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Abstract 
 

This article aims to present and establish some fixed-point results for a 

mapping satisfying generalized Lipschitz conditions and appealing to the 

normality of the cone. Our results extend and generalize several known results 

from the existing literature. 
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INTRODUCTION 

The Banach contraction theory was established in 1922 by Banach S. This theory is also 

referred to as the Banach fixed point theorem. Most recentlyThe idea of cone metric 

spaces, which is an extension of metric spaces, was introduced by Huang and Zhang in 

2007. In this concept, the real numbers are replaced by a Banach space that is ordered. 
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They proved some fixed point theorems of contractive mappings on cone metric spaces 

under the assumption that cones are normal. The findings of Huang and Zhang's research 

in 2007 were expanded upon by Rezapour and Halmbarani in 2008 by removing the 

assumption of normality in the cone. As a result, several researchers have extended the 

outcomes of Huang and Zhang's study and have looked into fixed and common fixed 

point theorems for both normal and non-normal cones. 

A few years ago, Liu and Xu (2013) proved some fixed point theorems for generalized 

Lipschitz maps in cone metric spaces, under weaker and more natural conditions. 

In 2014, Shaoyuan Xu and S. Radenovic improved and generalized the results of Liu,H. 

and Xu,S.(2013),and obtained some fixed point results for generalized Lipchitz mapping 

in cone metric spaces over Banach algebras without the assumption of normality. 

Huaping, H.and S. Radenovic (2015) obtained some common fixed point theorems in same 

space. In 2016, Qi Yan et al. , obtained some fixed point and common fixed point results 

of comparable maps satisfying certain contractive conditions on partially ordered cone 

metric spaces over Banach algebras. 

In 2018, Cho S-H established a new fixed point theorem and presented an example. In the 

same year, Yan H. Shaoyuan and Xu obtained fixed point and common fixed point results 

for generalized Lipschitz conditions on c-distance without relying on continuity. Huaping 

H. et al. conducted research in 2015 on c-distance for generalized Lipschitz conditions on 

cone metric spaces with Banach algebras and proved a common fixed point. In 2017, 

Ahmad A. et al. improved an analog of Banach and Kannan fixed point theorems by 

extending the Lipschitz constant in generalized Lipschitz mapping Banach algebra. Their 

work was a response to the open problems proposed by Sastry et al. (2012) in cone metric 

spaces. 

The purpose of this manuscript, we establish and generalize, extend and improve some 

important results in the literature of Liu, H. (2013), Xu, S. (2016), and Wang, J. (2016). 

PRELIMINARY NOTES 

We will review some basic concepts and definitions from Huang and Zhang (2007), and 

Liu,H. and Xu,S.(2013), as follows: 

Let 𝐴 be a real Banach algebra an operation of multiplication is defined sbject to the 

following properties(for all 𝑥, 𝑦, 𝑧 ∈ 𝐴, 𝛼 ∈ 𝑅): 



Gajendra Kumar Behera 

 Asian Journal of Science, Technology, Engineering, and Art 336 

(1) (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧); 

(2) 𝑥(𝑦 + 𝑧) = 𝑥𝑦 + 𝑥𝑧 and (𝑥 + 𝑦)𝑧 = 𝑥𝑧 + 𝑦𝑧; 

(3) 𝛼(𝑥𝑦) = (𝛼𝑥)𝑦 = 𝑥(𝛼𝑦); 

(4) ‖𝑥𝑦‖ ≤ ‖𝑥‖‖𝑦‖. 

An algebra 𝐴 with unit element 𝑒, unital algebra, i.e. multiplicative identity e such that 𝑒𝑥 =

𝑥𝑒 = 𝑥 for all 𝑥 ∈ 𝐴. An element 𝑥 ∈ 𝐴 is said to be invertible if there is an inverse 

element  𝑦 ∈ 𝐴 such that 𝑥𝑦 = 𝑦𝑥 = 𝑒. the inverse of 𝑥 is denoted by 𝑥1. 

The following proposition is well-known (see[Liu,H. and Xu, S.(2013),and Rudin W.  

.(1991),]). 

Proposition 1: Let 𝐴 be a real Banach algebra with unit e and 𝑥 ∈ 𝐴. If the spectral radius 

𝑟(𝑥) of 𝑥 is less than1, that is, 

                                     𝑟(𝑥) =  lim
𝑛→∞

‖𝑥𝑛‖
1

𝑛 = inf
𝑛≥1

‖𝑥𝑛‖
1

𝑛⁄  < 1, then  

 𝑒 − 𝑥  is invertible.    𝑒. 𝑡. 

                          (𝑒 − 𝑥)−1 =  ∑ 𝑥𝑖∞
𝑖=0 . 

If 𝑟(𝑥) < 1, then ‖𝑥𝑛‖  → 0(𝑛 → ∞). Because 𝑟(𝑥) denotes the spectral radius of 𝑥 ∈ 𝐴. 

Now, let us recall of cone and partial ordering for a Banach algebra 𝐴. 𝐴  subset 𝑃 of 𝐴 is 

called a cone of 𝐴 if, 

(i) 𝑃 is non empty closed and {0, 𝑒} ⊂ P,where 0 denotes the zero element of 𝐴; 

(ii) 𝛼𝑃 + 𝛽𝑃 ∈ 𝑃 for all non negative real numbers 𝛼, 𝛽; 

(iii) 𝑃2 = 𝑃𝑃 ⊂  𝑃; 

(iv) 𝑃 ∩ (−𝑃) = {𝜃}. 

Given a cone P ⊂ E, we define a partial ordering ≤ on 𝐸 with respect to 𝑃 by 𝑥 ≤ 𝑦 if and 

only if 𝑦 − 𝑥 ∈  𝑃.We shall write 𝑥 ≪ 𝑦 if 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡𝑃(where int 𝑃 denotes the interior 

of 𝑃). If 𝑖𝑛𝑡𝑃 ≠ ∅, then cone 𝑃 is solid.  

The cone 𝑃 called normal if there is a number 𝐾 >  0 such that for all 𝑥, 𝑦 ∈ 𝐸, 

       𝜃 ≤ 𝑥 ≤ 𝑦 => ∥ 𝑥 ∥≤ 𝐾 ∥ 𝑦 ∥. 

The least positive number satisfying the above is called the normal constant of 𝑃. 

Definition: 2 (see [Huang and Zhang (2007) and Liu,H. and Xu, S.(2013)]): Let 𝑋 be 

a non-empty set. Let A be Banach algebra and 𝑃 ⊂ A  be a cone. Suppose the mapping 

𝑑: 𝑋 × 𝑋 ⟶ 𝐴 satisfies 
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(i)    0 < 𝑑(𝑥, 𝑦)for all 𝑥, 𝑦 ∈ 𝑋 and (𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦, 

(ii)    𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)for all 𝑥, 𝑦 ∈ 𝑋, 

(iii)    𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Then 𝑑 is called a cone metric on 𝑋, and (𝑋, 𝑑) is called a cone metric space over a Banach 

algebra  . 

We present some examples in the following: 

Example 3: Let 𝐴 = {𝑎 = (𝑎𝑖𝑗)
33

: 𝑎𝑖𝑗 ∈ ℝ, 1 ≤ 𝑖, 𝑗 ≤ 3} and  

                                                  ‖𝑎‖ =
1  

3
 ∑ |𝑎𝑖𝑗|1≤𝑗,𝑗≤3 . 

Take a cone 𝑃 = {𝑎 ∈ 𝐴: 𝑎𝑖𝑗 ≥ 0, 1 ≤ 𝑖, 𝑗 ≤ 3} in 𝐴.Let 𝑋 = (1,2,3}. Define a mapping 

𝑑: 𝑋 × 𝑋 ⟶ 𝐴 by 𝑑(1,1) = 𝑑(3,3) = (0)33 and  

                                    𝑑(1,2) = 𝑑(2,1) = (
2 2 4
3 4 3
2 5 3

), 

                                    𝑑(3,1) = 𝑑(1,3) = (
5 4 6
6 7 5
5 6 4

), 

                                      𝑑(2,3) = 𝑑(3,2) = (
4 ,5 ,6
5 ,7 ,6
7 ,7 ,5

). 

Then (𝑋, 𝑑) is a cone metric space over Banach algebra. 

Definition: 4 [Huang and Zhang (2007) and Liu,H. and Xu, S.(2013),]: Let (𝑋, 𝑑) be 

a cone metric space over a Banach algebra A ,𝑥 ∈  𝑋 and {𝑥𝑛}𝑛≥1 be a sequence in 𝑋. 

Then  

(1) {𝑥𝑛}𝑛≥1 Converges to 𝑥 whenever for every𝑐 ∈ 𝐸 with 𝜃 ≪ 𝑐,there is a  

             natural number 𝑁 such that𝑑(𝑥𝑛, 𝑥) ≪ 𝑐 for all 𝑛 ≥ 𝑁. We denote this by  

             𝑙𝑖𝑚𝑛→∞𝑥𝑛   𝑥 𝑜𝑟 𝑥𝑛 →  𝑥, (𝑛 → ∞) 

(2) {𝑥𝑛}𝑛≥1 is said to be a Cauchy sequence if for every 𝑐 ∈  𝐴 with 𝜃<< c,if      

            there is a natural number N such that  for all 𝑛, 𝑚 > 𝑁, 𝑑(𝑥𝑛, 𝑥𝑚) ≪ 𝑐; 

(3) (𝑋, 𝑑)  is said to be a complete cone metric space over Banach algebra  if  

             every Cauchy sequence in X is convergent in X. 
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Lemma 5(see [Rudin,W.(1991),]): Let 𝐴 be Banach algebra with 𝑎 unit 𝑒.If  𝑥, 𝑦 ∈ 𝐴 

and x commute with y, then  

                               𝑟(𝑥 + 𝑦) ≤ 𝑟(𝑥) + 𝑟(𝑦) and  

                                  𝑟(𝑥 𝑦) ≤ 𝑟(𝑥) 𝑟(𝑦). 

Lemma 6 (see [Rudin W.(1991)]): Let 𝐴 be a Banach algebra with 𝑎 unit 𝑒 and 𝑘 be a 

vector in A. If 0 ≤ 𝑟(𝑘) < 1, then we have  

                                 𝑟((𝑒 − 𝑘 )−1) ≤ (1 − 𝑟(𝑘))−1. 

Definition 7: Let (𝑋, 𝑑) be a cone metric space over a Banach algebra A and P be a 

normal cone with a normal constant 𝐾. Then a mapping 𝑆: 𝑋 → 𝑋 is called generalized 

Lipschitz mapping if there exists a vector 𝑘 ∈ 𝑃 with 𝑘 < 𝑒 and for all 𝑥, 𝑦 ∈ 𝑋,we have  

                                              𝑑(𝑆𝑥, 𝑆𝑦) ≤ 𝑘𝑑(𝑥, 𝑦) 

Lemma 8: Suppose P is normal cone with constant 𝐾 in  (𝑋, 𝑑) with Banach algebra A. If 

𝑥 ≤ 𝑦, then 𝑟(𝑥) ≤ 𝑟(𝑦). 

Proof: Let (𝑋, 𝑑) be a cone metric space over a Banach algebra 𝐴 and let 𝑃 be a normal 

cone with a normal constant 𝐾 such that  𝑥 ≤ 𝑦 means 𝑥𝑛 ≤ 𝑦𝑛,  then    we have prove to 

prove that   𝑟(𝑥) ≤ 𝑟(𝑦) . Since  𝑥 ≤ 𝑦 means 𝑥𝑛 ≤ 𝑦𝑛 . So, by definition of normality   

  

       ‖𝑥𝑛‖  ≤ 𝐾‖𝑦𝑛‖. This implies‖𝑥𝑛‖
1

𝑛⁄  ≤ 𝐾
1

𝑛⁄  ‖𝑦
1

𝑛⁄ ‖
1

𝑛⁄

. 

Thus 

                     𝑟(𝑥) =  lim
𝑛→∞

‖𝑥𝑛‖
1

𝑛⁄  ≤ lim
𝑛→∞

(𝐾
1

𝑛⁄  ‖𝑦
1

𝑛⁄ ‖
1

𝑛⁄

) 

                              =  lim
𝑛→∞

 ‖𝑦
1

𝑛⁄ ‖
1

𝑛⁄

 = 𝑟(𝑦). 

Lemma 9: Let (𝑋, 𝑑) be a cone metric space over a Banach algebra 𝐴 and let  𝑃 be a 

normal cone with a normal constant 𝐾. Let 𝑥, 𝑘 ∈ 𝑃 hold 𝑥 ≤ 𝑘𝑥. If 𝑟(𝑘) < 1, then 𝑥 =

0. 

Proof: Since𝑟(𝑘) < 1. So,  𝑟(𝑘) = lim
𝑛→∞

‖𝑘𝑛‖
1

𝑛⁄  < 1, then there exists 𝛼 > 0, such that 

lim
𝑛→∞

‖𝑘𝑛‖
1

𝑛⁄ <  𝛼 < 1. letting 𝑛 be big enough, we get ‖𝑘𝑛‖
1

𝑛  ≤ 𝛼 ,i.e. ‖𝑘𝑛‖  ≤ 𝛼𝑛 →

0(𝑛 → ∞). Thus ‖𝑘𝑛‖ → 0(𝑛 → ∞). Note that by definition of normality of P and 𝑥 ≤

𝑘𝑥 ≤ 𝑘2𝑥 ≤ ⋯ … … . . ≤ 𝑘𝑛𝑥, it follows that  

                ‖𝑥‖  ≤ 𝐾‖𝑘𝑛‖ ‖𝑥‖  → 0(𝑛 → ∞), This implies 𝑥 = 0 
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 RESULTS  

Theorem 10: Let (𝑋, 𝑑)be a complete cone metric spaces over Banach algebra A, 𝑃 be a 

normal cone with a normal constant𝐾. Suppose the mapping  𝑆: 𝑋 → 𝑋 satisfies the 

generalized Lipschitze conditions 

       𝒅(𝑆𝑥, 𝑆𝑦) ≤ 𝜆1𝑑(𝑥, 𝑦) + 𝜆2𝑑(𝑆𝑥, 𝑥) + 𝜆3𝑞(𝑆𝑦, 𝑦)+𝜆4𝑑(𝑆𝑥, 𝑦) ……… (10.1) 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝜆𝑖 ∈ 𝑃(𝑖 = 1,2,3, … … . . ) are generalized Lipschitz constants 

with  𝑟(𝜆2 + 𝜆4) + 𝑟(𝜆1 + 𝜆3 + 𝜆4) < 1. If 𝜆2 + 𝜆4 commutes with  𝜆1 + 𝜆3 + 𝜆4  then 

𝑆 has a unique fixed point  in 𝑋. And for any 𝑥0 ∈ 𝑋, iterative sequence {𝑆𝑛𝑥} converges 

to the fixed point.  

Proof: Let 𝑥0 is an arbitrary point in 𝑋 and set  𝑥𝑛 = 𝑆𝑥𝑛−1 = 𝑆𝑛𝑥0, 𝑛 ≥ 1. 

Put 𝑥 = 𝑥𝑛 and 𝑦 = 𝑥𝑛−1 from (10.1), we have 

           𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ 𝑑(𝑆𝑥𝑛,𝑆𝑥𝑛−1)   

                               ≤ 𝜆1𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝜆2𝑑(𝑆𝑥𝑛, 𝑥𝑛) + 𝜆3𝑑(𝑆𝑥𝑛−1, 𝑥𝑛−1) 

                               +𝜆4𝑑(𝑆𝑥𝑛, 𝑥𝑛−1) 

                     ≤ 𝜆1𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝜆2𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝜆3𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                +𝜆4𝑑(𝑥𝑛+1, 𝑥𝑛−1) 

                                ≤ 𝜆1𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝜆2𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝜆3𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                +𝜆4[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛+1)] 

                                 ≤ (𝜆1 + 𝜆3 + 𝜆4)𝑑(𝑥𝑛−1, 𝑥𝑛) + (𝜆2 + 𝜆4)𝑑(𝑥𝑛, 𝑥𝑛+1) 

This means that  

 (𝑒 − 𝜆2 − 𝜆4) 𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝜆1 + 𝜆3 + 𝜆4)𝑑(𝑥𝑛−1, 𝑥𝑛)                              (10.2)  

Since 𝑟(𝜆2 + 𝜆4) ≤   𝑟(𝜆2 + 𝜆4) + 𝑟(𝜆1 + 𝜆3 + 𝜆4) < 1, then by proposition 1 

(𝑒 − 𝜆2 − 𝜆4) is invertible. Furthermore,  

                      (𝑒 − 𝜆2 − 𝜆4)−1 = ∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0  …                                        (10.3) 

Put ℎ =  (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 𝜆3 + 𝜆4). As 𝜆2 + 𝜆4 commutes with 𝜆1 + 𝜆3 + 𝜆4,  it 

follows that  

   (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 𝜆3 + 𝜆4) =  (∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0 ) (𝜆1 + 𝜆3 + 𝜆4) 

                                                        =   (𝜆1 + 𝜆3 + 𝜆4)(∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0 ) 

                                                        =  (𝜆1 + 𝜆3 + 𝜆4) (𝑒 − 𝜆2 − 𝜆4)−1. …… (10.4) 

That is  (𝑒 − 𝜆2 − 𝜆4)−1 commutes with (𝜆1 + 𝜆3 + 𝜆4). Then by Lemma 2.6 and 

Lemma 6, we obtain 
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                         𝑟(ℎ)  =  𝑟[ (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 𝜆3 + 𝜆4)] 

                                  ≤  𝑟[(𝑒 − 𝜆2 − 𝜆4)−1].  𝑟(𝜆1 + 𝜆3 + 𝜆4)  

                                  ≤   [1 − (𝜆2 + 𝜆4)]−1. 𝑟(𝜆1 + 𝜆3 + 𝜆4) 

                                  =  
1

1−(𝜆2+𝜆4)
. 𝑟(𝜆1 + 𝜆3 + 𝜆4)  

                                  < 1 

Which illustrates that (𝑒 − ℎ)−1  = ∑ (ℎ)𝑖∞
𝑖=0  and ‖ℎ𝑛‖ → 0(𝑛 → ∞). Thus for, we get 

             𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 𝜆3 + 𝜆4) 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                =  ℎ 𝑑(𝑥𝑛, 𝑥𝑛−1)≤ ℎ2𝑑(𝑥𝑛−1, 𝑥𝑛−2) ≤ ⋯ … . ≤ ℎ𝑛𝑑(𝑥0, 𝑥1) 

Now, Let 𝑚 > 𝑛 ≥ 1. then it follows that 

              𝑑(𝑥𝑛, 𝑥𝑚)  ≤ 𝑑(𝑥𝑛,𝑥𝑛+1) + 𝑑(𝑥𝑛+1,𝑥𝑛+2) +………..+𝑑(𝑥𝑚−1,𝑥𝑚) 

                     ≤ (ℎ𝑛 + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−1)𝑑(𝑥0,𝑥1) 

                                ≤ (𝑒 + ℎ + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−𝑛−1)𝑑(𝑥0,𝑥1) 

                                ≤ 
ℎ𝑛

1−ℎ
 𝑑(𝑥0,𝑥1) 

                                ≤ (𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)                                           (10.5) 

Since 𝑃 is normal with normal constant𝐾,and note that ‖ℎ𝑛‖  → 0(𝑛 → ∞), we have 

           ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾[‖(𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)‖ 

                                 ≤𝐾[‖(𝑒 − ℎ)−1‖ ‖ℎ𝑛‖ ‖𝑑(𝑥0,𝑥1)‖ → 0(𝑛 → ∞). 

Hence {𝑥𝑛} is a Cauchy sequence in𝑋. Since 𝑋 is complete, there exists 𝑢 ∈ 𝑋  such that 

𝑥𝑛 → 𝑢(𝑛 → ∞). To verify𝑆𝑢 = 𝑢, we have 

 𝑑(𝑆𝑢, 𝑢) ≤ 𝑑(𝑆𝑢, 𝑆𝑥𝑛) + 𝑑(𝑆𝑥𝑛, 𝑢) 

                ≤  𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑆𝑥𝑛, 𝑥𝑛) +𝜆4𝑑(𝑆𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑢) 

                ≤  𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑥𝑛+1, 𝑥𝑛) +𝜆4𝑑(𝑆𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑢) 

               ≤  𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢) + 𝜆3[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑢)    

               +𝜆4[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑆𝑢, 𝑢)] +  𝑑(𝑥𝑛+1,𝑢)] 

Implies that (𝑒 − 𝜆2 − 𝜆4)𝑑(𝑆𝑢, 𝑢) ≤ (𝜆1 + 𝜆3 + 𝜆4)𝑑(𝑢, 𝑥𝑛) + (1+𝜆3)𝑑(𝑥𝑛+1, 𝑢) 

Note that, (𝑒 − 𝜆2 − 𝜆4) is invertible, then by the normality of, we have      

              ‖𝑑(𝑆𝑢, 𝑢)‖  ≤ 𝐾[{‖𝑒 − (𝜆2 + 𝜆4)‖}−1‖(𝜆1 + 𝜆3 +)‖‖𝑑(𝑢, 𝑥𝑛)‖ 

                                   +‖(𝑒 + 𝜆3)‖‖𝑑(𝑥𝑛+1, 𝑢)‖]→ 0(𝑛 → ∞). 

Hence, ‖𝑑(𝑆𝑢, 𝑢)‖ = 0.This implies 𝑆𝑢 = 𝑢. So, 𝑢 is a fixed point of 𝑆 in 𝑋. 

Now, 𝑣 is another fixed point of 𝑆 in 𝑋. Then  
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 𝑑(𝑢, 𝑣) ≤  𝑑(𝑆𝑢, 𝑆𝑣) 

               ≤ 𝜆1𝑑(𝑢, 𝑣) + 𝜆2(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑆𝑣, 𝑣) + 𝜆4𝑑(𝑆𝑢, 𝑣) 

              = (𝜆1 + 𝜆4) 𝑑(𝑢, 𝑣). 

Thus ‖𝑑(𝑢, 𝑣)‖ ≤ 𝐾‖(𝜆1 + 𝜆4) ‖ ‖𝑑(𝑢, 𝑣)‖ → 0(𝑛 → ∞).   

Then  𝑑(𝑢, 𝑣) = 0,    which implies that 𝑢 = 𝑣. Therefore, 𝑢 is an unique fixed point of 𝑆 

in 𝑋. This theorem is proved. 

Theorem 11: Let (𝑋, 𝑑)be a complete cone metric spaces over Banach algebra A, 𝑃 be a 

normal cone with a normal constant𝐾. Suppose the mapping  𝑆: 𝑋 → 𝑋 satisfies the 

generalized Lipschitze conditions   

              𝒅(𝑆𝑥, 𝑆𝑦) ≤ 𝜆1𝑑(𝑥, 𝑦) + 𝜆2𝑑(𝑆𝑥, 𝑥) + 𝜆3𝑑(𝑆𝑦, 𝑥) 

                               +𝜆4𝑑(𝑆𝑥, 𝑦) +𝜆5𝑑(𝑆𝑦, 𝑦)….                                    (11.1) 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝜆𝑖 ∈ 𝑃(𝑖 = 1,2,3,4) are generalized Lipschitz constants 

with  𝑟(𝜆2 + 𝜆4) + 𝑟(𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) < 1. If 𝜆2 + 𝜆4 commutes with  𝜆1 + 𝜆3 + 𝜆4 

, then fixed point 𝑆 is unique in 𝑋. And for any 𝑥0 ∈ 𝑋, iterative sequence {𝑆𝑛𝑥} 

converges to the fixed point.  

Proof: Let 𝑥0 is an arbitrary point in 𝑋 and set𝑥𝑛 = 𝑆𝑥𝑛−1 = 𝑆𝑛𝑥0, 𝑛 ≥ 1.Put 𝑥 = 𝑥𝑛 

and 𝑦 = 𝑥𝑛−1 from (3.1.1), we have 

   𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ 𝑑(𝑆𝑥𝑛,𝑆𝑥𝑛−1)   

                       ≤ 𝜆1𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝜆2𝑑(𝑆𝑥𝑛, 𝑥𝑛) + 𝜆3𝑑(𝑆𝑥𝑛−1, 𝑥𝑛)+𝜆4𝑑(𝑆𝑥𝑛, 𝑥𝑛−1) 

                        + 𝜆5𝑑(𝑆𝑥𝑛−1, 𝑥𝑛−1) 

            ≤ 𝜆1𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝜆2𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝜆3[𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝑑(𝑥𝑛−1, 𝑥𝑛)] 

                        +𝜆4[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛+1)]+ 𝜆5𝑑(𝑥𝑛, 𝑥𝑛−1) 

                         ≤ (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)𝑑(𝑥𝑛−1, 𝑥𝑛) + (𝜆2 + 𝜆4)𝑑(𝑥𝑛, 𝑥𝑛+1) 

This means that  

 (𝑒 − 𝜆2 − 𝜆4) 𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)𝑑(𝑥𝑛−1, 𝑥𝑛)……… (11.2)  

Since 𝑟(𝜆2 + 𝜆4) ≤   𝑟(𝜆2 + 𝜆4) + 𝑟(𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) < 1, then by proposition 1, 

(𝑒 − 𝜆2 − 𝜆4) is invertible. Furthermore,  

                      (𝑒 − 𝜆2 − 𝜆4)−1 = ∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0  …                                  (11.3) 

Taking  ℎ =  (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5). As 𝜆2 + 𝜆4 commutes with 𝜆1 +

2𝜆3 + 𝜆4 + 𝜆5  it follows that   

 (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) =  (∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0 ) (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) 
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                                                                 =   (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)(∑ (𝜆2 + 𝜆4)𝑖∞
𝑖=0 ) 

                                                                 =  (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) (𝑒 − 𝜆2 − 𝜆4)−1.  

That is  (𝑒 − 𝜆2 − 𝜆4)−1 commutes with (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5). Then by Lemma 6 and 

Lemma 7, we obtain 

                         𝑟(ℎ)  =  𝑟[ (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)] 

                                  ≤  𝑟[(𝑒 − 𝜆2 − 𝜆4)−1].  𝑟(𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)  

                                  ≤   [1 − (𝜆2 + 𝜆4)]−1. 𝑟(𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) 

                                  =  
1

1−(𝜆2+𝜆4)
. 𝑟(𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5)  

                                  < 1 

Which illustrates that (𝑒 − ℎ)−1  = ∑ (ℎ)𝑖∞
𝑖=0  and ‖ℎ𝑛‖ → 0(𝑛 → ∞). Thus for, we get 

             𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝑒 − 𝜆2 − 𝜆4)−1. (𝜆1 + 2𝜆3 + 𝜆4 + 𝜆5) 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                =  ℎ 𝑑(𝑥𝑛, 𝑥𝑛−1)≤ ℎ2𝑑(𝑥𝑛−1, 𝑥𝑛−2) ≤ ⋯ … . ≤ ℎ𝑛𝑑(𝑥0, 𝑥1) 

Now, Let 𝑚 > 𝑛 ≥ 1. then it follows that 

           𝑑(𝑥𝑛, 𝑥𝑚)  ≤ 𝑑(𝑥𝑛,𝑥𝑛+1) + 𝑑(𝑥𝑛+1,𝑥𝑛+2) +………..+𝑑(𝑥𝑚−1,𝑥𝑚) 

                  ≤ (ℎ𝑛 + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−1)𝑑(𝑥0,𝑥1) 

                             ≤ (𝑒 + ℎ + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−𝑛−1)𝑑(𝑥0,𝑥1) 

                             ≤ 
ℎ𝑛

1−ℎ
 𝑑(𝑥0,𝑥1) 

                             ≤ (𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)                                                  (11.4) 

Since 𝑃 is normal with normal constant 𝐾, and note that ‖ℎ𝑛‖  → 0(𝑛 → ∞), we have 

  ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾[‖(𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)‖] 

                       ≤ 𝐾[‖(𝑒 − ℎ)−1‖ ‖ℎ𝑛‖ ‖𝑑(𝑥0,𝑥1)‖] → 0(𝑛 → ∞). 

Hence {𝑥𝑛} is a Cauchy sequence in𝑋. Since 𝑋 is complete, there exists 𝑢 ∈ 𝑋  such that 

𝑥𝑛 → 𝑢(𝑛 → ∞). To verify𝑆𝑢 = 𝑢, we have 

 𝑑(𝑆𝑢, 𝑢) ≤ 𝑑(𝑆𝑢, 𝑆𝑥𝑛) + 𝑑(𝑆𝑥𝑛, 𝑢) 

                ≤ 𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑆𝑥𝑛, 𝑢)+𝜆4𝑑(𝑆𝑢, 𝑥𝑛)  +𝜆5𝑑(𝑆𝑥𝑛, 𝑥𝑛) 

                +𝑑(𝑥𝑛+1,𝑢) 

                ≤  𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑥𝑛+1, 𝑢) +𝜆4𝑑(𝑆𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑥𝑛) 

                 + 𝑑(𝑥𝑛+1,𝑢) 

                ≤  𝜆1𝑑(𝑢, 𝑥𝑛, ) + 𝜆2𝑑(𝑆𝑢, 𝑢)+ 𝜆3𝑑(𝑥𝑛+1, 𝑢)   +𝜆4[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑆𝑢, 𝑢)] 

                 +𝜆5[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑢)]    + 𝑑(𝑥𝑛+1,𝑢) 
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Implies that, 

(𝑒 − 𝜆2 − 𝜆4)𝑑(𝑆𝑢, 𝑢) ≤ (𝜆1 + 𝜆4 + 𝜆5)𝑑(𝑢, 𝑥𝑛) + (1+𝜆3 + 𝜆5)𝑑(𝑥𝑛+1, 𝑢) 

Note that, (𝑒 − 𝜆2 − 𝜆4) is invertible, then by the normality of we have                   

 ‖𝑑(𝑆𝑢, 𝑢)‖  ≤ 𝐾[{‖𝑒 − (𝜆2 + 𝜆4)‖}−1‖(𝜆1 + 𝜆4 + 𝜆5)‖‖𝑑(𝑢, 𝑥𝑛)‖ 

                                 +‖(𝑒 + 𝜆3 + 𝜆5)‖‖𝑑(𝑥𝑛+1, 𝑢)‖]→ 0(𝑛 → ∞). 

Hence, ‖𝑑(𝑆𝑢, 𝑢)‖ = 0.This implies 𝑆𝑢 = 𝑢. So, 𝑢 is a fixed point of 𝑆 in 𝑋. 

Now, 𝑣 is another fixed point of 𝑆 in 𝑋. Then  

 𝑑(𝑢, 𝑣) ≤  𝑑(𝑆𝑢, 𝑆𝑣)  

              ≤ 𝜆1𝑑(𝑢, 𝑣) + 𝜆2(𝑆𝑢, 𝑢) + 𝜆3𝑑(𝑆𝑣, 𝑢) + 𝜆4𝑑(𝑆𝑢, 𝑣) + 𝜆5𝑑(𝑆𝑣, 𝑣) 

               = (𝜆1 + 𝜆3 + 𝜆4) 𝑑(𝑢, 𝑣) 

Thus ‖𝑑(𝑢, 𝑣)‖ ≤ 𝐾‖(𝜆1 + 𝜆3 + 𝜆4) ‖ ‖𝑑(𝑢, 𝑣)‖ → 0(𝑛 → ∞).  Then  𝑑(𝑢, 𝑣) = 0,    

which implies that 𝑢 = 𝑣. Therefore, 𝑢 is an unique fixed point of 𝑆 in 𝑋. 

Theorem 12: Let (𝑋, 𝑑)be a complete cone metric spaces over Banach algebra A, 𝑃 be a 

normal cone with a normal constant𝐾. Suppose the mapping  𝑆: 𝑋 → 𝑋 satisfies the 

generalized Lipchitz conditions   

                      𝒅(𝑆𝑥, 𝑆𝑦) ≤ 𝐴𝑞(𝑥, 𝑦) + 𝐵𝑑(𝑆𝑥, 𝑥) + 𝐶𝑑(𝑆𝑦, 𝑦) 

                                      +𝐷[𝑑(𝑆𝑥, 𝑦) +𝑑(𝑆𝑦, 𝑥)]…                                  (12.1)                                                                                                                                                               

for all 𝑥, 𝑦 ∈ 𝑋, where 𝐴, 𝐵, 𝐶, 𝐷 ∈ 𝑃 are generalized Lipschitz constants with𝑟(𝐵 + 𝐷) 

+𝑟(𝐴 + 𝐶 + 𝐷) < 1 . If 𝑟(𝐵 + 𝐷)commutes with   𝐴 + 𝐶 + 𝐷 , then 𝑆 has a unique fixed 

point in 𝑋. And for any 𝑥0 ∈ 𝑋, iterative sequence {𝑆𝑛𝑥} converges to the fixed point.  

Proof: Let 𝑥0 is an arbitrary point in 𝑋 and set 𝑥𝑛 = 𝑆𝑥𝑛−1 = 𝑆𝑛𝑥0, 𝑛 ≥ 1. 

Put 𝑥 = 𝑥𝑛 and 𝑦 = 𝑥𝑛−1 from (12.1), we have 

   𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ 𝑑(𝑆𝑥𝑛,𝑆𝑥𝑛−1)   

                       ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵𝑑(𝑆𝑥𝑛, 𝑥𝑛) + 𝐶𝑑(𝑆𝑥𝑛−1, 𝑥𝑛−1) 

                       +𝐷[𝑑(𝑆𝑥𝑛, 𝑥𝑛−1)  +𝑑(𝑆𝑥𝑛−1, 𝑥𝑛)] 

            ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝐶𝑑(𝑥𝑛, 𝑥𝑛−1) 

                        +𝐷[𝑑(𝑥𝑛+1, 𝑥𝑛−1) + 𝑑(𝑥𝑛, 𝑥𝑛)] 

                         ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝐶𝑑(𝑥𝑛, 𝑥𝑛−1) 

                        +𝐷[𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝑑(𝑥𝑛, 𝑥𝑛+1)] 

                         ≤(𝐴 + 𝐶 + 𝐷)𝑑(𝑥𝑛−1, 𝑥𝑛) + (𝐵 + 𝐷)𝑑(𝑥𝑛, 𝑥𝑛+1) 
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This means that  

 (𝑒 − 𝐵 − 𝐷)𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ (𝐴 + 𝐶 + 𝐷)𝑑(𝑥𝑛−1, 𝑥𝑛)…                                  (12.2)  

Since𝑟(𝐵 + 𝐷) ≤  𝑟(𝐵 + 𝐷) + 𝑟(𝐴 + 𝐶 + 𝐷) < 1, then by proposition 2.1, (𝑒 − 𝐵 −

𝐷) is invertible. Furthermore,  

                      (𝑒 − 𝐵 − 𝐷)−1 = ∑ (𝐵 + 𝐷)𝑖∞
𝑖=0  …                                           (12.3) 

Putℎ =  (𝑒 − 𝐵 − 𝐷)−1. (𝐴 + 𝐶 + 𝐷). As 𝐵 + 𝐷commutes with 𝐴 + 𝐶 + 𝐷  it follows 

that   

 (𝑒 − 𝐵 − 𝐷)−1. (𝐴 + 𝐶 + 𝐷) =  (∑ (𝐵 + 𝐷)𝑖∞
𝑖=0 ) (𝐴 + 𝐶 + 𝐷) 

                                                  =   (𝐴 + 𝐶 + 𝐷)(∑ (𝐵 + 𝐷)𝑖∞
𝑖=0 ) 

                                                  =  (𝐴 + 𝐶 + 𝐷) (𝑒 − 𝐵 − 𝐷)−1.  

That is  (𝑒 − 𝐵 − 𝐷)−1 commutes with (𝐴 + 𝐶 + 𝐷). Then by Lemma.6 and Lemma 7 

that, we obtain 

                         𝑟(ℎ)  =  𝑟[ (𝑒 − 𝐵 − 𝐷)−1. (𝐴 + 𝐶 + 𝐷)] 

                                   ≤  𝑟[(𝑒 − 𝐵 − 𝐷)−1].  𝑟(𝐴 + 𝐶 + 𝐷)  

                                  ≤   [1 − (𝐵 + 𝐷)]−1. 𝑟(𝐴 + 𝐶 + 𝐷) 

                                  =  
1

1−(𝐵+𝐷)
. 𝑟(𝐴 + 𝐶 + 𝐷)  

                                  < 1 

Which illustrates that (𝑒 − ℎ)−1  = ∑ (ℎ)𝑖∞
𝑖=0  and ‖ℎ𝑛‖ → 0(𝑛 → ∞). Thus for, we get 

              𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝑒 − 𝐵 − 𝐷)−1. (𝐴 + 𝐶 + 𝐷) 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                   =  ℎ 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                   ≤ ℎ2𝑑(𝑥𝑛−1, 𝑥𝑛−2) 

                                    ≤ ⋯ … . ≤ ℎ𝑛𝑑(𝑥0, 𝑥1) 

Now, Let 𝑚 > 𝑛 ≥ 1. then it follows that 

            𝑑(𝑥𝑛, 𝑥𝑚)  ≤ 𝑑(𝑥𝑛,𝑥𝑛+1) + 𝑑(𝑥𝑛+1,𝑥𝑛+2) +………..+𝑑(𝑥𝑚−1,𝑥𝑚) 

                    ≤ (ℎ𝑛 + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−1)𝑑(𝑥0,𝑥1) 

                               ≤ (𝑒 + ℎ + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−𝑛−1)𝑑(𝑥0,𝑥1) 

                                ≤ 
ℎ𝑛

1−ℎ
 𝑑(𝑥0,𝑥1) 

                                 ≤ (𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)……                                (12.4) 

Since 𝑃 is normal with normal constant𝐾,and note that ‖ℎ𝑛‖  → 0(𝑛 → ∞), we have 

  ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾[‖(𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)‖] 
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                        ≤ 𝐾[‖(𝑒 − ℎ)−1‖ ‖ℎ𝑛‖ ‖𝑑(𝑥0,𝑥1)‖] → 0(𝑛 → ∞). 

Hence {𝑥𝑛} is a Cauchy sequence in  𝑋. Since 𝑋 is complete, there exists 𝑥∗ ∈ 𝑋  such that 

𝑥𝑛 → 𝑥∗(𝑛 → ∞), to verify 𝑆𝑥∗ = 𝑥∗, we have 

                      𝑑(𝑆𝑥∗, 𝑥∗) ≤ 𝑑(𝑆𝑥∗, 𝑆𝑥𝑛) + 𝑑(𝑆𝑥𝑛, 𝑥∗) 

                                         ≤ 𝐴𝑑(𝑥∗, 𝑥𝑛) + 𝐵𝑑(𝑆𝑥∗, 𝑥∗) + 𝐶𝑑(𝑆𝑥𝑛, 𝑥∗) 

                                        +𝐷[𝑑(𝑆𝑥∗, 𝑥𝑛) +𝑑(𝑆𝑥𝑛, 𝑥∗)   +𝑑(𝑥𝑛+1,𝑢) 

                                         ≤ 𝐴𝑑(𝑥∗, 𝑥𝑛, ) + 𝐵𝑑(𝑆𝑥∗, 𝑥∗) + 𝐶𝑑(𝑥𝑛+1, 𝑥∗) 

                                           +𝐷[𝑑(𝑆𝑥∗, 𝑥∗) + 𝑑(𝑥∗, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑥
∗] + 𝑑(𝑥𝑛+1,𝑥

∗) 

Implies that, 

(𝑒 − 𝐵 − 𝐷)𝑑(𝑆𝑥∗, 𝑥∗) ≤ (𝐴 + 𝐷)𝑑(𝑥∗, 𝑥𝑛) + (1+𝐶 + 𝐷)𝑑(𝑥𝑛+1, 𝑥∗) 

Note that, (𝑒 − 𝐵 − 𝐷) is invertible, then by the normality of  , we have      

                    ‖𝑑(𝑆𝑥∗, 𝑥∗)‖  ≤ 𝐾[{‖𝑒 − (𝐵 + 𝐷)‖}−1‖(𝐴 + 𝐷)‖‖𝑑(𝑥∗, 𝑥𝑛)‖ 

                                            +‖(𝑒 + 𝐶 + 𝐷)‖‖𝑑(𝑥𝑛+1, 𝑥∗)‖]→ 0(𝑛 → ∞). 

Hence, ‖𝑑(𝑆𝑥∗, 𝑥∗)‖ = 0.This implies 𝑆𝑥∗ = 𝑥∗. So, 𝑥∗ is a fixed point of 𝑆 in 𝑋. 

Now, 𝑦∗ is another fixed point of 𝑆 in 𝑋.  

Then  

 𝑑(𝑥∗, 𝑦∗) ≤  𝑑(𝑆𝑥∗, 𝑆𝑦∗)  

                 ≤ 𝐴𝑑(𝑥∗, 𝑦∗) + 𝐵(𝑆𝑥∗, 𝑥∗) + 𝐶𝑑(𝑆𝑦∗, 𝑦∗) + 𝑑[𝑑(𝑆𝑥∗, 𝑦∗) + 𝑑(𝑆𝑦∗, 𝑥∗)] 

                  = (𝐴 + 2𝐷) 𝑑(𝑥∗, 𝑦∗) 

Implies that (𝑒 − 𝐴 − 2𝐷) 𝑑(𝑥∗, 𝑦∗) ≤ 0.Now, by normality of P 

Thus ‖𝑑(𝑥∗, 𝑦∗)‖ ≤ 𝐾‖(𝐴 + 2𝐷)‖ ‖𝑑(𝑥∗, 𝑦∗)‖ → 0(𝑛 → ∞). =⸖‖𝑑(𝑥∗, 𝑦∗)‖ = 0 

Implies that, (𝑥∗, 𝑦∗) = 0 = ⸖ 𝑥∗ = 𝑦∗. Thus𝑥∗ is an unique fixed point of 𝑆 in 𝑋. This 

theorem is proved. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟏𝟑: Let (𝑋, 𝑑)be a complete cone metric spaces over Banach algebra A, 𝑃 be 

a normal cone with a normal constant𝐾. Suppose the mapping  𝑆: 𝑋 → 𝑋 satisfies the 

generalized Lipschitze conditions   

                     𝒅(𝑆𝑥, 𝑆𝑦) ≤ 𝐴𝑑(𝑥, 𝑦) + 𝐵[𝑑(𝑆𝑥, 𝑥) + 𝑑(𝑆𝑦, 𝑦)] 

                                       +𝐶[𝑑(𝑆𝑥, 𝑦) +𝑑(𝑆𝑦, 𝑥)]….                                      (13.1)                                                                                                                                                         

for all 𝑥, 𝑦 ∈ 𝑋, where 𝐴, 𝐵, 𝐶, ∈ 𝑃 are generalized Lipschitz constants with 𝑟(𝐵 + 𝐶) 

+𝑟(𝐴 + 𝐵 + 𝐶) < 1 . If 𝑟(𝐵 + 𝐷)commutes with𝐴 + 𝐵 + 𝐶 , then 𝑆 kept a unique fixed 

point in 𝑋. And for any 𝑥0 ∈ 𝑋, iterative sequence {𝑆𝑛𝑥} converges to the fixed point.  
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Proof: Let 𝑥0 is an arbitrary point in 𝑋 and set𝑥𝑛 = 𝑆𝑥𝑛−1 = 𝑆𝑛𝑥0, 𝑛 ≥ 1. 

Put 𝑥 = 𝑥𝑛 and 𝑦 = 𝑥𝑛−1 from (3.4.1), we have 

                    𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ 𝑑(𝑆𝑥𝑛,𝑆𝑥𝑛−1)   

                                        ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵[𝑑(𝑆𝑥𝑛, 𝑥𝑛) + (𝑆𝑥𝑛−1, 𝑥𝑛−1)] 

                                        +𝐶[𝑑(𝑆𝑥𝑛, 𝑥𝑛−1)  +𝑑(𝑆𝑥𝑛−1, 𝑥𝑛)] 

                              ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵[𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝜆3𝑑(𝑥𝑛, 𝑥𝑛−1)] 

                                        +𝐷[𝑑(𝑥𝑛+1, 𝑥𝑛−1) + 𝑑(𝑥𝑛, 𝑥𝑛)] 

                                        ≤ 𝐴𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝐵[𝑑(𝑥𝑛+1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛−1)] 

                                        +𝐶[𝑑(𝑥𝑛, 𝑥𝑛−1) + 𝑑(𝑥𝑛, 𝑥𝑛+1)] 

                                        ≤(𝐴 + 𝐵 + 𝐶)𝑑(𝑥𝑛−1, 𝑥𝑛) + (𝐵 + 𝐶)𝑑(𝑥𝑛, 𝑥𝑛+1) 

This means that  

 (𝑒 − 𝐵 − 𝐶) 𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝐴 + 𝐵 + 𝐶)𝑑(𝑥𝑛−1, 𝑥𝑛)                               (13.2)  

Since 𝑟(𝐵 + 𝐶) ≤  𝑟(𝐵 + 𝐶) + 𝑟(𝐴 + 𝐵 + 𝐶) < 1, then by proposition 2.1, (𝑒 − 𝐵 −

𝐶) is invertible. Furthermore,  

                      (𝑒 − 𝐵 − 𝐶)−1 = ∑ (𝐵 + 𝐶)𝑖∞
𝑖=0                                    (13.3) 

Put ℎ =  (𝑒 − 𝐵 − 𝐶)−1. (𝐴 + 𝐵 + 𝐶). As 𝐵 + 𝐷commutes with 𝐴 + 𝐵 + 𝐶  it follows 

that   

 (𝑒 − 𝐵 − 𝐶)−1. (𝐴 + 𝐵 + 𝐶) =  (∑ (𝐵 + 𝐶)𝑖∞
𝑖=0 ) (𝐴 + 𝐵 + 𝐶) 

                                                  =   (𝐴 + 𝐵 + 𝐶)(∑ (𝐵 + 𝐶)𝑖∞
𝑖=0 ) 

                                                  =  (𝐴 + 𝐵 + 𝐶) (𝑒 − 𝐵 − 𝐶)−1.  

That is  (𝑒 − 𝐵 − 𝐶)−1 commutes with (𝐴 + 𝐵 + 𝐶). Then by Lemma.6 and Lemma.7 

that, we obtain 

                         𝑟(ℎ)  =  𝑟[ (𝑒 − 𝐵 − 𝐶)−1. (𝐴 + 𝐵 + 𝐶)] 

                                  ≤  𝑟[(𝑒 − 𝐵 − 𝐶)−1].  𝑟(𝐴 + 𝐵 + 𝐶)  

                                  ≤   [1 − (𝐵 + 𝐶)]−1. 𝑟(𝐴 + 𝐵 + 𝐶) 

                                  =  
1

1−(𝐵+𝐶)
. 𝑟(𝐴 + 𝐵 + 𝐶)  

                                  < 1 

Which illustrates that (𝑒 − ℎ)−1  = ∑ (ℎ)𝑖∞
𝑖=0  and ‖ℎ𝑛‖ → 0(𝑛 → ∞). Thus for, we get 

              𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝑒 − 𝐵 − 𝐷)−1. (𝐴 + 𝐶 + 𝐷) 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                  =  ℎ 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                                  ≤ ℎ2𝑑(𝑥𝑛−1, 𝑥𝑛−2) 
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                                  ≤ ⋯ … . ≤ ℎ𝑛𝑑(𝑥0, 𝑥1) 

Now, Let 𝑚 > 𝑛 ≥ 1. then it follows that 

            𝑑(𝑥𝑛, 𝑥𝑚)  ≤ 𝑑(𝑥𝑛,𝑥𝑛+1) + 𝑑(𝑥𝑛+1,𝑥𝑛+2) +………..+𝑑(𝑥𝑚−1,𝑥𝑚) 

                   ≤ (ℎ𝑛 + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−1)𝑑(𝑥0,𝑥1) 

                              ≤ (𝑒 + ℎ + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−𝑛−1)𝑑(𝑥0,𝑥1) 

                              ≤ 
ℎ𝑛

1−ℎ
 𝑑(𝑥0,𝑥1) 

                               ≤ (𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)                                         (13.4) 

Since 𝑃 is normal with normal constant𝐾,and note that ‖ℎ𝑛‖  → 0(𝑛 → ∞), we have 

          ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾[‖(𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)‖] 

                                 ≤ 𝐾[‖(𝑒 − ℎ)−1‖ ‖ℎ𝑛‖ ‖𝑑(𝑥0,𝑥1)‖] → 0(𝑛 → ∞). 

Hence {𝑥𝑛} is a Cauchy sequence in𝑋. Since 𝑋 is complete, there exists 𝑥∗ ∈ 𝑋  such that 

𝑥𝑛 → 𝑥∗(𝑛 → ∞). To verify𝑆𝑥∗ = 𝑥∗, we have 

              𝑑(𝑆𝑥∗, 𝑥∗) ≤ 𝑑(𝑆𝑥∗, 𝑆𝑥𝑛) + 𝑑(𝑆𝑥𝑛, 𝑥∗) 

                                ≤ 𝐴𝑑(𝑥∗, 𝑥𝑛) + 𝐵[𝑑(𝑆𝑥∗, 𝑥∗) + 𝑑(𝑆𝑥𝑛, 𝑥∗)]   

                               +𝐶[𝑑(𝑆𝑥∗, 𝑥𝑛) +𝑑(𝑆𝑥𝑛, 𝑥∗)]  +𝑑(𝑥𝑛+1,𝑢). 

                                ≤ 𝐴𝑑(𝑥∗, 𝑥𝑛, ) + 𝐵[𝑑(𝑆𝑥∗, 𝑥∗) + 𝑑(𝑥𝑛+1, 𝑥∗)] 

                              +𝐶[𝑑(𝑆𝑥∗, 𝑥∗) + 𝑑(𝑥∗, 𝑥𝑛) + 𝑑(𝑥𝑛+1,𝑥
∗] + 𝑑(𝑥𝑛+1,𝑥

∗) 

Implies that, 

(𝑒 − 𝐵 − 𝐶)𝑑(𝑆𝑥∗, 𝑥∗) ≤ (𝐴 + 𝐶)𝑑(𝑥∗, 𝑥𝑛) + (1+𝐵 + 𝐶)𝑑(𝑥𝑛+1, 𝑥∗) 

Note that, (𝑒 − 𝐵 − 𝐶) is invertible, then by the normality of, we have                   

 ‖𝑑(𝑆𝑥∗, 𝑥∗)‖  ≤ 𝐾[{‖𝑒 − (𝐵 + 𝐶)‖}−1‖(𝐴 + 𝐷)‖‖𝑑(𝑥∗, 𝑥𝑛)‖ 

                                    +‖(𝑒 + 𝐵 + 𝐶)‖‖𝑑(𝑥𝑛+1, 𝑥∗)‖]→ 0(𝑛 → ∞). 

Hence, ‖𝑑(𝑆𝑥∗, 𝑥∗)‖ = 0.This implies 𝑆𝑥∗ = 𝑥∗. So, 𝑥∗ is a fixed point of 𝑆 in 𝑋. 

Now, 𝑦∗ is another fixed point of 𝑆 in 𝑋. Then  

                            𝑑(𝑥∗, 𝑦∗) ≤  𝑑(𝑆𝑥∗, 𝑆𝑦∗)  

                                            ≤ 𝐴𝑑(𝑥∗, 𝑦∗) + 𝐵[(𝑆𝑥∗, 𝑥∗) + 𝑑(𝑆𝑦∗, 𝑦∗)] 

+𝐶[𝑑(𝑆𝑥∗, 𝑦∗) + 𝑑(𝑆𝑦∗, 𝑥∗)] 

                                             = (𝐴 + 2𝐶) 𝑑(𝑥∗, 𝑦∗). 

Implies that (𝑒 − 𝐴 − 2𝐶) 𝑑(𝑥∗, 𝑦∗) ≤ 0.Now, by normality of P 

Thus ‖𝑑(𝑥∗, 𝑦∗)‖ ≤ 𝐾‖(𝐴 + 2𝐶)‖ ‖𝑑(𝑥∗, 𝑦∗)‖ → 0(𝑛 → ∞).  
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      =⸖‖𝑑(𝑥∗, 𝑦∗)‖ = 0 

Implies that, (𝑥∗, 𝑦∗) = 0 = ⸖ 𝑥∗ = 𝑦∗. Thus 𝑥∗ is an unique fixed point of 𝑆 in 𝑋. This 

theorem is proved. 

Theorem 14: Let (𝑋, 𝑑)be a complete cone metric spaces over Banach algebra A, 𝑃 be a 

normal cone with a normal constant𝐾. Suppose the mapping  𝑆: 𝑋 → 𝑋 satisfies the 

generalized Lipschitze conditions   

𝒅(𝑆𝑥, 𝑆𝑦) ≤ 𝑎1𝑑(𝑥, 𝑦) + 𝑎2[𝑑(𝑥, 𝑆𝑥) + 𝑑(𝑦, 𝑆𝑦)]+ 𝑎3[𝑑(𝑥, 𝑆𝑦) + 𝑑(𝑦, 𝑆𝑥)] 

                + 𝑎4[𝑑(𝑥, 𝑆𝑥) + 𝑑(𝑥, 𝑦)] + 𝑎5[𝑑(𝑦, 𝑆𝑦) + 𝑑(𝑥, 𝑦)]…                   (14.1) 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 are generalized Lipschitz constants with 𝑟(𝑎2 +

𝑎3 + 𝑎5) +𝑟 (𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) < 1,If (𝑎2 + 𝑎3 + 𝑎5)commutes with𝑎1 +

𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5 , then 𝑆 has a unique fixed point in 𝑋. And for any 𝑥0 ∈ 𝑋, iterative 

sequence {𝑆𝑛𝑥} converges to the fixed point.  

Proof: Choose 𝑥0 ∈ 𝑋. Set 𝑥1 = 𝑆𝑥0,, 𝑥2 = 𝑆𝑥1 = 𝑆2𝑥0 … … . 𝑥𝑛+1 = 𝑆𝑥𝑛 = 𝑆𝑛𝑥0 

Then we have, 

                     𝑑(𝑥𝑛, 𝑥𝑛+1)  ≤ 𝑑(𝑆𝑥𝑛−1,𝑆𝑥𝑛)    ……                                        (14.2) 

                                         ≤ 𝑎1𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑎2[𝑑(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑑𝑞(𝑥𝑛, 𝑇𝑥𝑛)] 

                                         +  𝑎3[𝑑(𝑥𝑛−1, 𝑇𝑥𝑛) + 𝑑(𝑥𝑛, 𝑇𝑥𝑛−1) 

                                         +𝑎4[𝑑(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑑(𝑥𝑛−1, 𝑥𝑛) 

                                         + 𝑎5[𝑞(𝑥𝑛, 𝑇𝑥𝑛) + 𝑞(𝑥𝑛, 𝑥𝑛)] 

                              = 𝑎1𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑎2[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛+1)] 

                                         +𝑎3[𝑑(𝑥𝑛−1, 𝑥𝑛+1) + 𝑑(𝑥𝑛, 𝑥𝑛)] 

                                         + 𝑎4[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛−1, 𝑥𝑛)] 

                    + 𝑎5[𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑥𝑛−1, 𝑥𝑛)]  

                      𝑑(𝑥𝑛, 𝑥𝑛+1) ≤  (𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5)𝑑(𝑥𝑛−1, 𝑥𝑛)  

                                          + (𝑎2 + 𝑎3 + 𝑎5)𝑞(𝑥𝑛, 𝑥𝑛+1) 

Which means that  

(𝑒 − 𝑎2 − 𝑎3 − 𝑎5)𝑑(𝑥𝑛, 𝑥𝑛+1) ≤  (𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5)𝑑(𝑥𝑛−1, 𝑥𝑛) 

Since 𝑟(𝑎2 + 𝑎3 + 𝑎5) +𝑟 (𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) < 1, then by proposition 2.1, 

(𝑒 − 𝑎2 − 𝑎3 − 𝑎5) is invertible. Furthermore,  

                      (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1 = ∑ (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)𝑖∞
𝑖=0  ……...... (3.5.3) 



Gajendra Kumar Behera 

Volume 2, Issue 3, June 2024 349 

Putℎ =  (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1. ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5).As(𝑎2 + 𝑎3 +

𝑎5)ccommutes with𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5   it follows that 

  (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1. ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5)  

                        = (∑ (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)𝑖∞
𝑖=0 ) ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5). 

                         =   (( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5). )(∑ (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)𝑖∞
𝑖=0 ) 

                        =  ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1. 

That is  (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1.  commutes with ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5). Then by 

Lemma 2.6 and Lemma 2.7 that, we obtain 

                   𝑟(ℎ)  =  𝑟[ (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1. ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5)] 

                            ≤  𝑟[ (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1 ].  𝑟( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) 

                            ≤   [1 − (𝑎2 + 𝑎3 + 𝑎5)]−1. 𝑟( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) 

                            =  
1

1−(𝑎2+𝑎3+𝑎5)
. 𝑟( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5)  

                            < 1 

Which illustrates that (𝑒 − ℎ)−1  = ∑ (ℎ)𝑖∞
𝑖=0  and ‖ℎ𝑛‖ → 0(𝑛 → ∞). Thus for, we get 

        𝑑(𝑥𝑛+1, 𝑥𝑛) ≤  (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)−1. ( 𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) 𝑑(𝑥𝑛, 𝑥𝑛−1) 

                            =  ℎ 𝑑(𝑥𝑛, 𝑥𝑛−1)≤ ℎ2𝑑(𝑥𝑛−1, 𝑥𝑛−2) 

                             ≤ ⋯ … . ≤ ℎ𝑛𝑑(𝑥0, 𝑥1)…..                                           (14.3)  

Let 𝑚 > 𝑛 ≥ 1. Then it follows that 

           Now, Let 𝑚 > 𝑛 ≥ 1. then it follows that 

            𝑑(𝑥𝑛, 𝑥𝑚)  ≤ 𝑑(𝑥𝑛,𝑥𝑛+1) + 𝑑(𝑥𝑛+1,𝑥𝑛+2) +………..+𝑑(𝑥𝑚−1,𝑥𝑚) 

                  ≤ (ℎ𝑛 + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−1)𝑑(𝑥0,𝑥1) 

                             ≤ (𝑒 + ℎ + ℎ𝑛+1 + ⋯ … … … … … + ℎ𝑚−𝑛−1)𝑑(𝑥0,𝑥1) 

                             ≤ 
ℎ𝑛

1−ℎ
 𝑑(𝑥0,𝑥1) 

                             ≤ (𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)……                                              (14.4) 

Since 𝑃 is normal with normal constant𝐾,and note that ‖ℎ𝑛‖  → 0(𝑛 → ∞), we have 

  ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾[‖(𝑒 − ℎ)−1ℎ𝑛 𝑑(𝑥0,𝑥1)‖] 

                        ≤ 𝐾[‖(𝑒 − ℎ)−1‖ ‖ℎ𝑛‖ ‖𝑑(𝑥0,𝑥1)‖] → 0(𝑛 → ∞). 

Hence {𝑥𝑛} is a Cauchy sequence in𝑋. Since 𝑋 is complete, there exists 𝑣 ∈ 𝑋  such that 

𝑥𝑛 → 𝑣(𝑛 → ∞). To verify𝑆𝑣 = 𝑣 we have 

Then we have  
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𝑑(𝑆𝑣, 𝑣) ≤ 𝑑(𝑆𝑥𝑛, 𝑆𝑣) + 𝑑(𝑆𝑥𝑛, 𝑣) 

                ≤ 𝑎1𝑑(𝑥𝑛, 𝑣) + 𝑎2[𝑑(𝑥𝑛, 𝑆𝑥𝑛) + 𝑑(𝑣, 𝑆𝑣)]  +𝑎3[𝑑(𝑥𝑛, 𝑆𝑣) + 𝑑(𝑣, 𝑆𝑥𝑛) ] 

                 +  𝑎4[𝑑(𝑥𝑛, 𝑆𝑥𝑛) + 𝑑(𝑥𝑛, 𝑣)] +𝑎5[(𝑣, 𝑆𝑣) + 𝑑(𝑥𝑛, 𝑣)] +𝑑(𝑥𝑛+1,𝑢), 

                ≤ 𝑎1𝑑(𝑣, 𝑥𝑛) + 𝑎2[𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑣, 𝑆𝑣)]    

                 +𝑎3[ 𝑑(𝑣, 𝑆𝑣) + 𝑑(𝑣, 𝑥𝑛) + 𝑑(𝑣, 𝑥𝑛+1)] 

                 +  𝑎4[𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑣, 𝑥𝑛)]+𝑎5[𝑑(𝑣, 𝑆𝑣) + 𝑑(𝑥𝑛, 𝑣)] +𝑑(𝑥𝑛+1,𝑣), 

This implies that, 

     (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)𝑑(𝑆𝑣, 𝑣) ≤ (𝑎1 + 𝑎3 + 𝑎4 + 𝑎5)𝑑(𝑥𝑛, 𝑣) 

                                                   +(𝑎2 + 𝑎4)𝑑(𝑥𝑛, 𝑥𝑛+1) + (1 + 𝑎3)𝑑(𝑥𝑛+1,𝑣) 

Note that, (𝑒 − 𝑎2 − 𝑎3 − 𝑎5)  is invertible, then by the normality of cone, we have                   

‖𝑑(𝑆𝑣, 𝑣)‖  ≤ 𝐾[{‖𝑒 − (𝑎2 + 𝑎3 + 𝑎5) ‖}−1‖𝑎1 + 𝑎3 + 𝑎4 + 𝑎5)‖‖𝑑𝑑(𝑥𝑛, 𝑣)‖ 

                     +‖((𝑎2 + 𝑎4))‖‖𝑑(𝑥𝑛, 𝑥𝑛+1)‖ + ‖(𝑒 + 𝑎3)‖‖𝑑(𝑥𝑛+1,𝑣)‖]→ 0(𝑛 → ∞). 

Hence, ‖𝑑(𝑆𝑣, 𝑣)‖ = 0.This implies 𝑆𝑣 = 𝑣. So, 𝑣 is a fixed point of 𝑆 in 𝑋. 

Next we prove that the uniqueness of the fixed point. Suppose that, there is another fixed 

point of 𝑤 of  𝑆, and then we have  

    𝑑(𝑣, 𝑤)  ≤ 𝑑(𝑆𝑣, 𝑆𝑤) 

                   ≤ 𝑎1𝑑(𝑣, 𝑤) + 𝑎2[𝑑(𝑣, 𝑆𝑣) + 𝑑(𝑤, 𝑆𝑤)  + 𝑎3[𝑑(𝑣, 𝑆𝑤) + 𝑑(𝑤, 𝑆𝑣)] 

                   + 𝑎4[𝑑(𝑣, 𝑆𝑣) + 𝑑(𝑣, 𝑤)]+ 𝑎5[𝑑(𝑤, 𝑆𝑤) + 𝑑(𝑣, 𝑤)] 

                    = (𝑎1 + 2𝑎3 + 𝑎4 + 𝑎5)𝑑(𝑣, 𝑤). 

                    ≤  (𝑎1 + 𝑎2 + 2𝑎3 + 𝑎4 + 𝑎5) 𝑑(𝑣, 𝑤). …                                 (14.6) 

Since 𝑟(𝑎2 + 𝑎3 + 𝑎5) +𝑟 (𝑎1 + 𝑎2 + 𝑎3 + 2𝑎4 + 𝑎5) < 1, then by normality of P.  

 Thus ‖𝑑(𝑥∗, 𝑦∗))‖ ≤ 𝐾‖ (𝑎1 + 𝑎2 + 2𝑎3 + 𝑎4 + 𝑎5)‖ ‖𝑑(𝑣, 𝑤)‖ → 0(𝑛 → ∞). 

=⸖‖𝑑(𝑣, 𝑤)‖ = 0 

Implies that, (𝑣, 𝑤) = 0 = ⸖ 𝑣 = 𝑤. Thus𝑣 is an unique fixed point of 𝑆 in 𝑋. This 

theorem is proved. 
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