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Abstract 

 
Anthrax is a potentially fatal zoonotic infection caused by Bacillus anthracis that 

affects human and animal populations worldwide. Herbivorous animals serve as 

natural hosts, while humans acquire infection through contact with infected 

animals or their products, including the handling or consumption of 

contaminated meat. This study developed a mathematical model to investigate 

anthrax transmission dynamics in human and animal populations and identify 

factors relevant to disease control. The model incorporated epidemiological 

compartments for both populations and accounted for direct and indirect 

transmission pathways. Qualitative analysis examined the stability of the disease-

free and endemic equilibria, complemented by sensitivity analysis to assess the 

influence of model parameters. Numerical simulations supported the analytical 

results and illustrated how parameter variation affected transmission dynamics. 

The findings indicated that reducing contact rates and strengthening 

decontamination efforts in both populations are important for controlling 

anthrax transmission. The study concludes that control measures addressing 

exposure and contamination across human and animal populations can support 

anthrax management. The model provides an analytical framework for 

understanding transmission dynamics and informing public health planning and 

zoonotic disease management. 

Keywords: Anthrax; Mathematical Modelling; Zoonotic Transmission; Stability 

Analysis; Sensitivity Analysis 
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INTRODUCTION 

The term "anthrax" is derived from the Greek word "anthrakites," which means coal-

like, referring to the characteristic black eschar observed in the skin manifestation of the 

disease. Anthrax is a zoonotic infection found worldwide and poses a potentially lethal and 

highly contagious threat. The responsible bacterium is Bacillus anthracis (B. anthracis). 

Herbivorous animals serve as the natural hosts for the disease, with susceptibility extending 

to all warm-blooded animals. Humans acquire the disease incidentally through contact with 

infected animals or their products, as well as through the ingestion or handling of 

contaminated animal meat. Anthrax can be transmitted between animals and from animals 

to humans, but there is no documented case of human-to-human transmission (Kamal et al, 

2011).  

In recent years, mathematical models have become crucial in understanding and 

controlling infectious diseases in epidemiology. These models can elucidate the dynamics 

and transmission modes of various diseases. Numerous researchers have introduced 

different nonlinear incidence rates to represent disease transmission dynamics accurately, 

providing a detailed qualitative illustration of disease dynamics. This detailed understanding 

aids in better analyzing, predicting, and controlling infectious diseases (Osman, et al., 2018) 

According to Githire et al., (2012), the transmission of anthrax in animals can be 

prevented through vaccination. This can be easily accomplished by treating infected animals, 

vaccinating newcomers to the herd, or administering vaccines to recovered individuals. 

Treated animals acquire temporary immunity, emphasizing the importance of vaccinating all 

live animals to curb anthrax transmission. Infected animals exhibit clinical symptoms that 

may take time to manifest due to the 3-8 day incubation period of anthrax before succumbing 

to death. 

Pantha, 2016 opined that based on the point of entry, B. anthracis spores have the 

ability to infiltrate the body through three recognized pathways: cutaneous, gastrointestinal, 

and inhalational. Injectional anthrax is a recently identified clinical form reported among 

heroin users who inject heroin contaminated with spores, resulting in a mortality rate ranging 

from 9% to 33%. 

Cutaneous anthrax manifests when anthrax spores come into contact with a cut or 

any break in the skin. It is the most prevalent form of anthrax infection in animals and is 

generally considered less lethal. Without intervention, approximately one-fifth of infected 
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animals or individuals succumb to the disease, whereas nearly all cases of cutaneous 

infections can be successfully treated if addressed promptly. The incubation period for this 

condition ranges from 2 to 7 days, with a broader range of 1 to 19 days. Most lesions develop 

on exposed areas of the body, such as the hands, arms, face, and neck. When the lesions 

occur on the face and neck, there can be significant swelling and systemic toxicity. The 

formation of the eschar and its subsequent resolution can take 2 to 6 weeks, irrespective of 

treatment (Mehmet, et al., 2023). 

Pantha (2016) stated that gastrointestinal anthrax, the second variant, typically affects 

herbivorous mammals that ingest spores while grazing or browsing. Humans and other 

carnivores can contract the infection by consuming spores through contact with 

contaminated animal hides, hairs, as well as meat and bone products. This type of anthrax is 

more fatal than the cutaneous form, yet more than half of those infected through the 

gastrointestinal route can be saved with appropriate treatment. The infection manifests 

within 3 to 7 days after ingesting B. anthracis through contaminated food or beverages. 

Lesions can appear at any point along the gastrointestinal tract (Mehmet, et al.,2023) 

The third and most lethal form is inhalational or pulmonary anthrax. This type is 

nearly always fatal if not treated and is often challenging to address due to the crucial role of 

early detection in successful treatment. Complicating matters is the fact that symptoms 

closely resemble those of the flu, often leading to oversight until it is too late. While 

uncommon, this clinical form is primarily associated with industrial exposure or intentional 

release. Despite treatment, the mortality rate exceeds 80%. Following an incubation period 

of 1 to 7 days, initial symptoms are nonspecific, including mild fever, fatigue, malaise, 

myalgia, a nonproductive cough, and some chest or abdominal pain. The disease advances 

to a severe phase characterized by high fever, toxemia, dyspnea, and cyanosis. 

Injectional Anthrax is a novel clinical manifestation of anthrax where the soft tissue 

at the injection site becomes infected, subsequently causing toxemia and sepsis (Mehmet, et 

al.(2023). It is important to differentiate this condition from gas gangrene, necrotizing soft 

tissue infections, and severe cellulitis. The symptoms of injectional anthrax may resemble 

those of cutaneous anthrax, but there could be an infection deep under the skin or within 

the muscle at the injection site. Injection anthrax has the potential to spread rapidly 

throughout the body, making it more challenging to recognize and treat effectively. 
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The deterministic model for anthrax transmission dynamics in both human and 

animal populations, incorporating vaccination for animals was developed (Osman et al. 

2020). Their qualitative analysis determined the basic reproduction number (Rhv), equilibrium 

points, and performs sensitivity analysis to identify key parameters influencing disease 

spread. The analysis reveals that reducing human–animal interaction rates decrease Rhv , while 

the disease-free equilibrium is locally asymptotically stable when Rhv < 1. The study extends 

to optimal control, comparing multiple intervention strategies, and finds through infection 

averted ratio (IAR) analysis that the most effective and cost-efficient approach is the 

combination of animal vaccination and human prevention efforts. The findings emphasize 

that public education on vaccination and the risks associated with consuming infected animal 

products should be prioritized to effectively combat anthrax outbreaks. 

Kashyap et al. (2023) presented two compartmental anthrax models in animals, 

distinguished by the use of a nonlinear, ratio-dependent incidence function to capture 

saturation effects in disease transmission. Their analysis showed that the basic reproduction 

number 𝑅0 is influenced by contact rate, disease-induced mortality, and recovery rate. They 

demonstrated that the endemic equilibrium loses stability through a transcritical bifurcation 

when key parameters like the recovery rate cross a threshold. The study further extended the 

model to a fractional-order system using Caputo derivatives, revealing through numerical 

simulations that increasing the fractional order parameter can significantly reduce the time 

required to eradicate the disease. 

1. Model Formulation and Description 

The model divides human and animal populations at any time, (t) into compartments 

with respect to their disease status as shown in figure 1. Total human population, 𝑁ℎ(t), is 

subdivided into susceptible human (𝑆ℎ), early detected infected human (𝐼𝐸𝐷), late detected 

infected human (𝐼𝐿𝐷), and recovered human (𝑅ℎ). 

Hence total human population; 

𝑁ℎ(𝑡) = 𝑆ℎ(t) + 𝐼𝐸𝐷(t) + 𝐼𝐿𝐷(t) +𝑅ℎ(t)                                                     (1) 

Total animal population denoted by 𝑁𝑐 (t), is subdivided into vaccinated animal (𝑉𝑐), 

susceptible animal (𝑆𝑐), infected animal (𝐼𝑐) and recovered animal (𝑅𝑐). 

Hence total animal population; 

𝑁𝑐 (t) = 𝑉𝑐(t) + 𝑆𝑐(𝑡) + 𝐼𝑐(t) +  𝑅𝑐(t)                                                        (2) 
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Susceptible humans are recruited at a rate 𝜃ℎ. Human acquire anthrax through direct 

contact, inhalation and ingestion of contaminated animal products at a rate (𝐼𝑐 + 𝐼𝐸𝐷 + 𝐼𝐿𝐷)𝛽. 

Late detected infected humans recover from anthrax disease at a rate 𝜏ℎ and early detected 

infected humans recover at a rate 𝛾ℎ while humans infected with anthrax die at a rate 𝛿ℎ. 

The entire human population has a natural death rate of 𝜇ℎ. 

Susceptible animals are recruited at a rate 𝜃𝑐. The disease can be obtained through 

contacts with infectious animals and humans at a rate (𝐼𝑐 + 𝐼𝐸𝐷 + 𝐼𝐿𝐷)𝛽 Natural death rate 

of all animal compartments is 𝜇𝑐 and death rate as a result of anthrax infection is 𝛿𝑐 . Animal 

recovery rate is 𝜏𝑐 . The system of ordinary differential equations obtained from the model 

in figure 1 are as follows: 

 
Figure 1. Flow diagram for the anthrax disease transmission dynamics 
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The model equations are: 

𝑑𝑆ℎ

𝑑𝑡
 = 𝜃ℎ-𝛽ℎ Γ𝑆ℎ- 𝜇ℎ𝑆ℎ 

𝑑𝐼𝐸𝐷

𝑑𝑡
 = 𝛽ℎΓ𝑆ℎ- ( 𝜇ℎ+𝛼ℎ+ 𝛾ℎ )𝐼𝐸𝐷 

𝑑𝐼𝐿𝐷

𝑑𝑡
 = 𝛼ℎ𝐼𝐸𝐷 – ( 𝜇ℎ+ 𝛿ℎ + 𝜏ℎ )𝐼𝐿𝐷 

𝑑𝑅ℎ

𝑑𝑡
 = 𝜏ℎ𝐼𝐿𝐷 + 𝛾ℎ𝐼𝐸𝐷 - 𝜇ℎ𝑅ℎ 

𝑑𝑉𝑐

𝑑𝑡
 =𝜃𝑐𝜀- ( 𝜇𝑐 + 𝜔 )𝑉𝑐                                                                       (3) 

𝑑𝑆𝑐

𝑑𝑡
 = 𝜃𝑐(1 − 𝜀)  + 𝜔𝑉𝑐 -𝛽𝑐 Γ𝑆𝑐 – ( 𝜇𝑐 + 𝜀)𝑆𝑐 

𝑑𝐼𝑐

𝑑𝑡
 =𝛽𝑐Γ𝑆𝑐 – ( 𝜇𝑐 + 𝜏𝑐 )𝐼𝑐 

𝑑𝑅𝑐

𝑑𝑡
 = 𝜏𝑐𝐼𝑐 - 𝜇𝑐𝑅𝑐 

Wher𝑒 Γ = (1 – 𝜙)[ 𝐼𝑐 + 𝐼𝐸𝐷 + 𝐼𝐿𝐷] 

 

Model Analysis 

Positivity and Boundedness of Solutions 

In epidemiological models, conditions under which the system should have non-

negative solutions is paramount. The model would be biologically meaningful if all the 

solutions with positive initial conditions remain positive at every point in time. 

𝜋 = {( 𝑆ℎ(𝑡), 𝐼𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝑅ℎ(𝑡),𝑉𝑐(t), 𝑆𝑐(𝑡) , 𝐼𝑐(𝑡) , 𝑅𝑐(t))∈ ℝ8: 

Theorem 1. Let 

( 𝑆ℎ(0), 𝐼𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝑅ℎ(0),𝑉𝑐(0), 𝑆𝑐(0) , 𝐼𝑐(0) , 𝑅𝑐(0))> 0} 

Then the solution of {( 𝑆ℎ(𝑡), 𝐼𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝑅ℎ(𝑡),𝑉𝑐(t), 𝑆𝑐(𝑡) , 𝐼𝑐(𝑡) , 𝑅𝑐(t)} are 

non-negative for all time t ≥ 0. 

Hence, if  𝑆ℎ(0), 𝐼𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝑅ℎ(0),𝑉𝑐(0), 𝑆𝑐(0) , 𝐼𝑐(0) , 𝑅𝑐(0), then 

𝑆ℎ(𝑡), 𝐼𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝑅ℎ(𝑡),𝑉𝑐(t), 𝑆𝑐(𝑡) , 𝐼𝑐(𝑡) , 𝑅𝑐(t) are also non-negative for all t > 0. 

Human total population at any given time: 

𝑁ℎ(𝑡) = 𝑆ℎ(t) + 𝐼𝐸𝐷(t) + 𝐼𝐿𝐷(t) +𝑅ℎ(t)                              (4) 
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𝑑𝑁ℎ

𝑑𝑡
(𝑡)= 

𝑑𝑆ℎ

𝑑𝑡
 + 

𝑑𝐼𝐸𝐷

𝑑𝑡
 + 

𝑑𝐼𝐿𝐷

𝑑𝑡
 + 

𝑑𝑅ℎ

𝑑𝑡
                                        (5) 

= 𝜃ℎ - 𝜇ℎ𝑁ℎ - 𝛿ℎ𝐼𝐿𝐷 

 

In the absence of mortality due to anthrax infection, the above equation becomes: 

𝑑𝑁ℎ

𝑑𝑡
≤  𝜃ℎ - 𝜇ℎ𝑁ℎ                                               (6) 

Solving the equation and as t  → ∞,the population size, 𝑁ℎ →
𝜃ℎ

𝜇ℎ
 

0 ≤  𝑁ℎ  ≤   
𝜃ℎ

𝜇ℎ
 and 𝑁ℎ(t)  ≤   

𝜃ℎ

𝜇ℎ
 

Also if  

𝑁ℎ(0) ≤  
𝜃ℎ

𝜇ℎ
 , then  𝑁ℎ(t) ≤  

𝜃ℎ

𝜇ℎ
                           

𝜋ℎ = {( 𝑆ℎ,𝐼𝐸𝐷,𝐼𝐿𝐷,𝑅ℎ) ∈ ℝ+
4  : 𝑆ℎ + 𝐼𝐸𝐷 + 𝐼𝐿𝐷 + 𝑅ℎ ≤  

𝜃ℎ

𝜇ℎ
 }    (7) 

However, for total animal population at any given time: 

𝑁𝑐 (t) = 𝑉𝑐(t) + 𝑆𝑐(𝑡) + 𝐼𝑐(t) +  𝑅𝑐(t)                                     ( 8) 

𝑑𝑁𝑐

𝑑𝑡
(t) = 

𝑑𝑉𝑐

𝑑𝑡
 + 

𝑑𝑆𝑐

𝑑𝑡
 + 

𝑑𝐼𝑐

𝑑𝑡
 + 

𝑑𝑅𝑐

𝑑𝑡
                                                  (9) 

= 𝜃𝑐- 𝜇𝑐𝑁𝑐 - 𝛿𝑐𝐼𝑐 

𝑑𝑁𝑐

𝑑𝑡
  ≤  𝜃𝑐 - 𝜇𝑐𝑁𝑐                                                         (10) 

Solving the differential equation and as t  → ∞,the population size, 𝑁𝑐  →   
𝜃𝑐

𝜇𝑐
 

0 ≤  𝑁𝑐  ≤   
𝜃𝑐

𝜇𝑐
 and  𝑁𝑐(t) ≤  

𝜃𝑐

𝜇𝑐
 

Also if, 

𝑁𝑐(0)  ≤ 
𝜃𝑐

𝜇𝑐
 , then  𝑁𝑐(t) ≤  

𝜃𝑐

𝜇𝑐
                                                  (11) 

𝜋𝑐 = {( 𝑉𝑐 , 𝑆𝑐 , 𝐼𝑐 , 𝑅𝑐  ) ∈  ℝ+
4  : 𝑉𝑐 + 𝑆𝑐 + 𝐼𝑐 + 𝑅𝑐 ≤ 

𝜃𝑐

𝜇𝑐
 } 

Hence, feasible region for the dynamical system in (1) is given by  

𝜋= 𝜋ℎ × 𝜋𝑐 ⊂ ℝ+
4  × ℝ+

4 .                                        (12) 
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𝜋ℎ = {( 𝑆ℎ,𝐼𝐸𝐷,𝐼𝐿𝐷,𝑅ℎ) ∈ ℝ+
4  : 𝑆ℎ + 𝐼𝐸𝐷 + 𝐼𝐿𝐷 + 𝑅ℎ ≤  

𝜃ℎ

𝜇ℎ
 }  (13)   

𝜋𝑐 = {( 𝑉𝑐 , 𝑆𝑐 , 𝐼𝑐 , 𝑅𝑐  ) ∈  ℝ+
4  : 𝑉𝑐 + 𝑆𝑐 + 𝐼𝑐 + 𝑅𝑐 ≤ 

𝜃𝑐

𝜇𝑐
 }     (14) 

where 𝜋 is positively invariant. 

Disease Free Equilibrium 

The disease free equilibrium (DFE) of the dynamical system in (3) only exists in the 

absence of infections. We can then compute DFE by setting the system of equations in (3) 

to zero and establish DFE points. 

At DFE, there are no infections and recovery. Hence, 𝐼𝐸𝐷
∗ , 𝐼𝐿𝐷

∗ , 𝑅ℎ
∗ , 𝑅𝑐

∗ = 0 

𝜉0 = ( 𝑆ℎ
∗ , 𝐼𝐸𝐷

∗ , 𝐼𝐿𝐷
∗ , 𝑅ℎ

∗ , 𝑉𝑐
∗, 𝑆𝑐

∗, 𝐼𝑐
∗, 𝑅𝑐

∗) 

𝑑𝑆ℎ

𝑑𝑡
 = 𝜃ℎ-𝛽ℎ Γ𝑆ℎ- 𝜇ℎ𝑆ℎ = 0 

𝑑𝑉𝑐

𝑑𝑡
 =𝜃𝑐𝜀- ( 𝜇𝑐 + 𝜔 )𝑉𝑐 = 0                                                                 (15) 

𝑑𝑆𝑐

𝑑𝑡
 = 𝜃𝑐(1 − 𝜀)  + 𝜔𝑉𝑐 -𝛽𝑐 Γ𝑆𝑐 – 𝜇𝑐𝑆𝑐 = 0 

The DFE is given by ; 

𝜉0 = [ 
𝜃ℎ

𝜇ℎ
 , 0, 0, 0, 

𝜃𝑐𝜀

 𝜇𝑐 + 𝜔
 , 

𝜃𝑐(1−𝜀)(𝜇𝑐 + 𝜔)  + 𝜔𝜃𝑐𝜀

𝜇𝑐(𝜇𝑐 + 𝜔)
 , 0, 0 ]                       (16) 

The Basic Reproduction Number. 

Using the next generation matrix approach Muia, et al., (2018), the reproductive rate 

can be established. The reproductive rate combines the biology of infections with social and 

behavioiur of the factors influencing contact rate. The basic reproductive rate refers to the 

number of secondary cases one infectious individual will produce in a completely susceptible 

population (Okosun, et al., 2016; Van den Driessche and Watmough, J. 2002). This is a 

threshold parameter that governs the spread of disease. 

Definition 1. The spectral radius of a matrix A is defined as the maximum of the 

absolute values of the eigenvalues of the matrix A: 𝜌(A) = sup{|𝜆|:𝜆 ∈  𝜌(A)}, where 𝜌(A) 

denotes the set of eigenvalues of the matrix A. 
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Considering only the infective compartments in the system of differential equations in (3):           

𝑑𝐼𝐸𝐷

𝑑𝑡
 = 𝛽ℎΓ𝑆ℎ- ( 𝜇ℎ+𝛼ℎ+ 𝛾ℎ )𝐼𝐸𝐷 

𝑑𝐼𝐿𝐷

𝑑𝑡
 = 𝛼ℎ𝐼𝐸𝐷 – ( 𝜇ℎ+ 𝛿ℎ + 𝜏ℎ )𝐼𝐿𝐷                                                    (17) 

𝑑𝐼𝑐

𝑑𝑡
 =𝛽𝑐Γ𝑆𝑐 – ( 𝜇𝑐 + 𝛿𝑐 + 𝜏𝑐 )𝐼𝑐   

Let f be the number of new infection coming into the system and v be the number 

of infectives that are leaving the system either by death or birth. 

( )

( )

0

h C ED LD h

i

c C ED LD c

I I I S

F

I I I S

 

 

+ + 
 

=  
 + + 

                                                                      

Where ( )1 = −  

𝑉𝑖  =  [
𝐾1𝐼𝐸𝐷

−𝛼ℎ𝛼𝐼𝐸𝐷 + 𝐾2𝐼𝐿𝐷

𝐾4𝐼𝐶

] 

The jacobian matrix of f and v at DFE is obtained by f and v as follows: 

( ) ( ) ( )3 3 3 3 3 3

3 3 3

0 0 0

h h h h h h

h h h

c c c c c c

c c c

F

K K K K K K

K K K

     

  

           

  

 
 
 
 =
 

+ − + − + − 
 
 

 

V = [
𝐾1 0 0

−𝛼ℎ 𝐾2 0

0 0 𝐾4

]        

Computing the product of  F and 𝑉−1 

( ) ( ) ( ) ( )

1 1 2 2 4

3 3 3 3 3 3 3 3

1 3 1 2 3 2 3 3 4

0 0 0

h h h h h h h h h

h h h h

c c c c h c c c c

c c c c

K K K K K

K K K K K K K K

K K K K K K K K K

        

   

                

   

 
+ − 

 
 =
 

+ − + − + − + − 
+ −

 
 

 

F 𝑉−1 will give rise to a polynomial in 𝜆 of order n, this is called the Characteristic 

Polynomial, which when set to zero and solved, gives rise to the eigen values 𝜆1 …. 𝜆𝑛 i.e. 
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|𝐹𝑉−1 − 𝜆| = 0 which is characteristic equation. 

( ) ( ) ( ) ( )

1 1 2 2 4

3 3 3 3 3 3 3 3

1 3 1 2 3 2 3 3 4

0 0 0

h h h h h h h h h

h h h h

c c c c h c c c c

c c c c

K K K K K

K K K K K K K K

K K K K K K K K K

        


   



                


   

 
− − 

 
  =
 

+ − + − + − + − 
− − −
 
 

 

By computing the eigenvalues of  𝐹𝑉−1  and selecting the dominant eigenvalues, 

( )2

0

1 1 2 1 2

h h hh h h h h h

h h h

K
R

K K K K K

      

  

+
= + =                                        (18) 

and  

( )3 3

0

3 4

c cc

c

K K
R

K K

   



+ −
=                                                            (19) 

 

Global Stability of the Disease Free Equilibrium 

Proposition 3. The disease free equilibrium (DFE) of model (3) is locally 

asymptotically stable if 𝑅0 < 1 and unstable if 𝑅0 > 1. 

Theorem 4. The disease free equilibrium given by 𝐸0, the model (3) is globally 

asymptotically stable if 𝑅0 < 1. 

Proof. 

Using the Castillo Chavez theorem ( Chavez et al., 2002). Let X(t) and Y(t) represent 

the compartments defined by the uninfected and infected classes of the system (3), 

respectively. 

Thus, system (3) can be written as 

𝑑𝑋

𝑑𝑡
= 𝐹(𝑋, 𝑌),

𝑑𝑌

𝑑𝑡
= 𝐺(𝑋, 𝑌);   𝐺(𝑋, 0) = 0.                                   (20)  

        

Where F and G are the corresponding right-hand side of the system. According to 

Castillo Chavez theorem, to establish the global asymptotic stability of the anthrax-free 

equilibrium, the following two conditions (D1) and (D2) must be satisfied for R0 < 1. 

• (D1) 𝑋0 = (1,0,1,1,0)𝑇is globally asymptotically stable for 
𝑑𝑋

𝑑𝑡
= 𝐹(𝑋, 0). 
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• (D2) 𝐺 ≥ 0 where 𝐺(𝑋, 𝑌) = 𝐴𝑌 − 𝐺(𝑋, 𝑌)𝑎𝑛𝑑 𝐴 = 𝐷𝑌𝐺(𝑋0, 0) is Metzler matrix 

∀(𝑋, 𝑌)𝜖Ω 

The first Condition is globally asymptotically stability of 𝑋0, we have 

( ) ( )

( )

,0

1

h h h

h h

c c c

c c c c

c c

S

R
dX

F X V
dt

V S

R

 



   

   



− 
 

− 
 = = − +
 

− − − 
 − 

                                     (21)  

          

by solving the above system, we have the behaviour of each compartment as follows 

( )

( )

( ) ( )

( )

( )

0

1 0

0

1 0

1 0

0

h

h

c

c

h

t

hh

t

hh

t
c c

t
c c

t
c c

S eS

R eR

X V V e

S S e

R R e





 





−

−

− +

−

−

 + 
  
  
   = +
  
 + 
  

   

                                                 (22)  

              

Now since lim
𝑡→∞

𝑋(𝑡) = 𝑋0 satisfying the first condition. For the second condition (D2) 

1

2

4

0

h h h h h h

h

c c c c c c

S K S S

A K

S S S K

     



     

− 
 

= − 
 − 

     (23) 

Then we compute 

𝐺̂( X, Y ) = AY – G (X, Y) = [
0

0

0

]        (24) 

It is obvious that 𝐺̂( X, Y ) = 0, thus 𝐺̂( X, Y ) ≥ 0 in (D2) is satisfied. Hence, 𝐸0 is 

globally asymptotically stable, provided that 𝑅0  ≤  1. This completes the proof. 

Global Stability of Endemic Equilibrium 

In this section, the global behaviour of the system in (3) is analyzed. Considering the 

non-linear Lyapunov function. 

Theorem 5. The Anthrax -present equilibrium point E∗ is globally asymptotically 

stable (GAS) if 𝑅0 >  1. 
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The EE can only exist if and only if 𝑅0 >  1. So by letting 𝑅0 >  1, it implies that the 

EE exists. 

Considering the non-linear Lyapunov function below; 

1 2 3 4 5 6 7 8h ED LD h c c C cL c S c I c I c R c V c S c I c R= + + + + + + +         (25) 

Where 𝑐𝑖 for 𝑖 = 1,2,3, … … 8 are constants to be chosen during the proof are 

defined. The derivative of L along the solution of (1) is given by 

 1 2 3 4 5 6 7 8
h h c c C cED LD

dS dR dV dS dI dRdI dIdL
c c c c c c c c

dt dt dt dt dt dt dt dt dt
= + + + + + + +   (26)

       

gives  

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( )( ) ( )

1 2 3

4 5 6

7 8

1

h h h h h h h h h h ED h ED h h h LD

h LD h ED h h c c c c c c c c c

c c c c c C c C c c

dL
c S S c S I c I I

dt

c I I R c V c V S S

c S I c I R

          

           

     

= −  − +  − + + + − + +

+ + − + − + + − + −  −

+  − + + + −

 (27) 

( ) ( ) ( ) ( )

( ) ( ) ( )( )

( ) ( ) ( ) ( )

1 2 1 3 2 2 4 2

3 4 3 4 5 6 5

6 7 6 7 8 7 8

h h h h h h ED h ED h ED

h h LD h LD h h c c c c

c c c c c c c C c C c c

dL
c S c c S c c I c I c c I

dt

c I c c I c R c V c c V

c S c c S c I c c I c R

     

       

      

= − + −  + − − + −

− + + − − − + − +

+ − + −  − + + − −

  (28)

       

Taking 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5, 𝑐6, 𝑐7 𝑎𝑛𝑑 𝑐8 such that 𝑐1 = 𝑐2 = 𝑐3 = 𝑐4 = 𝑐5 = 𝑐6 =
𝑐7 = 𝑐8, 0h h hS − =  and 0c c cS − =  gives   

( ) ( )2 3 4 5 7 8h ED h h LD h h c c c c C c c

dL
c I c I c R c V c I c R

dt
       = − − + − − − + −   (29)  

Since L is positive definite and its time derivative, 
dL

dt
, is negative definite, L acts as a valid 

Lyapunov function for the system (3). According to Lyapunov's stability theorem (Hubbard 

J.H. et al. 2012), the endemic equilibrium 𝐸∗ is globally asymptotically stable within the 

invariant region Ω. 

 Sensitivity Analysis 

In this section, we have illustrated a brief of the sensitivity analysis of the basic 

reproduction number R0. This enables the determination of the parameters that will give a 
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rigorous shift in the threshold ratio R0 of the model, this means that a change in a sensitive 

parameter will yield a great quantitative difference in R0 and may bring about qualitative 

changes. Here, the index of forward sensitivity analysis called the elasticity index (Rodrigues 

H. S. et al. 2013) is applied and it is defined as the proportion between the absolute change 

of R0 and the absolute change of the parameter corresponding to the relative change as the 

follow: 

ϒℓ
𝑅0 =

ℓ

𝑅0

×
𝜕𝑅0

𝜕ℓ
                                                                                                                     (30) 

Sensitivity Indices of 𝑹𝟎 

Since 0 & 0 0, ,H c H cR R R  are the basic reproduction number for both humans and Anthrax 

respectively. The sensitivity analysis of R0 to each of its parameters will be evaluated via the 

sensitivities of each 0 & 0 0, ,H c H cR R R  such that  

ϒℓ1

𝑅0𝐻&𝑐 =
ℓ1

𝑅0𝐻&𝑐

×
𝜕𝑅0𝐻&𝑐

𝜕ℓ1

,   ϒℓ2

𝑅0𝐻 =
ℓ2

𝑅0𝐻

×
𝜕𝑅0𝐻

𝜕ℓ2

,   ϒℓ3

𝑅0𝑐

=
ℓ3

𝑅0𝑐

×
𝜕𝑅0𝑐

𝜕ℓ3

         (31) 

where 1 2 3, ,  denotes the parameter related to 0 & 0, ,H A HR R  and 0cR , respectively. Via 

the obvious expression of the basic reproduction number R0 per the baseline values of 

parameters enumerated in Table 1, the values of the sensitivities indices are shown in Table 

2. 

Table 1: Lists of parameters and variables that were employed along with their daily values. 

Variables Descriptions Variables Descriptions 

𝑆ℎ Susceptible human 𝑉𝑐 Vaccinated cattle 

    

𝐼𝐸𝐷 
Early detetected infected 
human 

𝑆𝑐 Susceptible cattle 

𝐼𝐿𝐷 
Late detetected infected 
human 

𝐼𝑐 Infected cattle 

𝑅ℎ Recovered human 𝑅𝑐 Recovered cattle 

 

Symbols Description Value  Source  

𝜃ℎ 
Recruitment rate into the human 
population 

0.92 
Baloba,E.B. and 
Seidu,B.A.(2012) 
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Table 2: Sensitivity indices of 𝑹𝟎𝑯 𝒂𝒏𝒅 𝑹𝟎𝑪 

Parameter Sign 0 &

1

H cR
  Parameter Sign 0

2

HR
  Parameter Sign 0

3

cR
  

  -ve 41.0046 10−    -ve 0.8181   -ve 41.0046 10−  

  -ve 0.4705 h  -tve 0.0795   -ve 0.4705 

h  -tve 67.9313 10−  h  -tve 0.3004 c  -tve 0.5925 

c  -tve 0.5925 h  -ve 0.4166 c  -tve 1.0369 

h  -tve 64.6564 10−  h  -tve 1.3800 c  -tve 0.3703 

h  -ve 54.1545 10−  h  -tve 0.0770 c  +tve 1.0000 

c  -tve 1.0369 h  +tve 1.0000 c  +tve 1.0000 

h  -tve 41.3760 10−  h  +tve 1.0000    

c  -tve 0.3703       

h  -tve 67.6831 10−        

Γ Force of infection                       

𝜇ℎ Natural death rate for humans 0.012 WHO [Internet]2025 

𝜙 Public awareness campaign 0.45 Assumed 

𝛼ℎ 
Progression from early infection to late 
infection 

0.15 Assumed 

𝜏ℎ Recovery rate for late detected class 0.04 Osman, et al., (2018) 

𝛾ℎ Recovery rate for early detected class 0.25 Assumed 

𝛿ℎ Anthrax induced death rate for humans 0.5 
Sinkie,Z.M. AND 
Murthy,N.S.(2016) 

𝛽ℎ Probability of infection for humans 0.01 Assumed 

𝜃𝑐 
Recruitment rate into the cattle 
population 

0.99 
Baloba,E.B. and 
Seidu,B.A.(2012) 

𝜇𝑐 Natural death rate for cattles 0.0001 
Baloba,E.B. and 
Seidu,B.A.(2012) 

𝜔 Loss of immunity of vaccinated cattles 0.02 Assumed 

𝜀 Rate of successful vaccination 0.70 Assumed 

𝛿 𝑐  Anthrax induced death rate for cattles 0.45 Osman, et al., (2018) 

𝜏𝑐 
 

Recovery rate for cattles 0.025 Osman, et al., (2018) 

𝛽𝑐 Probability of infections for cattles 0.05 Baloba, et al., (2020) 
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c  +tve 1.0000       

h  +tve 59.9708 10−        

c  +tve 0.9999       

h  +tve 59.9708 10−        

         

 

 

 
Figure 2: Sensitivity Indices chart for Human 
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Figure 3: Sensitivity Indices chart for Cattle 

 

The sensitivity analysis of the model parameters was carried out using OriginPro 

2024 software, which was also employed to generate the corresponding sensitivity charts. 

The detailed sensitivity analysis of 0 ,HR  and 0cR  showed that increasing (decreasing)

,h h  and ,c  c  would increase (decreasing) 0 ,HR  and 0cR , respectively.  And increasing 

 , h , h , h , h , h  and , , c , c , c  would decrease 0 ,HR  and 0cR , respectively and 

vice versa. Therefore, to mitigate the spread of the Anthrax, it is recommended to cut the 

cattle infection rate and keep the human infection probability low. 

 

Numerical Analysis 

In this section, numerical simulations are performed in order to illustrate the 

theoretical investigation results obtained for the Anthrax model (3) as well as to investigate 

the impact of some model parameters which are involved in transmitting the disease to the 

human population. Since the system is a nonlinear model, we shall assume a baseline value 

of the parameters as summarized above in Table 1 and some suitable initial conditions. 
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Figure 4: The effect of progression rates from early to late infection 

on early detected individual 

 

 

 
Figure 5: The effect of recovery rates on early detected infected individual 
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Figure 6: The effect of public awareness campaigns on early detected infected individual 

 

 
Figure 7: The effect of progression from early to late infection 

on late detected infected individual 
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Figure 8: The effect of recovery rate of late infection on late detected infected individual 

 

 
Figure 9: The effect of recovery rates of cattle on recovered cattle 
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Figure 10: The effect of recovery rates of early detected infection on recovered individual 

 

 
Figure 11: The effect of recovery rate of late infection on recovered individual 
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Figure 12: The effect of loss of immunity of vaccinated cattle 

 

The plotted curve αₕ (Figure 4) illustrates the temporal dynamics of the hazard (or 

transition rate) associated with the progression from early to late-stage anthrax infection. 

Initially, the hazard is observed at a moderate level of approximately 0.55 at the time of 

exposure. A pronounced decline occurs within the first two days, reaching a minimum near 

0.15. Following this low point, the hazard gradually increases, ascending to around 0.35 by 

day 10. This pattern indicates that the risk of advancing to late-stage infection is most 

pronounced shortly after exposure, decreases to its lowest level around 48 hours, and 

subsequently rises again. Consequently, patients who have not experienced progression by 

day 2 continue to confront a resurging, albeit slower, risk in the subsequent week. 

The curve γₕ depicted in Figure 5 delineates the recovery trajectory of early-detected 

human anthrax cases over time. Initially, the recovery rate is recorded at a brisk 0.65 

immediately following detection, indicating a robust response from both therapeutic 

interventions and host defenses, which effectively reduce approximately two-thirds of the 

residual hazard per unit time. However, within the first 48 hours, this recovery rate declines 

to 0.25, reflecting a natural deceleration as the most rapidly healing lesions resolve, leaving 

behind only more resilient bacterial foci or toxin reservoirs. Beyond day 2, the slope further 
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flattens, stabilizing around 0.45 by day 10. This slight increase suggests that persistent or 

relapsing foci continue to exert a modest but consistent burden on the convalescence 

process, indicating that even by the end of the observation period, complete resolution of 

risk has not yet been achieved. 

The φ curve presented in Figure 6 illustrates the public-awareness dividend associated 

with anthrax case finding efforts. Beginning at a level of 0.85, the initial impact of the 

campaign characterized by compelling headlines, and door-to-door alerts results in a 

significant increase in self-reporting and clinician vigilance. Consequently, four out of five 

additional early infections that would otherwise remain undetected are identified within 

hours. However, this initial momentum diminishes rapidly; by day 2, the marginal gain has 

decreased to 0.45, indicative of the natural fatigue associated with news cycles and the 

saturation of the most accessible populations. Subsequently, the slope further flattens, 

stabilizing around 0.65 by day 10. This plateau is maintained through residual broadcasts, 

refresher messages, and word of mouth, rather than through new media initiatives. Thus, 

while the campaign's early phase provides the most substantial one time increase in detection, 

a modest yet enduring effect persists, extending collective awareness and prolonging visibility 

of the effective reproduction chain beyond what would occur in the absence of ongoing 

outreach efforts. 

The αₕ trajectory in figure 7 illustrates how an early anthrax infection quietly 

accelerates toward late, systemic disease. Launched at 0.55, the transition hazard is highest at 

the outset, underscoring the pathogen’s rapid escape. Within the first 20 h the curve dives to 

0.35, revealing that prompt adaptive immunity or first line therapy can temporarily brake 

progression in a sizeable fraction of hosts. Beyond this, however, the slope coasts downward 

to 0.15, signaling that patients who remain untreated or under-treated enter a slow-burn 

corridor where lingering bacilli continue to germinate, yet the instantaneous risk of fulminant 

disease has lessened, not vanished. Thus, early hours are decisive: interventions delivered 

before the 20-h mark exploit the steepest decline in αₕ, whereas delays after day 1 still confer 

benefit, but against a waning yet obstinate hazard that can re-ignite if therapy is withdrawn 

too soon. 

In Figure 8, the τₕ profile tracks how therapeutic and host defenses chip away at the 

late-detected anthrax burden. Opening at 0.75, the recovery hazard is maximal at 

presentation, reflecting aggressive resuscitation, high-dose antibiotics, and antitoxin 
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delivered to patients already systemically ill. This early vigor is transient: within the first 48 h 

the slope halves to 0.33, exposing the biological ceiling imposed by extensive edema, toxemia, 

and possible organ dysfunction, which slows clearance even under optimal care. From day 2 

onward the curve re-ascends gently, settling near 0.55 by day 10, a plateau sustained by 

secondary immune responses, surgical source control, and prolonged antibiotic courses that 

mop up residual bacilli. Hence, late detection still permits salvage, but the steepest gains are 

front-loaded; delays beyond 48 h surrender the fastest healing window, leaving patients to 

grind out recovery along a shallower, more arduous trajectory. 

The τc, in figure 9 trace portrays how infected cattle shed their anthrax burden under 

field-level care. Starting at a modest 0.065, the recovery hazard is low but positive, reflecting 

delayed recognition, limited veterinary reach, and the rapid course of bovine anthrax that 

often culminates in per-acute death before therapy can bite. Within the first two days the 

curve slips to 0.045, revealing that early detections usually by alert herders or abattoir 

surveillance still confer some survival advantage, yet the marginal gain is slender. From day 

2 onward the slope coasts downward to 0.025, underscoring that cattle remaining alive enter 

a chronic carrier-like state where spores linger in lymphatics, antibiotic penetration is patchy, 

and immunity is weak, so clearance slows to a crawl. Consequently, bovine recovery is a race 

against time: interventions within hours of fever onset can nudge the hazard, but delays 

beyond 48 h leave animals stranded on a low, flat plateau where relapse and environmental 

shedding remain persistent threats. 

The γₕ curve (figure 10) shows how early-detected human anthrax cases regain health 

once they enter the recovery class. Launching at a brisk 0.55, the hazard of complete 

convalescence is highest at admission, reflecting immediate antibiotic kill, antitoxin 

neutralization, and vigorous host immunity that swiftly downsizes the residual bacterial and 

toxin load. Within the first 48 h the slope eases to 0.25, revealing that most rapid gains, 

oedema re-absorption, and toxin clearance are front-loaded, while slower processes such as 

lesion re-epithelialization and immune memory consolidation take over. From day 2 onward 

the trace gentles further, drifting near 0.45 by day 10, a plateau sustained by extended 

antibiotic cover, nutritional support, and declining but persistent inflammation that prevents 

relapse yet retards final closure. Thus, early detection secures a steep early climb toward 

health, but full recovery still requires a week-long tail during which meticulous care keeps the 

convalescent hazard from stalling. 
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The τₕ trajectory, in figure 11, captures the daily probability that a late-detected 

human anthrax case will transition into recovery. It bursts open at 0.75, reflecting the 

aggressive clinical rescue high-dose intravenous antibiotics, antitoxin, and intensive support 

unleashed at the moment the patient is finally recognized. This early surge is short-lived; 

within 48 h the hazard plunges to 0.35, exposing the stubborn residue of established toxemia, 

pulmonary edema, or meningitis, which cannot be reversed as quickly as it was acquired. 

From day 2 onward the curve re-ascends gently, stabilizing near 0.55 by day 10, as secondary 

immune responses, surgical source control, and prolonged antimicrobial courses grind down 

lingering bacilli. Thus, late detection still permits salvage, but the steepest gains are front-

loaded; every hour lost before presentation surrenders irretrievable ground, leaving survivors 

to crawl up a shallower slope toward eventual, but slower, convalescence. 

The ω(t) curve, in figure 12, delineates how vaccine-conferred protection in cattle 

erodes after the initial immunization. Starting at 0.06, the daily hazard of immunity loss is 

low but measurable, indicating that robust neutralizing antibodies and memory responses 

keep the majority of animals secure during the first weeks. By day 4 the slope descends to 

0.04, revealing a transient plateau where waning titers have not yet crossed the critical 

protective threshold, so clinical breakthroughs remain rare. From mid-week onward the trace 

coasts downward to 0.02, signalling that cattle still vaccinated enter a protracted grace period 

where cell-mediated immunity and residual IgG provide partial cover, yet the slow leak 

persists and booster requirements begin to loom. Consequently, primary vaccination delivers 

a durable but not indefinite shield; monitoring titers beyond day 10 and scheduling 

revaccination before the ω floor is breached are essential to prevent herd-level susceptibility 

and environmental re-seeding. 

 

CONCLUSION 

This study developed and analyzed an eight-compartment epidemiological model to 

better understand the transmission dynamics of anthrax, incorporating both early and late 

detection in humans. The analytical and numerical results consistently demonstrate that the 

control of anthrax spread is strongly influenced by key parameters, particularly those related 

to contact rates and decontamination efforts. The stability analyses confirm that effective 

reduction in transmission can lead to disease elimination, while sensitivity analysis highlights 

the most impactful factors driving disease persistence. Overall, the study emphasizes that 
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strengthening early detection strategies and improving decontamination measures in both 

human and animal populations are essential for controlling and potentially eradicating 

anthrax. These findings provide valuable insights for the design of informed public health 

interventions and policies aimed at managing zoonotic diseases. 
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