝑙𝑠, 𝐵𝐺𝐻(𝑋𝑛, 𝜖) = {𝑌 ∈ 𝐶: 𝑑𝐺𝐻(𝑋𝑛, 𝑌) < 𝜖}.  Thus, {𝐵𝑛 =

𝐵𝐺𝐻(𝑋𝑛, 𝜖)}𝑛=1
𝑁𝜖 

 cover 𝐶(𝑋)∎ 

Theorem 4.4 (Gromov relatively compactness theorem): Let 𝐶(𝑋) be hyperspace of 

family of isometry class of compact metric space 𝑋; Then, the three statements below are 

satisfy: 

(a) 𝐶(𝑋) is relatively compact.  

(b) There is  a function 𝑓: (0,1] → (0, ∞) such that 𝐶𝑎𝑝(𝑋, 𝜖) ≤ 𝑁𝜖 for any 𝜖 ∈

(0,1], 𝑋 ∈ 𝐶(𝑋). 
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(c) There is a function 𝑓: (0,
1

2
] → (0, ∞) such that 𝐶𝑜𝑣(𝑋, 𝜖) ≤ 𝑁𝜖 , for any 𝜖 ∈

(0,
1

2
], 𝑋 ∈ 𝐶(𝑋). 

Proof: 𝑎 ⟹b. Suppose the hyperspace 𝐶(𝑋) is relatively compact space. Since relatively 

compactness implies totally boundedness, then, the hyperspace 𝐶(𝑋) is totally bounded. 

So, for any 𝜖 > 0, there exists finite set 𝑋1, 𝑋2, … , 𝑋𝑛(𝜖) ∈ 𝐶(𝑋) such that for any 𝑋 ∈

𝐶(𝑋), there is 𝑖 such that 𝑑𝐺𝐻(𝑋, 𝑋𝑛) ≤
𝜖

4
, i.e. {𝑋𝑛}𝑛=1

𝑛(𝜖)
 is a 

𝜖

4
− 𝑛𝑒𝑡 in 𝐶(𝑋). Therefore, 

by theorem 4.1, one has 𝐶𝑎𝑝(𝑋, 𝜖) ≤ 𝐶𝑎𝑝 (𝑋𝑛, 𝜖 −
2𝜖

4
) = 𝐶𝑎𝑝(𝑋𝑛,

𝜖

2
). So, just defining 

𝑁𝜖 = 𝑚𝑎𝑥𝐶𝑎𝑝(𝑋𝑛,
𝜖

2
), we get 2. 

b⟹ 𝑐. This is direct as 𝐶𝑜𝑣(𝑋, 2𝜖) ≤ 𝐶𝑎𝑝(𝑋, 𝜖) ≤  𝑁𝜖. 

c⟹ 𝑎. It will be sufficient to show that for every sequence {𝑋𝑛} in 𝐶(𝑋) and every 𝜖 > 0, 

there is a sequence {𝑋𝑞
1} where 𝑑𝐺𝐻(𝑋𝑞, 𝑋𝑛) < 𝜖 for all elements in {𝑋𝑞

1}. Every 𝑋𝑛 is 

covered by at most 𝑁𝜖 𝜖 − 𝑏𝑎𝑙𝑙𝑠. Thus, for fixed 𝑁 ≤ 𝑁𝜖 , there is a subsequence {𝑋𝑞
1} of 

sequence {𝑋𝑛} such that {𝑋𝑞
1} is covered by exactly 𝑁𝜖 − 𝑏𝑎𝑙𝑙𝑠. Let {𝑥𝑞

𝑙 }
𝑙=1

𝑁
 be the center 

of these balls covering {𝑋𝑞
1}. For each 𝑚, consider the matrix of numbers {𝑑(𝑥𝑞

𝑙 , 𝑥𝑞
𝑡 )}

𝑙,𝑡=1

𝑁
. 

All these number are bounded by 𝐷(𝑋𝑞
1) ≤ 𝜖. 𝑁. 

According to Pigeon hole principle, there is a subsequence 𝑋𝑝
11 𝑜𝑓 𝑠𝑢𝑏𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑋𝑞

1 such 

that |d(𝑥𝑝
𝑙 , 𝑥𝑝

𝑡 ) – d|(𝑥𝑞
𝑙 , 𝑥𝑞

𝑡 )| <
𝜖

2
, for 𝑙, 𝑚 , by lemma  1.1.9, we have  𝑑𝐺𝐻(𝑋𝑝

11, 𝑋𝑞
11 ) ≤

𝜖 for all 𝑝, 𝑞∎ 

Theorem 4.5: Given that 𝐷 is a diameter of relatively compact hyperspace  𝐶(𝑋) such that 

the map 𝐷: 𝐶(𝑋) → ℝ is continuous linear functional under Gromov – Hausdorff 

topology. Then, (i) |D(𝑋1) - D(𝑋2)|≤ 𝑑𝐺𝐻(𝑋1, 𝑋2) for any compact metric spaces 𝑋1 and 

𝑋2 (ii) 𝐷: 𝐶(𝑋) → ℝ is equip - continuous. 
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Proof: (i) Suppose 𝑑𝐺𝐻(𝑋1, 𝑋2) ≤ 𝜖, then by the definition of metric d on 𝑋1 ⋃ 𝑋2 which 

extends the metrics on 𝑋1 and 𝑋2 such that the Gromov – Hausdorff distance between 𝑋1 

and 𝑋2 in 𝑋1 ⋃ 𝑋2 ≤ 3𝜖. Then, for 𝑥1, 𝑥2 ∈ 𝑋1, there exists 𝑥3, 𝑥4 ∈ 𝑋2 such that 

𝑑(𝑥𝑖 , 𝑥𝑗) ≤ 3𝜖. Hence,  𝑑(𝑥3, 𝑥4) ≤ 6𝜖 + 𝑑(𝑥1, 𝑥2) by follow triangle inequality. Then by 

symmetry property, we have D(𝑋2) ≤ 6𝜖 + 𝐷(𝑋1) ⟹ |D(𝑋1)  −  D(𝑋2)| ≤ 𝑑𝐺𝐻(𝑋1, 𝑋2)  

(ii). Suppose 𝐴 ∈ 𝐷 and 𝑥1, 𝑥2 ∈ 𝑋1 such that 𝑑𝐺𝐻(𝑥1, 𝑥2) < 𝛿. Since from the definition 

of relatively compactness, it follows that there is an index 𝑛 ∈ {1,2, … 𝑘} such that 

𝑑(𝐴, 𝐴𝑛) <
𝜖

3
. Therefore, 𝑑𝑋2

(𝐴(𝑥), 𝐴𝑛(𝑥)) <
𝜖

3
 and  𝑑𝑋2

(𝐴(𝑥1), 𝐴𝑛(𝑥1)) <
𝜖

3
. 

Furthermore, this follow from the uniformly continuity that  𝑑𝑋2
(𝐴𝑛(𝑥), 𝐴𝑛(𝑥1)) <

𝜖

3
. 

Then through triangle inequality, we get 𝑑𝑋2
(𝐴(𝑥), 𝐴𝑛(𝑥)) ≤ 𝑑𝑋2

(𝐴(𝑥), 𝐴𝑛(𝑥)) + 

𝑑𝑋2
(𝐴𝑛(𝑥), 𝐴𝑛(𝑥1)) +  𝑑𝑋2

(𝐴(𝑥1), 𝐴𝑛(𝑥1)) ≤
𝜖

3
+

𝜖

3
+

𝜖

3
=  𝜖. This prove that the map 𝐷 

is equi- continuous. 

 

CONCLUSION 

This paper defined some geometric properties in conjunction with some selected 

topological properties such as totally boundedness, compactness, relatively compactness 

and completeness in Gromov sense on a Riemannian Manifold. 
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