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Abstract

The study of contraction mappings in fixed-point theory is a fascinating and
crucial field of mathematics. The concept of contraction plays a vital role in
proving the existence and uniqueness of fixed points. Banach's contraction
theory offers a fixed point theorem that is widely accepted as unique in most
analyses. By using rational expressions in metric spaces, we can achieve unique
results in general contraction mapping. These results are based on several
innovative ideas stemming from the latest research. The delivered results
upgrade and federate many existing outcomes on the topic in the literature
Bhardwaj, R. et al. (2007) Chouhan et al. (2014) and Garg and Priyanka (2016).

Also gives some suitable examples for verifying our results.
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INTRODUCTION

The literature of fixed point (FP) for contraction mapping embarked upon Banach
contraction principle (BCP) in 1922 and known as thse Banach fixed point Theorem (BFP.

BCP is stated as follows:
“A single valued contractive type mapping on a complete metric space has a unique FP.”

The fixed point theorem can be used to prove that a differential equation, an integral
equation, or a partial differential equation has a unique solution. They are utilized in the

investigation of problems related to the optimal control of these systems.

Outcomes of FP (fixed point) treatment with general contractive conditions relating to
rational type expression are also interesting. Some notorious results from this track are
included (see [ Das and Gupta (1975), Khan, M.S.(1976), Jaggi, D.S.(1977), Fisher, B.
(1978), Jaggi and Das (1980), Bhardwaj et al. (2007), Dutta and Chaudhary (2008), Jieli, et
al.(2012), Shrivastava, et al.(2013), Karapinar,E., Shatanawi, W. and Tas, K (2013), Saluja
et al.(2015), Garg, M.(2015), Garg, M. and Priyanka(2016), Karapinar,E., et al. (2010),
Fulga, A.(2018), Gupta, S. and Garg, A.K,, (2019), Fulga, A. (2020)]). It has been extended

and generalized various types of contraction in different metric spaces.

Dewangan,S. and Tiwari, S.K.(2020), extended, generalized and improved the result of
Shriastava et al (2014) and established a unique fixed point theorem for expansive mapping
in metric space satisfying rational expression . In 2021, Rao S. and Kalyani, obtained fixed
point results partially ordered metric space with rational expression. Subsequently, Rao,.
N.S. et al. (2021), demonstrated result of fixed point of monotone functions in ordered

metric space.

Furthermore, Raji, M. and Adegboye, F. (2022), proved the existence and uniqueness of
some fixed point for nonlinear contractive mappings with rational expressions in the
context of metric space endowed with partial order. Most recently, Chaodary et al. (2023)
established a result in the fixed point theory for multivalued mizoguchi-Takahashi type

rational contraction in metric space.

In this manuscript, we extend, generalize, and improve earlier work by Bhardwaj, R. et al.
(2007), Chouhan et al. (2014), and Garg and Priyanka (2016) to determine in common

fixed-point theorems for rational contraction on metric space.
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PRELIMINARIES NOTES
We recall the definition of metric space and their properties as follows:

Definition 1 [Shrivastava et al. (2014.)]: Infer that J # ¢ and d: I X I = [0,0) be a

mapping that known as metric on J , if satisfies the following conditions:

() d(u,v) 20Vu,v €3;
(i) dlu,v) =0 u=v Yu,v €J;
(i) duw,v)=dw,u)u,v€S;

iv) du,v) <d(u,w)+dlw,v), foral u, v, w € J.
Then, we can refer to the pair (3, d) as a metric space. .
Definition 2[Shrivastava et al. (2014.)]: Assume that {u,} is a sequence referred to

Cauchy sequence in (J,d), evenif € > 03 nyg € N, like that, V. m,n > n,

d(uy, uy,) < e.i.e. lim d(u,, u,,) < €.
n—-0o

Definition 3 [Shrivastava et al. (2014.)]: The sequence {ut,} is convergent to « € J in

(3, d),if limd(u,, ) =0, or u, - u.
n—-oo

Definition 4[Shrivastava et al. (2014)]: when everything the Cauchy sequences

converges in (J, d) then metric space(J, d) is so called complete.

MAIN RESULTS

Theorem 5.Consider that, (J, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J,0) is a complete metric space. Take over, 4, #:F = J be a continuous
self mapping such thatv,é €J , v # & there exist 64,0,,03,0,,05 € [0,1) with 6; +
0, + 03 + 6, + 205 < 2, satisfies the following condition

; (v, §v).0(§#5)+0(v,£8).0($.4v) 0(v,4v).0(§,4v)+0(§.4£8).0(v.AS)
AGv, #8) < 6, (v jv)+0(§,ARE)+0(v.£E)+D(E,5v) e (v, jv)+0(&,4v)+0 (A +0(v,AE)

0(,iv).0(v,jv)+0 (v, ££).0( &,7v) n 0(v,v).0(v.£E)+0(§,v).0(&4E)
3 (v, jv)+0(, V) +0(v,hE)+B( £ 4v) 4 9V, )+ (v, hE)+0(E,jv)+B( & 4E)

+050(v,§). (5.1)
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For vy € H, suppose {Vilreo € I and defined by Vg1 = FVor and Vo, =
#Vare1 k =0,1,2 ... be the Picard iteration association to #and #. Then there exist

Vi = V5, Ilim 7¥v =v* = lim €. Then v* is a unique common fixed point.
—00

k—oo

Proof: Let vy € H ,we define the iterative sequence{v,; } in J defined as

o 2k+1
Vok+1 = #Vk = ¢

And

Vo

b

Vok+2 = kV2k+1 = k2k+2V0, for every k=>1.

Now put vV = vy and & = Va1 in (5.1) we have

0(Vak+1,Vak) = 0(FVak, #V2k—1)

O(Vak, #V2r)-0(Vag—1, #Vok—1)+3(Vog, #Vog—1)-0(Vok—1, #Vi)
- 1a(Vzk: Vo) +0(Vag—1, AVak_1)+0(Vak, RV2k—1)+0(Vok—1, FVi)

+ 0(vak, #V2r)-O(Vak—1, FV2k)+0(Vak—1, AV2k—1)-0(Vog, #Va—1)
20k, V21)+0(ak—1, FVai)+O(Viko1, AVak—1)+0(Vk, £Va—1)

+ 0ok, #var)-0(ak, Fvi)+0(Vag, #Vag—1).0(Vok—1, FV2k)
30(ak, V21)+0(ak, Vai)+O(Vk, AVak—1)+0(Vk—1, FVE)

Ok, #V2k)-0VE, #Vak—1)+0(Vak-1, #V2k)-0(Vok—1, #Vak—1)
(Vak, #Vv21)+0(Vak, #Vok—1)+0(Vak—1, #V2k)+0(Vi—1, #V2k—1)

+l94a

+ 050 (Vax, Va—1)-

— 0(VarVak+1)-0(Vak—1,Y2k) T0 (Vak,V2r)-0 (Vak—1,V2k+1)
1o (VarV2k+1)+0(Vag—1,V2k) +0(Vok,V2i) +0 (V2k—1,V2k+1)

O(V2k,Vok41)-0(Vok—1,Vok+1)+0(Vok—1,V2k).-0 Vo, Var)
O(VakVak+1)+0(Vak-1V2k+1) 0 (Vok—1,V2k) +0 (Vo V)

+0,

OV, Vok+1)-0 Vo, Vok+1) H0(Var Var).0 (Vok—1,V2k+1)
(VarV2k+1)+0(Vag,V2k+1)+0(Vak,V2k) 0 (V2k—1,V2k+1)

+05 p

+ O(Vak,Var+1)-0(VarVar) +0(Vag—1,V2k+1)-0 Vak—1,V2k)
0ok Vaka1) (Vo V2i) +0 (Vak—1,V2k+1)+0 (Vak—1,V2k)

+ 050V, Vi_1).

(%] (7] %] (%]
< (2424 2) 00 vaiers) + (2 + 65) 0(are1, var).

Therefore,

0(Vak+1, Vax) = 0 Va1, Vai)-
(5+05)
Where ﬂ=m <1,butf; +6,+0;+0,+20; <2.

So, continuing this process, we get

0(Vak+1, Vak) < 7r2k6(v0, V).
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Now for | > k and using the triangle inequality, we obtain
(o, V1) < 0(Vag, Vair1) + 0(Vaga1, Vagr2) + -+ 0(Vor—1, V1)
< 12k (vy,v1) + 2K*19(vg, vy) + - + TG (v, vp)
< (T[Zk + 7T2k+1 + o n2k+21‘1)6(v0,v1)
2k
< f_—n d(vg,v1) = 9(vy,vy) —0, k, 1 - 0. Hence inJ, {Vyi} is a
Cauchy sequence. Due to the fact that (J, 9) is a complete metric spaces, 3 a point vV* €
Such that vy, = v* as k — oo. Again, since # is a continuous such that Fv) =
(i = lim dvo = I -
7(,(1_{{)10 Vak) I FVak = D Vogty =V
Hence v* is fixed point of # in J. Similarly, we can show that £(&) = v*. Since F(v) =
v* = £(&). Therefore, v* is a common fixed point of 4 and 4.
Now we will show that v* is a unique common fixed point of # and £ inJ. Suppose " is
another common fixed point of # and £ in J . then we have
a(v*,¢") =a(Gv, £¢7)

AWV, v).OE AREN+I(V REND(ET, jv¥)
Lo, jv)+a(&r, #EH+O(V*, AED+I(E*4v™)

aw*, jvN).0(&", jv)+a(E", £EM).O(WV" RET)
29(v*, jJIv)+0(E, jv)+a(E*, RE)+(V* ATEY)

+ a(v*, N5, v)+a(v*, £EX).O(EF )
3a(v, v)+a(VY, jv)+a(v, REDD(E )

o', jv1).ov", £E)+9(§"4v).0(" AET)
o, Fv).0(v* £E)+0(E74v").0(E"AE™)

+ 6,

+ 050(v*, &F).

(v v).0(E" £+ E9).D( &)
Lo v)+a(E"eM+a(v e +a(&*v")

+6 o(v*v*).0(&* v )+a(E 8.0 &)
2 (v v)+(ET V) +A(EEN+I (v ET)

+ oW v).oWw* v )+o(v*,§9).0(&v")
39 v+ (v V) +A(vE,ED(EF V)

AV V.o EN+(EX v).0(E%,EY)
 a(vr v +0(VEEN)+I(E V) +D(EFEY)

+6850(v", <)
Thus d(v*, &%) < % +% + % + 95] d(wv*, &) —> 0, which is a contradiction,

because 01 + 0, + 03 + 0, + 205 < 2. So, d(v*,&") = 0. Implies that v* = &*, thus,v*
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is a unique common fixed point of F and £ in J. The theorem's proof approach has

become done.

Example 6: Let 3= [0, 1] with partial order " < " and let 4, £: 3 = J be defined by

) 1
if € [O'Z)
7’(1/) = = k(f)
1 . 1
Vv — Z ifv € [Z, 1)
To show that # and £ satisfies the contractive condition 51) of theorem (5), for v = % s
&= %, 0, =0, =03 =0, = 1. Then we have

;Vzikfz§6®jw=i6®k@:€s“%&azoﬁgjﬂzia

(v, &) = § and (v, RE) ==

4

Thus, from (5.1), we get
= = GV, A

2 1 3 1 1
<-4+ =+—=+—+= 6.
3 32 28 24 3

448421472428

1
+ - 95
672 3

1 569 1
1o 2Bl
4 672 3

It follows that, 85 > %. Hence all the conditions of Theorem 3.1 are satisfied and % is a
unique common fixed point of # and £.

Remark: If 8, = 0, =03 = 0, = 0 and 65 = a, then the theorem reduce to Banach, S.

(1922).

Theorem 7: Consider that, (J, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J,0) is a complete metric space. Take over, 4, #:F = J be a continuous
self mapping such thatv,§ €JF , v # & there exist 01,0,,03,0,4, € [0,1) with 20; +

20, + 0, < 2, satisfies the following condition

i o(v, )&, AE+OWRE).I(E, j
(G, £E) < 0,0(v,€) + 6, 2L IVE ;(v‘av (£, §v)

(v, Vo, gv)+9(§, £9)]
0(v,9+0(E, Fv)+a(§, £%)

+05
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L g, 20, WAE VHIE ADI(v, kE)
Yo, +AE, V)+AE, RO+, £E)

(7.1)
For vy € H, suppose {Vi}reo € H and defined by Vg1 = FVor and vy, =

#Vy41 k= 0,1,2 ... be the Picard iteration association to #and £. Then there exist

v = v5 lim j%v = v* = lim &, Then v* is a unique common fixed point.
k— o k—oo

Proof: : Let vy € J,we define the iterative sequence{Vv,;} in J defined as

_ o 2k+1
Vok+1 = #Vk = ¢4

And

Vo »
Vok+2 — /&1/2](4_1 = k2k+2V0, for every k=>1.
Now put vV = vy and & = V,,_; in (7.1) we have
0(Var+1, Vak) = 0(FVi, #Vp—1)

< 0;0(Vop, Vok-1)

Sy 0ok, #Var)-O(Vok—1AVak-1)+0(Vak, £Vog—1)-0(Vak-1, #V2k)
2 0(vak,Vak-1)

0(Vag, #Var-1)[0(Vaok, #Var)+0(Vog—1, £VE—1)]

+ 6
3 0ok vak—1)+0(Vak—1, AV2k—1)+0(WVak—1, Vi)

n 0ok, #VK)-OWak—1, §Vok)+0(Vg—1, #Vok—1)-0(Vak, #V2k—1)
Y 0ok, Vo) +0(Vak—1, VI)FO(Vak—1, AVak—1)+0(Vok, AVak—1)

= 6010(Var, Vok-1)

0ok Vok+1)-0(Vak—1,V2r)+0(Vak,V2k).0 (Vo —1,V2k+1)
0(Vak,V2k-1)

+ 6,

O(VarV21)[0(Var Var+1)+0 (Vak—1,V2k)]

+
3 O(VokV2k-1)+0(V2k-1,V21) +0(Vo2k—1,V2k+1)

02k V2k+1)-0(Vok—1,V2k+1)+0VakV2k) -0 (Vok—1,V2k+1)

+ .
+9 (Vo Vak+1)+0(Vag—1,V2k+1) 0 (Vag—1,V21) 0 (V2k,V2k)

0
< 60:0(Vok, Vop—1) + (62 + f)a(VZk'Vzk—ﬂ-
Therefore,

0(Vak+1, Vax) < VPO(Var, Vak-1)-
b6
(e %)
So, continuing this process, we get

0(Vak+1, Vak) < l1"’160(1/0: V1).

Where W= <1,but 20, + 26, + 6, <2.

Now for | > k and using the triangle inequality, we obtain

0(Vak, V21) < 0(Voks Va41) + 0(Vogs1, Vokaz) + -+ 0(Var—1, Var)
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S Y (vg,vp) + P29 (vg, vy) + -+ P2EF2IT1G (v, 1y)
< (WK 4 2kl g g k2=l )
<2 3(vo,v1) > 0.
1-¥
Hence 0(Vyi, Vo) —0, k, 1 = 0. Hence in J, {vy,} is a Cauchy sequence. Due to the
fact that (¥, @) is a complete cone metric spaces, 3 v* € J Such that v = V" as k — oo,
Again, since § and £ are continuous such that
iv) = 7(111_{{)10 Vak) = Ill_)rgo #Vax = ,ll_fﬁlo Vak+1 = V" and
#(v) = 7&(111_{{.10 Vor) = ,11_{{)10 #vox = ,ll_r){}o Vak+2 = V'
Hence v* is common fixed point of # and £ in J.

Now we will show that V" is a unique common fixed point of # and £ in 3.

Suppose &* is another common fixed point of # and £ inJ. Then from (7.1) we have

0", &) =0V, £EY)
v, GIV).D(ENRED) IV REDD(E, v)
GICAR S|

ow*, wH.OW* v )+0(§*£ET)] ow*, v").0(&*, jv)+a(E"REN).O(V AET)

OV E)+0(E*jv* )+ (E* EY) (v, v)+0(E*, jv)+0(E RE)+O(V AEY)
oW v").0(*&EM)+o(v",EM).0(E" vY)

GIGAR S|

oW vI)[.OW* v)+a(&",EM)] Iy o' v").0(E" v)+a(E"EM.0(v*ET)

3 a(vE)+A(EX V) +A(E4EY) (v ) +a(E* V) +A(ELE)+I(VEEY)

< 0,0(v", &%) + 0,

+65

+04a

< 0,0(v*, &)+ 0,

Thus

a(v*, &) < (01 +6,)0(v",&") = 0, which is a contradiction, because 26; + 26, +
0, <2,80,0(v", &) = 0. Implies that v* = &, thus,V” is a unique common fixed point
of 7 and £ inJ.

Example 8: Let 3= E,%, l}with partial order " <" and d(v,§) = |v —&| be a cone

metric space on J .Assume that £, £ : J = J be defined by

vZ if v e |0, % ]
. . 1
jn={ 1-v, ifveld1 =4®
-, ifv € (1,00)
\
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To show that # and £ are satisfies the contractive condition (7.1) of theorem (7), for v =

%,fz 1,60, = 6; = 0, = 1. Then we have

v=tpr=tamw iy =a(tit)=1
v=>2pt= 20w m=0(243)=1

A, AE) = (1, £1) = 1,

2

amkazaeﬂm)za

0 = 0(143) =3

4
(v, &) =d (% ,1) =Zand 0(jv, £8) =0 (;5,/41) =2
Thus, from (3.1.1), we get
L= G A
< %01 + i +0 +§

1 3
= = -‘,——.
291 8

It follows that,8; < i. Hence all the conditions of Theorem 7 are satisfied and 4 and

4 has a unique fixed point v = i =¢.

Corollary 9: Consider that, (J, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J,0) is a complete metric space. Take over, 4, #:F = J be a continuous
self mapping such thatv,§ €J , v # & there exist 04,0, € [0,1) with 6; + 0, <2,

satisfies the following condition

. av, v).0(&, RE)+O(£E).0(E, 7
0V, 48) < 6,0(v,§) + b, L0 FRIERED I 1Y ©0.1)

For vy €3, suppose {Vilpzo € J and defined by Vg1 = FVor and Vo, =
#Vy41 k =0,1,2 ... be the Picard iteration association to # and £. Then there exist

Ve = V5, Ilim Fv=v = Ilim &. Then v* is a unique common fixed point.
—00

—00

Theorem 10: Consider that, (J, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J, 0) is a complete metric space. Take over, Ly, L,:F = J be a continuous
self mapping such that g, 7, € J , ¢ # 7 there exist 44,45, € [0,1) with 24y +14, <1,

satisfies the following condition
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0(4,£19).0(r,L1)+0(g Lo7).0(r, L1g)

. g, ) !
0(Lrg, L27) < AMAX Y 500 £ ) a(a, Lymedlr Lor)d(r, L1q)
(g, )

+4,0(q,r)

For go €3, suppose {Gylg=o € I and defined by gGaxs1 = L1gox and Gz =

Lygorks1 k =0,1,2 ... be the Picard iteration association to £; and £,. Then there exist

9 = a4, Ilim le@ =g = llim Lyr. Then g* is a unique common fixed point.

Proof: : Let g € J, we define the iterative sequence{g,} in J defined as

Gak+1 = L1k = L12k+1%0 5

and

2k+2

B2k+2 = LaGok+1 = Lo o, for every k = 1.

Now put ¢ = g and 7 = Gyp—1 in (9.1) we have
9(G2k+1> F2x) = 0(L1Gok, L2G2k-1)

02k, L£192k)-0(G2k-1.L292k-1)10(G2k, L292k—-1)-0(G2k—-1, L192kK)
0(g2r92k-1)
0(421L192k)-9( G2k, L2G2k-1)+0(G2k-1, L2d2k-1)-0(G2k, L1G2k)
0(32k:92k-1)

< i,max

+120(G21) B2k-1)-

9(92192k+1)-0(G2k-1.92k) +0(G21,92k)-0(G2k—1.F2k+1)
0(q42k92k-1)

0(G20:92k+1)-0 G2k, G21)+0(G2k-1.92k)-0 (G2k.F2k+1)
0(q2k.92k-1)

< 4,max

+ 420 (Vap, Var-1)-
< i1max{0(Gzk, G2x+1)) 0 (G2k B2k+1)} + 120 Vo, Vog—1).

= 410Gk, F2k+1) T 120 (Vak, Vor—1)-
Thus

0(G2k+1, B2x) < =2 0(Vak, Vag—1)- Since wr = 2 <,
1—’L1 1—41

Therefore, 0(Gax+1, G2x) < W 0(Vag, Vor—1). Continuing this process, we get

(Gak+1, d21) < w 0(qo, 31).

Now for | > k and using the triangle inequality, we obtain

wzk
(G210 G21) < Tow 0(40,91) — 0.
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Hence 0(gox, G21) —0, k, 1 = 0. Hence in J, {gx} is a Cauchy sequence. Due to the
fact that (J, ) is a complete cone metric spaces, 3 ¢* € J Such that gy = ¢~ as k —

00, Again, since £L; and £, are continuous such that
Ly(q) = Ll(}li—l)?o Ga2x) = 111_1)130 L1Gx = ]11_{{)10 G2k+1 = 4" and
Ly(q) = L, (lll_{g q) = ,11_{’{)10 Lrqox = 111_{’{310 Gok+2 = 4
Since £1(g) = ¢~ = L;(g). Therefore, ¢~ is common fixed point of £; and £, in J.
Now we will show that ¢ is a unique common fixed point of £; and £, in 3.
Suppose 7" is another common fixed point of £; and £, inJ. Then from (9.1) we have

0(g",r*) =0(L1g", Lyr™)

0(g*.L1g").0(r " Lor™)+0(g" Lor™).0(r*, L1g%)
a(g* ") ’

9(g",£19").0(g¢" Lar™)+0(r™ Lor™).0(r*, L1g")
a(g, )

< 4i;max + 4,0(q",r")

< (44 +142) 0(g", ")
0(qg*,r*) < (i, +1,) 0(g", ") = 0, which is a contradiction, because 244 + 1, < 1.
So, 3(g¢",7*) = 0.Implies that ¢* = 7, thus,g" is a unique common fixed point of L4

and £, in J. This completes the proof of the theorem.

Lemma 11[Jovanovic, M. et al. (2010): Let {g;} be a sequence in a metric type space

(3, d) such that

(G Gre+1) < 0d(Gr-1, Gic)
for some 0 < 0 < 1,and each k = 1,2,3 ... ..., then {gy} is a Cauchy sequence in(S, &).

Proposition 12: Presume that (J, d) is a metric space and T': J = J be a given function

and {1} be Picard sequence of initial point g,y € J satisfying the following condition:

Ad(g2k-1 92k)+A(G2k—1 F2k+1) T G2k G2k+1) T2 (G2k G2k+2) 7
Ad(@2k-1 921 +A(G2k-1 F2k+1)+A( G2k G2k+1) TA(G2k, G2k+2) 7

A2k D2k+1) < d(G2k-1,B2k)

.... (12.1) where m, n € R* such that n < m. Then {g} is 2 Cauchy sequence.

Proof: Suppose that gy € J be an arbitrary point and let {g,x} be sequence of initial
point g . If Gr, = G2g_, for some gy € N, then gy, is a fixed point of T and so {921}
is a Cauchy sequence. Let us suppose that (12.1) satisfied for the sequence {g,x}. If
D2k, F D2y, for some k €N, from (12.1) we deduce that the sequence

{d(G21, G2x+1)} is decreasing. Thus there exist a non negative real number 7 such
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that d(Gzx, Gar+1) = 7 Then, we claim thatr = 0. If r > 0, on taking limit as k = oo

on both side of (10.1), we get

T4-+r+n L -
r < ——— r < r, which is a contradiction. It follows that r = 0.
T4-+r+m

Now show that {g,} is a Cauchy sequence .Suppose o € [0,1). Since r =0, there

existk(o) € N such that

A(G2k> T2k+1)

Ad(G2k-1,92k) + A G2k-1,G2k+1) + A G2k » Bok+1) + A(G2ks Fok+2) T 1 5
~ d(@2k-1,%2k) T A(G2k-1,F2k+1) T A G2k » G2k+1) T A(G2kr Gok42) 10—

For all k = k(o).

This implies that A(G2r Bar+1) < A(Gak—1,G21) for all k =k(o)and by
Lemma 11 {g;} is a Cauchy sequence. The proof that{g,} is a Cauchy sequence if (10.1)

holds is the same.

Theorem 13: Consider that, (J, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J, 0) is a complete metric space. Take over, Ly, L,:F = J be a continuous
self mapping such thatg,7,€ J , ¢ # 7 there exist @ € [0,1) satisfies the following

condition

d(q,,Lz’V)'l'd(%,Lz(Lz’l’")+d(’}’v,L161,)+d(’rv,L1(L1%)+4’L
d((zl.,l:l(»l)‘Fd(q.,Ll(L1@)+d(4”,ﬁz/l’")+d(’i",£2(Lz/}")+m

d(LlélJ LZ/V) < d(% 4")

+ad(r,L.q)... (13.1)
For go €3, suppose {garlk=o C I and defined by Gox+1 = L1g2r and Gopis =

Lygorks1 kK =0,1,2 .... be the Picard iteration association to L1 and L,. Then there exist

Gk = G5 Ill_r)glo Likg=q" = ’ll_)r’glo 7. Then g~ is a unique common fixed point.

Proof: Let g € J, we define the iterative sequence {g,)} in J defined as

_ _ p 2k+1
dak+1 = L1k = L

and

9o >

Gor+z = LaGaks1r = Lo 2*2 gy, for every k > 1.
Now put ¢ = g1 and 7 = gy in (11.1) we have

A(G2k) G2k+1) = A(L1G2k—-1,L2G2k)

< Ad(g2k-1.L292K) TA(G2k-1L2(L2921) +A(G21.L1G2k-1)+A G2k, L1(L1g2k—-1) 7
- A(3.L102k-1)+d(3,L1(L1G2k-1)+d( G2k, L2g2k) +A(G2k. L2 (LoG2k) +m

+ad(Gax, L192k-1)

d(G2x-1, G2x)
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< A(G2k-1.92k+1)+2(G2k-1.L2(G2k+1)+2 G2k, G21) +A(G2k,L1(G2k) 1
T d(@z2k-1 920)+A(G21-1,£1(G20)+A(G20.G20+1) A (G210 L2 G2k +1) + M

+ad(Gax Gax)

A(G2k-1,92k+1) 1A (G2k-1,92k+2) +A(d2k G2k+1 )7
T d(@z2k-1 928)1A(G2k-1.92k+1) A G2k92k+1) A G2k G2k +2) T

d(G2x-1, G21)

d(G2k-1, D2x)

[A(G2k-1.92k)+ (G209 20 +2)] +A(G2k-1,92k+1) TA( G2k, G2k+1 )7
T d(@z2k-1 920)+A(G2k-1.92k+1) A G2k92k+1) 1A G2k G2k +2) TM

A(G2x-1, G21)-

That is, condition (13.1) holds for the sequence {g,x}. Then, by proposition (12.1), {g} is
a Cauchy sequence. Since J is a complete metric space, the sequence{g,} converges to
some x € J. Now, we prove that x is a common fixed point of Liand L,. Using (13.1)
with ¢ = ¢k and 7 = x, then we get

d(Gok+1, L2x) = A(L1Gok, LX)

< [ A(Gar,Lox)+A(Gok, L2(Lox)+ d(x,L1g21)+ d(x,L1(L1g2k)+N

d , X
d(@2k, L1 G21)+A(G2k, L1(L1G2k) +d(x,Lox)+ d(x,L; (sz)+m] (@21, %)

+ ad(x, L1g7x

< [d(%zkrﬁzx)"'d(flzkrLz(ﬁzx)"' A(X, gor+1)+d(x,g2k+2) TN ] d(Gp, %)
T LdG2k G2k+1)+d G2k G2k+2)tHA(x,Lox)+d(x,Ly (Lox)+m 2k

+ad (%, gax+1)
On taking limit as k = 00 on both sides, we get

d(x,sz)+d(£sz, Lz(sz)+n:| .
d(x,Lax)+d(x,Ly (Lyx)+m 7111_{?0 d(G2k, %)

d(x,Lyx) < [
+ rlll_l)’go ad (%, gax+1) = 0.
This implies that d(x, L,x) = 0 = x = L,x. Similarly, we can show that x = L. Since
Lix = x = Lyx. Therefore, x is common fixed point of Lyand £,.
Now we will show that % is a unique common fixed point of £ and £, in 3.
Suppose ¢ is another common fixed point of Lyand £, inJ. Then from (13.1) with g =
x and r = y we get

d(x,y) =d(Lix, Lyy)

< [d(x. Loy)+ d(y,L1x)+d(x,Lo(Loy)+ d(g,L1(L1x)+n
T ld(x,Lix)+d(x,Ly (Lix)+d (g, Loy)+d (g, Lo (Loyy)+m

d(x,¢) + ad(y, Lix)

_4d(xy)in
m

+ ad(y,x) = 0.
Therefore, d(x,4) =0 = x = g. Thus x is unique common fixed point of Ljand
L, inJ. This completes the proof of the theorem.

If n =m = 0 in Theorem 13, we get the following Corollary
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Corollary 14: Consider that, (3, <) be a ordered set of partially and let 0 is a metric on
(3, 0),where (J, 0) is a complete metric space. Take over, Ly, L;:F = J be a continuous
self mapping such thatg,7,EJ , g # 7 there exist a € [0,1) satisfies the following

condition

d(q,La1)+d(g,Lo(Lar)+d(r,L1g)+d(r,L1(L1q)
d(g,L19)+d(q,L1(L1g)+d (7, Lor)+d (1, Lo (Lar)

+ad(r,L1q)...

d(Lyq, Lyr) <

d(g,r)

For go €3, suppose {garik=o C I and defined by Gox+1 = L1gok and Gopz =

Lygorks1 kK =0,1,2 ... be the Picard iteration association to L; and L,. Then there exist

ok = 97 Ilim Li*g=qg" = ’lim 7. Then g~ is a unique common fixed point.
If n =m =1 in Theorem 13, we get the following Corollary

Corollary 15: Consider that, (J, <) be a ordered set of partially and let 9 is a metric on
(3, 0),where (J, 0) is a complete metric space. Take over, Ly, L,:F = J be a continuous
self mapping such thatg,7,€ J , ¢ # 7 there exist @ € [0,1) satisfies the following

condition

d(%,L2¢)+d((l,L2(Lz’}’)"‘d(’l",l;l@)'f'd(’l",l;l(L]_@)‘Fl
A(q,£19)+d(q,L1(L1g)+d(r Lor)+d(r,Lo(Lyr)+1

+ad(r, L,q)...

d(Lig, L) <

d(g,r)

For go €3, suppose {garli=o C I and defined by Gaxs1 = L1g2x and Gz =

Lygork+1 kK =0,1,2 .... be the Picard iteration association to £; and £,. Then there exist

Gk = G5 lll—{glo Ly k% =g = ’ll_g)lo 7. Then g* is a unique common fixed point.

CONCLUSION

We have investigated and extended the current literature of Bhardwaj R. et al. (2007),
Chouhan et al. (2014), and Garg and Priyanka (2016) and obtained unique common fixed
point theorems for rational type contraction in metric spaces. Theorem 5 with Example 6,
Theorem 7 with Example 8 and Corollary 9, Theorem 10 with Proposition 12, and

Theorem 13 with Corollaries 14 and 15 are our results.
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